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Preface 


WHAT'S NEW OR DIFFERENT ABOUT THIS TEXT? 


Sound Engineering Design Practices 


Superior Design Tools 


Certainly the most important feature of the text is that it emphasizes the 
successful engineering design of digital devices and machines from first prin- 
ciples. A special effort has been made not to “‘throw’’ logic circuits at the 
reader so that questions remain as to how the circuits came about or whether 
or not they will function correctly. An understanding of the intricacies of 
digital circuit design, particularly in the area of sequential machines, is given 
the highest priority—the emphasis is on error-free operation. From an en- 
gineering point of view, the design of a digital device or machine is of little 
or no value unless it performs the intended operation(s) reliably. 


The fields of digital electronics and digital design are rapidly evolving, as 
they should, and an appropriate change in nomenclature, symbology, and 
design methods with this evolution is essential. We are convinced that the 
MIXED (positive and negative) LOGIC notation and symbology and the 
entered variable mapping method are superior design tools that should be 
taught beginning at the entry level. The MIXED LOGIC symbology is com- 
monly used by practicing engineers and is found in various VLSI (very large 
scale integrated circuit) data books. Its use avoids the need for multiple 
applications of DeMorgan’s laws and provides a very useful bridge between 
the logical and physical domains. The entered variable mapping method often 
greatly facilitates the function reduction process and permits the effortless 


ix 


Innovative Approaches 


Subject Area Continuity 


transfer of information from fully documented state diagrams to Karnaugh 
maps. This text develops these tools in exhaustive detail and then utilizes 
them throughout. 


A significant contribution of the text is the use of innovative approaches to 
the presentation of some conventional subject matter. In providing these 
innovative approachees, we have also made every effort to fill important 
gaps left by previously published texts. One example is the use of Karnaugh 
map XOR patterns and multilevel minimization methods to design arithmetic 
and logic units. Another example is the heuristic development of memory 
which we use as an introduction to sequential machine design. Also, we 
introduce some useful new methods for recognizing and eliminating output 
race glitches and static hazards in synchronous sequential machines. In the 
area of asynchronous sequential machines, we introduce the use of the fully 
documented state diagram as a basis for diagnosing and eliminating (or pre- 
venting) timing defects such as endless cycles, critical races, and essential 
hazards. The nested machine approach to design is developed and applied 
to a variety of asynchronous sequential finite state machines including flip- 
flops. Other significant contributions include the use of the handshake in- 
terface to design asynchronous modular elements, such as the arbiter mod- 
ule, and to develop externally asynchronous internally clocked (delay in- 
sensitive) systems. The text also includes an introduction to system-level 
design which is illustrated by example and by specially chosen problems at 
the end of chapters. 


Certain chapters in the text are unusually long and purposely so. It is the 
author’s position that certain subject areas, such as synchronous sequential 
machines, should not be “‘sliced up” into shorter instructional segments. 
To do so, we believe, breaks the continuity and limits the opportunity to 
integrate subject matter for presentation and problem solving purposes. 
Fragmentation of a chapter might also imply (as it often does) that the various 
parts are not interrelated or that one particular part is more important than 
another. 


Many Worked and Unworked Exercises and Problems 


There are more than 500 examples, exercises, and problems (worked and 
unworked, single and multiple part) that are provided to enhance the learning 
process. They range in complexity from simple algebraic manipulations and 
calculations to multipart system-level designs; each has been carefully cho- 
sen with a specific purpose in mind. The exercises and problems fall into 
four categories: 


1. Exemplary worked exercises appear in the body of the text and are un- 
numbered. These exercises are worked out in painstaking detail, leaving 
little to the imagination of the reader. 

2. Worked exercises, presented in the end of the developing chapters (Chap- 
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ters 2 and 3), extend and amplify the coverage given in the body of these 
chapters. Such problems serve as a study guide and reference source for 
review of the developmental material. 

3. Unworked problems take their traditional place at the end of each chapter. 
These problems, often used for homework assignments, call for an un- 
derstanding of material covered to that point in the text. The solutions 
to these unworked problems are available to the instructor in the Instruc- 
tor s Manual. 

4. Supplementary exercises are provided in the Instructor s Manual. Their 
purpose is to help the instructor provoke the thinking of the reader beyond 
a particular point in the text discussion. 


Better Placement of Number Systems 


An Extensive Glossary 


Chapter Appendices 


Annotated References 


The subjects of number systems are removed from their usual place at the 
beginning of the text and are presented in a timely and effective way within 
the text so that they can be meaningfully applied to the logic design process. 


For the convenience of the reader, an extensive glossary is provided at the 
back of the text. The glossary includes the terms and jargon coined in this 
text in addition to the standard terminology associated with the field. 


Important subject matter peripheral to the contents of a given chapter is 
provided in an appendix at the end of that chapter rather than in the tra- 
ditional location at the end of the text. This is done primarily to establish 
connectivity of the appended material with related material in the chapter. 
However, it also serves as a convenient source of such information. 


A few carefully selected references are given at the end of each chapter. 
These references are annotated to help guide the reader to the best sources 
of information that are known to be available. 


Absence of Manufacturer Device Codes 


Conspicuously absent in the chapter discussions is any mention of manu- 
facturer device codes. Because such device codes are inconsistent among 
manufacturers and are constantly changing, we have purposely avoided them 
to eliminate possible sources of confusion. Data books, which are readily 
available from the various manufacturers, provide this information. 


Practical Alternatives to the Traditional Quine-McCluskey Tabular Reduction Method 


The treatment of the Quine-McCluskey (Q-M) tabular minimization method 
is purposely omitted in favor of the less tedious entered variable (EV) map 
method which is emphasized in this text. The (EV) map method yields ab- 
solute minimum results for most applications and yields near optimum results 
for most multioutput optimization problems. For complex multiinput/mul- 
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tioutput optimization problems, computer-aided solutions are necessary. For 
this purpose there exist modern minimization algorithms and associated soft- 
ware that are faster and more versatile than those which use the Quine- 
McCluskey algorithm. 


CHAPTER SUMMARY 
Background 


Chapter 1 provides sufficient electronic background information for a be- 
ginning-level student to understand the nature and behavior of digital cir- 
cuits. Various families of electronic switches are presented, and their per- 
formance characteristics are discussed. The subject matter contained in this 
chapter is considered to be useful but not critical to the developments which 
follow in the remaining chapters. 


Fundamentals of Digital Design 


Chapter 2 establishes the mixed logic terminology and basic logic functions 
which form the basis for digital design as we present it. Use is made of 
simple transistor switching circuits to distinguish between the physical gates 
and the logic interpretations they may assume. The reader is gradually lead 
into a detailed discussion of mixed logic symbology and its usage in imple- 
menting Boolean expressions. The laws of Boolean algebra, including XOR 
algebra, are presented in an informal manner, and use is made of truth tables 
and shaded logic maps to verify the laws. The information contained in this 
chapter is considered critical to an understanding of the treatment given in 
subsequent chapters. 


Function Representation and Reduction 


The subject matter of Chapter 3 begins with a discussion of the two basic 
forms of Boolean algebraic representation, called sum-of-products (SOP) and 
product-of-sums (POS), and their interrelationship. From there the reader 
is systematically lead through tabular minimization and shaded logic maps 
to a detailed discussion of Karnaugh maps which are used to minimize logic 
functions in both SOP and POS form. Considerable effort is made to develop 
the entered variable mapping method preparatory for combinational and 
sequential machine design presented in the remaining three chapters. A spe- 
cial section on XOR patterns and multilevel minimization highlights the EV 
mapping method. Like Chapter 2, the contents of this chapter are considered 
to be of fundamental importance to further developments in this text. 


Combinational Logic Design 


Chapter 4 deals mainly with the design of conventional combinational logic 
circuits and their use as building blocks in digital circuit systems. Included 
are arithmetic circuits such as ADDERs, SUBTRACTORs, MULTI- 
PLIERs, DIVIDERs, COMPARATORs and error detection circuits, and 
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nonarithmetic devices such as DECODERs, ENCODERs, CODE CON- 
VERTERs, MULTIPLEXERs, and SHIFTERs. Number systems, binary 
arithmetic, and codes are integrated into the design process as they are 
needed. The design and application of ALUs (arithmetic and logic units) and 
array logic devices such as ROMs (read-only memories) and PLAs (pro- 
grammable logic arrays) are discussed in great detail. A special section on 
hazards introduces the reader to the subject of logic noise in digital circuits. 
Mixed logic notation and the entered variable mapping method are used 
extensively throughout this chapter. 


Synchronous Sequential Machines 


Chapter 5 introduces the reader to an important class of machines that have 
true memory (i.e., “‘feedback’’ memory) and that can issue time-dependent 
sequences of logic signals controlled by present and past input information. 
The treatment begins with the concept of sequential logic operations, moves 
to the models for synchronous sequential machines, and then details the 
essential features of the state diagram. From there the concept of memory 
is heuristically developed, and the basic building blocks for memory are 
discussed in detail. This is followed by the design of various types of flip- 
flops and their use as memory elements in the design of more complex syn- 
chronous sequential machines. Detailed discussions of logic optimization, 
state code assignment rules, the glitch-free generation of outputs, the prob- 
lem of asynchronous inputs, clock skew, the initialization and reset of the 
sequential machine, and debouncing circuits place heavy emphasis on the 
error-free operation of these machines. Modular bit-slice devices such as 
counters and shift registers are discussed at some length and are used as the 
memory devices in the design of programmable sequential machines. The 
chapter concludes with an introduction to system-level design. 


Asynchronous Sequential Machines 


The contents of Chapter 6 centers on the design and analysis of self-timed 
(clock-independent) sequential machines. The lumped path delay model, for 
fundamental mode operation, is developed and then applied to the design 
and analysis of a variety of asynchronous sequential machines. Timing de- 
fects such as endless cycles, critical races, static hazards, and essential 
hazards are considered in great detail. This is followed by a discussion of 
the setup and hold-time requirements for proper state branching. Emphasis 
is given to the rules for state diagram construction since the state diagram 
is central to the discussions of timing defects and to the design and analysis 
of asynchronous FSMs. The nested machine approach to asynchronous se- 
quential machine design is considered, and some useful applications, such 
as flip-flop design, are provided. The chapter next turns to a discussion of 
asynchronous sequential machine design in the pulse mode. This 1s followed 
by a section that describes the use of the handshake interface to design 
modular elements such as the ARBITER MODULE and a module that is 
used for externally asynchronous/internally clocked (EAIC) systems. 
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READERSHIP AND COURSE PREREQUISITES 


The text is designed to be used mainly by undergraduate engineering students 
or by advanced students and professionals in the field who may not be fa- 
miliar with contemporary digital design methodology. Also, the text should 
provide a sound background for those planning advanced study in the area 
of digital design. 

No advanced math or electronics is required for successful usage of this 
text. However, a minimum maturity level equivalent to a college sophomore 
is strongly advised. A semester or quarter course in elementary circuit con- 
cepts, used as a prerequisite, would be helpful but is not essential. High 
school physics may suffice for this purpose. 


SUGGESTED TEXT USAGE 


The contents of this text can be taught in a two-semester course sequence 
or in a three-quarter course sequence. We suggest the following usage for 
a semester system: 


First semester 

Chapter 1 (optional) 

Chapters 2 and 3 

Chapter 4 

Chapter 5 (through Sect. 5.7) 
Second semester 

Chapter 5 

Chapter 6 


For the quarter system we suggest the following usage: 


First quarter 
Chapter 1 (optional) 
Chapters 2 and 3 
Chapter 4 (through Sect. 4.8) 


Second quarter 
Chapter 4 (Sect. 4.9 to end) 
Chapter 5 | 
Third quarter 
Chapter 6 


More information on text usage is provided in the Instructor s Manual. 
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CHAPTER 1 


Background 


1.1 


INTRODUCTION 


It would be easy to understate the importance of the role that digital device 
technology plays in our modern world. To emphasize the point, try to imag- 
ine how our lives would be affected by the absence of automatic washing 
machines, microwave ovens, calculators, computers, digital watches, mi- 
croprocessors, compact disk players, and so on. Imagine also how busi- 
nesses, industries, governments, and (of course) the defense establishments 
would fare without the use of high-speed, multitasking digital systems for 
computations, communications, data processing, and measurements. Thus, 
there is no doubt that the modern world has progressed well into the digital 
age. There is also no doubt that there are many more exciting, awe-inspiring 
things to come. 

The word digital connotes discreteness or discrete quantities. A digital 
system receives, stores, manipulates, and communicates information in dis- 
crete form. The digital control systems for the appliances and devices men- 
tioned in the preceding paragraph are assemblages of interacting subsystems 
that, in turn, consist of smaller, perhaps modular, digital devices. Equipped 
with some kind of human interface, these digital systems perform useful, 
highly complex tasks and can do so with an exactness and speed unattainable 
by any other means. 

Digital engineering design involves both design and analysis of digital 
devices and systems—design and analysis cannot usually be considered sep- 
arately. Also, the correct engineering design of a digital system can result 
only if the designer makes the proper choice of parts to be assembled. How- 
ever, to do this the designer must have a complete understanding of the 


1 


operation of each part and must know the precise manner in which the 
various parts interact within the system. All this requires considerable 
knowledge of the field, skill, experience, imagination, and, at times, even 
artistic ability. In learning any new field, knowledge and skill must usually 
come first and in that order. Experience, imagination, and artistic ability 
will follow. In this chapter we begin to build a knowledge base by considering 
the building blocks, that is, the simple electronic switches of which digital 
devices are constructed. 


1.2 ELECTRONIC SWITCHES 


1.2.1 


The Diode Switch 


We are all very familiar with push-button or lever-type mechanical switches 
that are used frequently in our daily lives to turn things on or off. But such 
operator-controlled switches are of no use in a digital system other than to 
activate or deactivate the system, or to initiate or terminate some process 
within the system. In digital circuits, nonlinear devices such as diodes and 
transistors are used as high-speed switching devices controlled by voltage, 
current, or light. Transistors can be driven between conducting and non- 
conducting (ON/OFF) modes extremely fast with a minimum consumption 
of electrical power. In this section we will discuss the various devices used 
in switching circuits with emphasis on the properties that make them suitable 
for such purposes. 


A diode, that is, a p-n junction diode, is a doped semiconductor device that 
acts essentially as a voltage-controlled switch. It is either ‘“‘ON” or “OFF.” 
In Fig. 1-1 is shown the prototype of such a diode, its circuit symbol and 
its forward and reverse bias orientations. The term bias is used here to mean 
voltage ‘‘influence.’’ Voltage is represented by the symbol V and is given 
in units of volts [V]. 

Under forward bias the diode is in the ON state. Here, majority charge 
carriers (holes in the p side and electrons on the n side) are injected across 
the p-n junction, and current flows in the direction indicated by the “‘ar- 


Vr Vp 
7M KTN 
Forward Reverse 

bias bias 

(b) (c) 


Fig. 1-1. The p-n junction diode. (a) Physical prototype in forward bias. (b) 
Circuit symbol and current direction under forward bias. (c) Circuit symbol and 
current lọ under reverse bias. | 
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(blown-up) 


Reverse 
bias 
region 

(a) (b) 
Fig. 1-2. I-V characteristics for p-n junction diodes. (a) Typical I-V characteristic 


showing forward and reverse bias behavior. (b) Blown-up forward bias 
characteristics and threshold voltages for three different diodes. 


rowhead” of the circuit symbol given in Fig. 1-1(b). A hole is defined as the 
absence of a valence electron. When the diode is under reverse bias, that 
is, OFF, the minority carriers (electrons on the p side and holes on the n 
side) are injected across the junction, permitting only a very small current 
Io (in amps [A]) to flow in the direction indicated in Fig. 1-1(c). The current 
Ip is usually in the range of 107€ A to 1076 A and is called the reverse 
saturation current. 

The Z-V (current-voltage) characteristic for a typical diode is given in 
Fig. 1-2 together with the blown-up forward I-V characteristics for three 
diodes made of germanium (Ge), silicon (Si), and gallium arsenide (GaAs). 
Observe that the diodes of different semiconducting materials have different 
turn-on (threshold) voltages, Vr, which usually fall in the range of 0.2 V to 
0.8 V. The threshold voltage is that voltage beyond which significant current 
flows in forward bias. Thus, its value for a given diode is somewhat arbitrary. 

The current in a p-n junction diode varies exponentially with forward 
voltage across it. This exponential dependence is well known and can be 
derived from first principles by making a few simplifying assumptions. It is 
given by the equation 


I = Ipfexp(V/yVi,) — 1] (1-1) 


where Io is the reverse saturation current, V,a is the thermal voltage equal 
to about 26 mV (1 mV = 107° volts) at room temperature, and 7 is a fitting 
factor with values which lie in the range of about 1 and 2 for Si and GaAs, 
respectively. 


Ideal Diode Models for Forward Bias. The ideal diode is a perfect voltage- 
controlled switch that has the J-V characteristic and equivalent circuits given 
in Fig. 1-3. For forward voltages greater than zero (Vr > 0), the ideal diode 
is a perfect conductor, and for reverse voltages (Vr < 0), it is a perfect 
nonconductor. So the ideal diode is turned ON or OFF depending on whether 
the forward voltage across the diode is greater than or less than zero, re- 


1.2 / Electronic Switches 3 


Short | Open 


circuit circuit 
(diode ON) | (diode OFF) 
Forward bias Reverse bias 
Vp >0 Vp <0 


(b) 


Fig. 1-3. The ideal diode. (a) I-V characteristic. (b) Equivalent circuits under 
forward bias (Vg > 0) and reverse bias (Vp < 0). 


Diode ON Diode OFF 
Vr > Vr Vr < Vr 


(a) (b) 
Fig. 1-4. The approximate model for a diode. (a) I-V characteristic showing a 
threshold voltage, Vr. (b) The equivalent circuits for the ON and OFF 
conditions. 


spectively. The equivalent circuits for the ON and OFF modes are the short 
circuit and open circuit, respectively, as illustrated in Fig. 1-3(b). 

The ideal diode has a threshold voltage of zero volts. The approximate 
diode model presented in Fig. 1-4(a) recognizes the existence of a turn-on 
voltage, Vr > 0, but retains the general features of the ideal model. Ac- 
cordingly, for Vr > Vr the equivalent circuit is a short circuit, while for Vr 
< Vr it is an open circuit, as indicated in Fig. 1-4(b). 


1.2.2 Classification of Transistor Switches 


An active circuit element (device) is one that controls power flow from one 
part of a circuit to another. Active elements have at least three electrical 
terminals, and they may have power gain; that is, they may exhibit ampli- 
fication. Transistors are by far the most common type of active element used 
as electronic switches in switching (digital) circuits. Transistor switches may 
be classified as indicated in Fig. 1-5. They may be further classified as npn 
or pnp bipolar junction transistor (BJT) switches; n- or p-channel junction 
field effect transistor (JFET) switches; and enhancement mode or depletion 
mode metal-oxide-semiconductor field effect transistor (MOSFET) switches 
of the n- or p-channel type. All this may seem complicated to the reader, 
and it is if a thorough analysis of the switching mechanisms of these devices 
is required. However, it is our intent only to discuss qualitatively the switch- 
ing character of the BJT and MOSFET devices, thereby avoiding unnec- 
essary detail that would add little or nothing to an entry-level understanding 
of these devices and their use in digital circuits. 
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1.2.3 The BJT Switch 
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Transistor 
Switches 


Switches Switches 


Metal-Oxide-Semiconductor 
Field Effect Transistor 
(MOSFET) 
Switches 


Junction Field Effect 
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Switches 


Fig. 1-5. Classification of transistor switches. 


The prototype and circuit symbol for an npn bipolar junction transistor are 
given in Fig. 1-6(a), where the symbols B, C, and E represent the base, 
collector, and emitter, respectively, of the transistor. By convention, the 
currents Ig, Ic and Ig are all shown flowing into the device (Ig is a negative 
current), and the voltage drops across the terminals are Vgz, Vce, and Vgc 
as indicated by the arrows. By applying Kirchhoff’s current law (KCL: the 
algebraic sum of all currents into a node or circuit section is zero) and 

- Kirchhoff’s voltage law (KVL: the algebraic sum of all voltages around a 
closed path is zero) to Fig. 1-6, we obtain the results 


Var 


B 


Ip T Ic + Ig = 0 (1-2) 


C 


Vgc 
Collector 
I 


B 
B oan] Base B 


(b) 


Fig. 1-6. Prototypes and circuit symbols for bipolar junction transistors showing 
directions of conventional currents and voltages. (a) npn BJT. (b) pnp BIT. 
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and 
VBE a VceE = Vgc = 0 (1-3) 


where knowing any two currents or any two voltages permits calculation of 
the third current or voltage in the respective equation. Equation (1-3) results 
from the application of KVL to a closed path formed by the terminals of 
the transistor. The prototype and circuit symbol for a pnp BJT is presented 
in Fig. 1-6(b) where it is observed that the arrow in the BJT symbol is the 
reverse of that for the npn BJT. Also, we note that for a pnp BJT, Eqs. (1- 
2) and (1-3) are valid as written with the understanding that the current 
directions (signs) are the reverse of those for an npn BJT. 

Shown in Fig. 1-7(a) is an npn BJT configured as a switch to connect or 
disconnect an output voltage, V,, to ground. A switch of this type is com- 
monly known as an RTL (resistor-BJT logic) switch. Here, we follow the 
shortened circuit form with Vcc as the supply voltage (relative to ground) 
and Rc as the collector load resistance. 

The diode circuit in Fig. 1-7(b) and the mechanical switch analog in Fig. 
1-7(c) are provided as an aid to understanding the switching character of the 
BJT. The two diodes in Fig. 1-7(b) are intended to represent the collector- 
base and base-emitter junctions of the BJT. However, since these two junc- 
tions are formed in the same crystal of semiconductor material and are very 
close together, a current flowing across one junction can have a strong in- 
fluence on the properties of the other junction. Thus, if the base-emitter 
junction is forward biased, an emitter current J; will be induced and will 
cause a collector current, Ic, to flow across the reverse-biased collector- 
base junction. The ratio —J¢/Iz is called a and typically has values in the 
range of 0.980 to 0.995. 


+Voc 
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Ip 
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(b) (c) 
Fig. 1-7. The npn BJT used as a switch. (a) Electrical circuit. (b) The diode 
model of the BJT switch in (a). (c) The mechanical switch analog. 


Vi 


( 
l 


1 / Background 


With reference to Fig. 1-7(c), we notice that no current is allowed to flow 
to ground when the switch is open and that Vcc falls across Vo (Vo = Vcc); 
and when the switch is closed, V, is shorted to ground potential (V, = 0). 
In the discussion that follows, we will demonstrate that the RTL switch of 
Fig. 1-7(a) obeys approximately this behavior. 

By applying KVL and Ohm’s law (Ohm’s law: V = JR, where R is the 
resistance in ohms) to the Ic loop of Fig. 1-7(a), we obtain the result 


Vece = Veco — IcRc (1-4) 
which, when introduced into Eq. (1-3), gives a base-collector voltage of 
Vac = Var — Veco + IcRc (1-5) 


where Vcc is usually +5 V for most digital circuit applications. The emitter 
current Jz rises exponentially with Vgg according to Eq. (1-1), and the BJT 
enters the active mode (where the transistor can amplify) when Vpsg just 
exceeds the turn-on voltage Vrgz = 0.65 V. Now, the collector current Ic 
and base current Jz are linearly related since Ig = —Ic — Igand Ig = —Ic/a. 
Thus, 


I 


Ip — Íc + Icla 
als = (1 — alc and 
IclIg = a/(1 a. a) 


which permits us to write 
Vac = Vaz — Vcc + BleRc (1-6) 
where 
B = IclIp (1-7) 


is the dc (direct current) gain in the active region with values typically ranging 
from 50 to 200 for most BJTs. So, just above the threshold, Vzg<z, the forward 
voltage Vgc across the diode Dc is exponentially dependent on Vgz, a fact 
we will now make use of in qualitatively analyzing the switching properties 
of the BJT. 

First, notice from Fig. 1-7(b) that V, can be ‘‘shorted’’ to ground only 
if both diodes (Dc and Dz) are forward-biased beyond their threshold volt- 
ages, that is, turned ON. Beginning with zero input (V; = 0), it is clear that 
Eq. (1-5) yields Vgc = — Vcc, obviously a reverse voltage bias. For very 
small values of input voltage, V; = Vez, the BJT is said to be in the cut-off 
mode with no significant collector current flowing Uc = 0). In fact, in the 
cut-off region Ic is of the order of the reverse saturation current for diode 
Dc. As Vzz is increased beyond its threshold value (Vgs = 0.65 V), the 
linearly related currents Ig, Ig, and Ic increase exponentially according to 
Eq. (1-1), and a point is rapidly reached in Eq. (1-6) when Vgc becomes 
positive and exceeds the threshold voltage for diode Dc. At that point the 
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BJT (actually the BJT circuit) enters the saturation mode, and Vo is virtually 
shorted to ground. Further increase in Vgg will have no significant effect on 
Ic whose value now is controlled by the external circuit. 

The collector load resistance Rc in Fig. 1-7 has a special function. With- 
out its presence, the BJT could not be driven into saturation, and ‘‘ON/ 
OFF” switching would not be possible. Resistors used for this purpose are 
called pull-up resistors. The voltage drop developed across the pull-up re-. 
sistor Rc permits the BC junction [diode Dc in Fig. 1-17(b)] to be forward 
biased, a necessary condition to reach saturation. Equation (1-6) demon- 
strates the function of Rc. | 

The behavior of the BJT we have just described also points to its inherent 
inverting character. As Vzz is increased from below its turn-on value (0.65 
V for Si) to above the saturation value (0.75 V for Si), the output voltage 
Vo drops from its cut-off value of about + Vcc to the saturation value near 
zero volts (about 0.2 V for Si BJTs). Conversely, when Vgg is decreased 
from above the saturation value to below the turn-on value, V, rises from 
near ground potential to about + Vcc. All transistors exhibit this inverting 
property. 

Shown in Fig. 1-8 is a summary of the approximate current and voltage 
conditions for the three modes of Si BJT operation. The quantity Rce is the 
resistance across the collector-emitter terminals and varies from a very large 
value in the cut-off mode to only a few ohms in the saturation mode. Notice 
that only about 0.1 V separates the cut-off and saturation regions. This means 
that very little voltage change is required to toggle the BJT OFF and ON. 


O iy inn 


Cutoff Mode <0.65 very large 
Active Mode 0.65 to 0.75 
Saturation Mode >0.75 =Q. | 1-10 typically 


* Determined by the external circuit 


Fig. 1-8. Typical Si npn transistor junction voltages, collector currents and 
collector-emitter resistances. 


Ideal Models for the BJT Switch. From Figs. 1-7 and 1-8, we see that in cut- 
off, Ic = 0 with Vcg = Vcc, and in saturation, Vcg(sat) = 0 (actually about 
0.2 V for Si BJTs). From this information two very useful (ideal) models 
may be deduced and are presented in Fig. 1-9. These models will be of 


C C 
Rg 
Vie =0 
i ; Open CE 
Á circuit j Short 
| circuit 
Fig. 1-9. Ideal models for BJTs 
E E : 
operated in the cut-off and 
(a) Cut-off mode (b) Saturationmode saturation modes. 
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considerable value in reading the TTL (transistor-transistor logic, that is, 
BJT-BJT logic) circuits in Chapter 2, since in these circuits the BJTs operate 
strictly in either the OFF or ON states. We will also find that these models 
are quite similar to those for the MOS transistor switches, which are dis- 
cussed next in Sect. 1.2.4. 


1.2.4 The MOSFET Switch 


There are two types of field effect transistors: the junction field effect tran- 
sistor and the metal-oxide-semiconductor field effect transistor. The JFET 
is used rather extensively in linear amplifier circuits and in a number of 
nonlinear circuits used to process analog signals. For digital (switching) cir- 
cuit applications, the MOSFETs are by far the most important members of 
the FET family. In particular, complementary configured MOSFETs 
(CMOSs) are used extensively in IC (integrated circuit) switching circuit 
systems due to their extremely low power consumption and small size. 
Therefore, it is our intention to concentrate mainly on the switching char- 
acter of MOSFETs. 

In Fig. 1-10 we illustrate the physical structure for an n-channel MOSFET 
(NMOS) before and after the application of a potential +| Ve | to the in- 


Gate Gate 
[Vo l>V_ 


+ 


p-type substrate 


Source 


Metal 


= Oxide 


Counter doped n-type 
conducting channel [ e] Semiconductor 


Fig. 1-10. Physical representation of an NMOS switch. (a) Non-conducting state 
for Vg = 0. (b) Development of an n-type inversion channel and the conducting 
(c) state for + | Va | > Vr. (c) A depletion-mode NMOS indicating a conducting 
State for Vg = 0. 
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sulated gate terminal. This NMOS is said to operate in the enhancement 
mode. Observe that the MOSFET is divided into four sections: two heavily 
doped n* regions onto which the source and drain leads are attached, a p- 
type substrate between the n* regions, and a gate terminal which is elec- 
trically insulated by silicon oxide from the substrate. The symbol n* signifies 
a heavily doped (highly conductive) n region. Now, when Vg = 0, as in Fig. 
1-10(a), the drain-to-source path is nonconducting. That is, any voltage Vps 
(less in magnitude than the breakdown value for a p-n junction) applied to 
the drain-source terminals will cause negligible current to flow since one of 
the p-n* junctions will always be reverse-biased. However, as +| Vg | is 
increased to the n*-p junction threshold voltage Vr and beyond, electrons 
are drawn out of the heavily doped n* regions to form an n-type inversion 
channel between the drain and source as illustrated in Fig. 1-10(b); hence 
the name n-channel MOSFET or simply NMOS. This channel is now a low- 
resistance (enhanced) path allowing current Ip to flow from source to drain 
when a voltage Vps is impressed across these terminals. Therefore, under 
the condition Vg > Vr, the NMOS is said to be in the “ON” condition. 
The “OFF” or cut-off condition of the NMOS is established when Ve falls 
below Vr. In this region there are too few ‘“‘free’’ electrons to support a 
significant conductivity, hence the enhancement mode NMOS is normally 
OFF. For most such NMOS, Vz lies in the range of 1 V to 4 V, depending 
on the relative doping levels used. 

The p-type region between the source and drain in Fig. 1-10(a) can be 
counterdoped (usually by ion implantation) to produce a conducting n-type 
inversion channel in the absence of a voltage +| Ve |. Figure 1-10(c) illus- 
trates this. Then, by applying an increasingly negative voltage —| Ve | to 
the gate terminal, the n-type channel becomes depleted and eventually loses 
its ability to support conduction when Vr is reached or exceeded (nega- 
tively). Conversely, when positive gate voltage +| Vg | is applied, the drain 
current increases. MOSFETs of this type are said to operate in the depletion 
mode and have threshold voltages Vy typically in the range of —1 V to 
—6 V. 

Three circuit symbols commonly used for NMOS are given in Fig. 1- 
11(a). They consist of a detailed symbol (left), a simplified enhancement- 
mode symbol (middle), and a simplified depletion-mode symbol (right). The 
broken line connection between drain and source that is used in the detailed 
symbol serves as a reminder that an n-type conducting inversion channel 
must be established before the device will conduct. The source is identified 
by its location nearest the L-shaped gate symbol and the direction of the 
arrow is indicative of the p-type substrate. The two simplified NMOS circuit 


‘symbols in Fig. 1-11(a) do not have these distinguishing features. However, 


it is because of this simplicity that these two circuit symbols are made useful 
in MOS circuit construction. When the depletion mode NMOS symbol ap- 
pears in a MOS switching circuit, it is understood that it will conduct when 
the gate-source voltage Vgs is zero, hence normally ON, and that the ap- 
plication of a negative voltage Vgs is necessary to prevent conduction. 

A p-channel MOSFET, or simply PMOS, is formed by reversing the n- 
and p-type regions in Fig. 1-10 as well as the voltages. Now, the drain and 
source regions are heavily doped p*-type semiconductor, the substrate is 
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(b) 
Fig. 1-11. Circuit symbols for MOSFETs. (a) Detailed and simplified symbols for 
NMOS. (b) Detailed and simplified symbols for PMOS. 


n-type, and the formation of a p-type inversion channel establishes the con- 
ducting state. Therefore, since the voltages are now reversed, a voltage 
+| Ve | > Vr that turns an NMOS “ON” will turn a PMOS “OFF,” and 
vice versa for Vg = 0. The detailed and simplified circuit symbols for PMOS 
are given in Fig. 1-11(b). Note the direction of the arrow in the detailed 
symbol which is indicative of an n-type substrate. Of the three symbols, 
only the enhancement-mode symbol will be used in our treatment of switch- 
ing circuits. Depletion-mode PMOS transistors have little use in switching 
circuit design. 


Ideal Models for MOSFETs. As a help in reading MOSFET switching circuits, 
we offer the ideal models for the OFF and ON conditions of NMOS and 
PMOS given in Fig. 1-12. Notice that, except for the terminal names, the 
models are basically the same as those in Fig. 1-9. For the ON condition 
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lVpsl =0 
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| circuit 

s s Fig. 1-12. Idealized equivalent 

circuits for N and P MOSFETs 
(a) Cut-off (OFF) (b) ON condition operated in the OFF (a) and 
condition ON (b) conditions. 
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model, an open circuit in the gate lead replaces the base resistance used for 
the BJT model owing to the very high resistance of the insulated gate. 


The NMOS Switch. An NMOS switch is formed when an enhancement-mode 
(switching) NMOS is joined in series with a depletion-mode (load) NMOS, 
as shown in Fig. 1-13(a). Here, the drain-source resistance, Rri, for NMOS 
T1 becomes, in effect, a variable resistor. This is demonstrated by the I-V 
characteristic in Fig. 1-13(b), where Ry; is shown to be the inverse of the 
slope of the I-V characteristic for NMOS T1. When T2 is ON (V; = HV), 
Vps is equal to Vpp, and the resistance Ry; becomes very large (typically 
a few hundred thousand ohms). The high resistance occurs because the con- 
ducting n-channel is ‘‘pinched off’’ at the source end of T1, thereby creating 
a high-resistance path. Thus, when V; turns T2 ON, V, is ‘‘shorted’’ to 
ground, and the supply voltage Vpp drains to ground via a large resistance 
Ry, as indicated in Fig. 1-13(c). Conversely, when V; turns T2 OFF (V; = 
LV), a voltage equal to +Vpp falls across Vo to ground causing Ry, to 
become small. This occurs because the drain and source of T1 are now at 
approximately the same potential (Vpp) which maintains the n-channel open 
and conducting. That is, the n-channel is not pinched off as is the case when 


+Vpp Load NMOS 
(depletion mode) 


2 dl 


dVps } ue = Slope of I-V characteristic 
GS 


p very large 


Switching NMOS 
(enhancement mode) 


(a) (b) 


(c) 


Fig. 1-13. Configuration and operation of an NMOS switch. (a) Complete circuit. 
(b) I-V characteristic for the load (depletion mode) NMOS TI at Vos = 9. 

(c) Idealized equivalent circuit for V; = HV (T2 ON). (d) Idealized equivalent 
circuit for V; = LV (T2 OFF). 
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T2 is turned ON. The low-resistance condition is illustrated in Fig. 1-13(d). 
Notice that the inverting character of the basic NMOS switch is established, 
since when V; is at high voltage (HV), V, is at low voltage (LV) and vice 
versa. 


The CMOS Switch. Another important type of MOSFET switch results when 
a PMOS and NMOS are joined at their drains to form the series connection 
shown in Fig. 1-14. This is the physical picture of a basic p-well CMOS 
switch that is widely used in switching circuits and that requires very small 
power consumption. The formation of the p-well permits both types of MOS- 
FETs to exist in the n-type substrate. Notice that a p-type conducting chan- 
nel is induced for LV input whereas an n-type conducting channel is formed 
for HV input. Proper operation of the CMOS switch requires that the two 
types of conducting channels not be formed simultaneously. 

The circuit symbol and operation of the CMOS switch is illustrated in 
Fig. 1-15. When high voltage is applied to the input V;, T1 turns OFF and 


V- V 


mn out 


n-type substrate 


p-channel forms RE Metal n-channel forms 
if Va = LV ae if V,,=+HV 
see Oxide 


[|] Semiconductor 


Fig. 1-14. Physical picture of a p-well CMOS switch showing locations of the p 
and n channels and the requirements for their formation. 


+Vpp T +Vpp 


(a) (b) (c) 
Fig. 1-15. Configuration and operation of the basic CMOS switch. (a) Complete 
circuit. (b) Idealized equivalent circuit for high voltage (HV) input. (c) Idealized 
equivalent circuit for low voltage (LV) input. 
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T2 turns ON, essentially shorting the output V, to ground. Or, when low 
voltage is applied to the input, T1 turns ON while T2 goes OFF, causing 
Vpp to fall across the output terminal relative to ground. Notice that in either 
case one of the two MOSFETs is always OFF, a feature that minimizes 
‘‘leakage’’ current drain and, hence, minimizes the power dissipation. Power 
dissipation (defined as VI) is typically in the low nW (nanowatt) range for 
simple CMOS switching devices. 


1.2.5 The Pass Transistor Switch 
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All the transistor switches we have discussed so far are classified as active 
or restoring switching devices, since they are capable of delivering more 
electric power than they consume. The supply voltage (Vcc or Vpp) makes 
possible current (hence power) amplification, a characteristic of all active 
switching devices. A switching device that cannot provide power gain is said 
to be passive. Diodes are good examples of passive switching devices since 
they can only dissipate (consume) power. In this section we will introduce 
another type of passive switch, one that has become important in IC design. 

A MOS transistor switch that functions as a passive (nonrestoring) 
switching device and that does not invert a voltage signal is called a pass 
transistor or transmission gate. In Fig. 1-16(a) is shown the circuit symbol 
and idealized equivalent circuits for an NMOS pass transistor which is op- 
erated in the enhancement mode. Simply put, current can flow in either 
direction when a voltage Vg > Vr (HV), supplied to the gate terminal, turns 
the NMOS ON. But for Ve = 0 V (LV), the NMOS is turned OFF, creating 
a very high resistance (say, 10? ©) between input and output terminals, 
thereby permitting no significant current to flow. This device generates no 
output current in the ON state other than that which is supplied to the input 
terminals. Furthermore, any ‘‘ON’’ current flowing through the switch cre- 
ates a small voltage drop due to the channel resistance of the switch. 

The circuit symbol and ideal equivalent circuits for the CMOS pass tran- 
sistor switch are given in Fig. 1-16(b). It operates in a manner similar to the 
NMOS switch just described. Here, however, antiphase gate (ENABLE) 
voltages, EN and EN (meaning LV enabled), are supplied simultaneously 
so that both MOSFETs are either turned ON or OFF at the same time. The 
ideal equivalent circuits for the transfer and disconnect modes are shown 
in Fig. 1-16(b). Notice that the NMOS is turned ON by HV and OFF by 
LV, whereas the reverse is true for the PMOS. 

The CMOS pass transistor (PT) has the advantage of a lower resistance 
in the ON state than the NMOS switch. This is so because the channel 
resistance for the NMOS portion of the CMOS switch rises rapidly with 
increasing source voltage (V;) while the channel resistance of the PMOS 
portion falls off rapidly with increasing V;. As a result, the two-channel 
CMOS switch has a relatively low, nearly constant overall resistance, as 
shown in Fig. 1-16(c). Thus, the NMOS switch passes LV well and the PMOS 
switch passes HV well, but only the CMOS device transfers both the high 
voltage level and the low voltage level without significant signal degrada- 
tion—an important advantage. It is for this reason that CMOS pass transistor 
switches can operate over a larger range of source voltage, typically 1.5 V- 
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g HV LV 
V; V> V; semema V V —©e &—V, 
Circuit symbol Transfer mode Disconnect mode 
(a) 
EN HV LV 


| 
E e Eh £H 


EN LV HV 
Circuit symbol Transfer mode Disconnect mode 
(b) 
Rswitch 


(c) 
Fig. 1-16.. The MOS pass transistor switches. (a) Circuit symbol and idealized 
equivalent circuits for the NMOS pass transistor switch. (b) Circuit symbol and 
ideal equivalent circuits for the CMOS pass transistor switch. (c) Channel 
resistance, Rywitcn, verses input voltage, Vi, for NMOS, PMOS, and CMOS pass 
transistor switches. 


to 15 V. NMOS pass transistor switches are usually held to an upper limit 
of about 5 V. 

Pass transistor switches are used mainly as steering logic devices. Their 
main function is to conditionally steer digital signals and connect circuit 
nodes together. It is important to remember that they can neither boost 
current nor invert a signal as can the active transistor switches considered 
previously. Thus, PT switches dissipate power but do not restore it. Also, 
PT switches permit the passage of signals in either direction, at times making 
the input and output terminals indistinguishable. It is these properties that 
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often restrict the use of PT switching devices in logic circuits. Examples of 
PT switch application will be given in Chapter 2. 


1.2.6 The Tristate Driver Switches 
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+Vpp 


(a) 


An active device that operates in either an inverting mode or a disconnect 
mode is called an inverting tristate driver. As the name implies, the tristate 
driver is used as a current boosting device in the inverting mode. But when 
the driver is in the disconnect mode, the output is electrically isolated from 
the input due to an extremely large channel resistance. Shown in Fig. 1-17 
is a simple CMOS inverting tristate driver with antiphase ENABLE inputs 
required for its operation. The idealized equivalent circuits for the inverting 
and disconnect modes are presented in Figs. 1-17(b) and (c). Thus, when 
EN is at HV with EN at LV, the ENABLE MOSFETs are ON and the 
tristate driver functions as a simple inverting CMOS switch (as in Fig. 1- 
15). However, when EN is at LV with EN at HV, the ENABLE MOSFETs 
are turned OFF. This condition disconnects the output from the input and 
disables the driver. 

Noninverting tristate drivers can be designed simply by placing an in- 
verting switch in front of an inverting tristate driver. In Fig. 1-18 is shown 
a CMOS tristate driver which operates either in a transfer (noninverting) 
mode or a disconnect mode, where again use must be made of antiphase 
gate ENABLE inputs. So, when EN is at HV (EN is at LV), the two EN- 
ABLE MOSFETs are turned ON, thereby creating two inverting switches 
in series as is indicated in Fig. 1-18(b). This is the transfer mode in which 
the driver can be used to boost current. Or for opposite ENABLE voltages, 
the ENABLE MOSFETs are turned OFF resulting in the disconnect mode 
of Fig. 1-18(c). Interchanging the ENABLE MOSFETs of Fig. 1-18(a) pro- 


+Vpp +Vpp 


(ON) HV —e (OFF) 
Vo Vi — Vo 
(ON) LV —©e (OFF) 
(b) Inverting mode (c) Disconnect mode 


Fig. 1-17. The CMOS inverting tristate driver. (a) Complete circuit showing 
antiphase ENABLE inputs. (b) and (c) Idealized equivalent circuits for the 
inverting and disconnect modes. 
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+Vpp +Vpp +Vpp 


© 
LV —¢e (ON) HV—® (OFF) 
Vi Vo Vi Va Vi r 
HV—® | (ON) LV—® (OFF) 
(a) (b) Transfer mode (c) Disconnect mode 


Fig. 1-18. CMOS tristate driver (noninverting). (a) Complete circuit. (b) and (c) 
Idealized equivalent circuits for the transfer and disconnect modes. 


duces a noninverting tristate driver that will transfer when EN is at LV and 
disconnect when at HV. 

Tristate drivers are used to interface various IC devices to a common 
data bus so that the devices will not interfere with each other. That is, all 
such devices which are not communicating information to a data bus at any 
point in time can be disconnected by disabling their respective tristate drivers 
leaving those devices enabled that are communicating. In Sect. 4.11.5 we 
will have the opportunity to demonstrate one such application of these driv- 
ers. There, as usual, the antiphase ENABLE inputs are connected together 
through an inverting switch so that a single input voltage change enables or 
disables the driver. 


1.3 PERFORMANCE CHARACTERISTICS OF ELECTRONIC SWITCHES 


To begin, let us list the most desirable features a designer would want in a 
switch or switching device, say, for integrated circuit applications. They are 


1. Fast switching speed. 
2. Low power dissipation. 
3. Wide noise margins. 

4. High fan-out capability. 


While no single family of electronic switches has all these features, some 
may come close. In this section we will discuss these performance char- 
acteristics and conclude with a summary of characteristics for four com- 
monly used IC logic families. 
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1.3.1 Propagation Time Delay and Switching Speed 
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When an input to an electronic switch changes to a value that exceeds the 
switching threshold of the switch, the output of the switch does not respond 
instantaneously. The time required for a change in the input of a switch to 
cause a change in the output is called the propagation delay time, which is 
illustrated in Fig. 1-19. Here, tex, measures the time interval between the 
input and output signals in passing the 50% points when the output changes 
from Voy to Voz, hence the extended subscript HL. Similarly, tera mea- 
sures the propagation delay when the output level changes from Voz to Von. 
Since tpyr and tpzy are not usually the same for a given electronic switch, 
an average propagation delay time can be obtained from the expression 


tpr + ÍPLH 


Tp(avg) = a, (1-8) 


The voltage levels Viz, Viz, Vow, and Voz are defined by Fig. 1-19. Also 
shown are the rise and fall times, which are measured between the 10% and 
90% voltage marks, and the pulse width, which is measured between the 
50% voltage marks. 

Propagation delay time of a switch or switching device is a measure of 
the switching speed of the switch or device and, therefore, is of great concern 
to the designer. These periods of time limit the rate at which information 
can be processed in a digital system and, in some cases, determine whether 
or not a given digital design will function properly. 

Propagation delays in integrated circuit systems are caused mainly by 
capacitances inherent in the electronic switches used and by stray (or 
parasitic) capacitances in the signal paths. These delays result from the fact 
that it takes time to charge or discharge a capacitor. Thus, the greater the 
capacitance, the longer it will take the switch to reach the switching threshold 
in response to an input signal, and the greater will be t,. For any given 


iq—— Pulse width ——p} 
time 


Fig. 1-19. Propagation delay and rise and fall times for an electronic switch. 
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1.3.2 Power Dissipation 


family of switches, the manufactures will give worst case propagation delays, 
which should be used by the designer when conservative estimates are 
needed for design purposes. 


When current flows through a conducting medium of finite resistance, power 
is dissipated (consumed); that is, heat is generated. Consequently, we want 
the power dissipation to be minimal, but not just to conserve on power 
consumption, which may be desirable. The greater the amount of circuitry 
packed within a given volume of IC chip, the greater will be the heat gen- 
erated in that volume and the greater will be the chance of overheating and 
malfunction of the switching devices. Obviously, it is desirable to minimize 
the power dissipation and, if necessary, provide special heat conduction. 
paths to external heat sinks. 

Power is consumed due to the momentary current required for the tran- 
sition from HIGH level to LOW level, or vice versa. Power is also consumed 
due to the continuous current required to maintain a particular switching 
level or state. The continuous average power (in watts [W]) consumed by 
a BJT-type switch is given as the product of the supply voltage and supply 
current 


Pais = Veclcc (1-9) 
where the supply current is usually taken as the average 


_ leew + Iccx 


lec = — ~ (1-10) 


Here, Iccy and Iccz are defined as the supply currents for HV and LV 
output, respectively, and are usually different. Expressions similar to Eqs. 
(1-9) and (1-10) can be written for MOS-type switches by replacing the supply 
designation CC with DD. Note that the unit equation for power is [W] = 
[V][A]. 

NMOS and CMOS switches have an extremely low continuous power 
dissipation, but it is not zero. In these devices a very small leakage current 
occurs during maintenance of the OFF or ON state, and transient currents 
occur during the state-to-state transitions, all contributing to the total power 
dissipation. Thus, MOS switches claim one of the lowest power consumption 
rates of any of the switching families. 

A useful figure of merit for switching devices is called the power-delay 
product (PDP) given by 


PDP = Puist (1-11) 


In this expression Pais is the average power dissipation of the device and 7, 
is the propagation delay. The unit of PDP is [W][s] = [J], or joule, usually 
expressed as pJ (107 '* joules). Since it is desirable to achieve both a low- 
power dissipation and small propagation time, a low PDP is also desirable. 
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1.3.3 Noise Margin 
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The maximum voltage fluctuation that can be tolerated in a digital signal 
without crossing the switching threshold of the switching devices used in a 
digital system is called the noise margin or noise immunity of that system. 
Noise can originate from external sources such as line transients and radio 
frequency signals, or it can be generated within the digital system by elec- 
tromagnetic coupling (cross-talk) or by asymmetric path delays in complex 
digital circuits. In any case, if the noise level is insufficient to cross the 
switching thresholds of the devices in the digital system, it (the noise) will 
be sharply attenuated in passing through the various switching stages of the 
system and no problem will result—noise does not accumulate from one 
switching stage to another as in some analog circuits, and this gives digital 
systems a distinct advantage. On the other hand, if the noise margins are 
exceeded, unwanted signals are likely to appear in the outputs of the switch- 
ing devices, possibly causing system failure. 

The role that noise margins play in a digital system is illustrated in Fig. 
1-20. Here, a source switch delivers a digital signal with noise to a load 
switch as indicated in Fig. 1-20(a). To help understand the cause and effect 
switching process involved here, the following quantities are defined: 


ViLmap = Maximum voltage that the load switch will accept as LOW level 
Vigcuin) = minimum voltage that the load switch will accept as HIGH level 
Votmax) = Maximum LOW-level output voltage of the source switch 


VoHmin = Minimum HIGH-level output voltage of the source switch 


From the foregoing definitions it follows that a voltage level from the 
source switch that exceeds Viz~max) could appear as a possible HIGH to the 
load switch and that a voltage level from the source that falls short of Vizzaniny 
could appear as a possible LOW to the load switch. Thus, when either of 
these two worst case limits is exceeded in the appropriate direction, the load 
switch may not operate predictably. With this information in mind we define 
the LOW and HIGH noise margins to be 


NML = VILmax) A Voiman 
and (1-12) 
NMH = VoxHmin) == VIHmin) 


respectively, as illustrated in Figs. 1-20(b) and (c). The noise margins can 
be regarded as margins of safety within which digital systems must be op- 
erated if their behavior is to be predictable. 

Returning to Fig. 1-20, we see that only when the inner boundaries of 
the noise margins, Vizminy and Viz~max), are exceeded will unpredictable 
switch behavior result. While we show error transitions taking place for each 
inner boundary crossing, this need not necessarily be so. These boundaries 
are simply the dividing lines between predictable and unpredictable behavior 
and, accordingly, represent worst case values. The external limits of the 
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Fig. 1-20. Effect of noise 
margins. (a) Source-to-load 
switch configuration. (b) 
Voltage pulse with low noise 
condition. (c) Voltage pulse 
with high noise condition 
showing possible error 
transitions in output. 


VoL (max) 


L____» time ———> time 


(b) Low noise 


o2 


time time 
(c) High noise 


shaded signal range bars shown in Figs. 1-20(b) and (c) are of no consequence 
as long as they lie outside of valid output levels from the source. 

So it is obvious that wide noise margins are a desirable feature in a switch. 
Narrow noise margins make switches more difficult to work with since even 
small fluctuations in the input signal may cause error transitions. 


1.3.4 Fan-out and Fan-in 


Since an output to a switch has a definite limit to the amount of current it 
can supply (or sink), it is not surprising that there is a definite limit to the 
number of parallel switches that can be driven by a single switch output. 
This limit (number) is called the fan-out of the device and is illustrated in 
Fig. 1-21 for the case of CMOS switches, although the concept is perfectly 
general and applicable to other types of switches or switching devices. 
The fan-out of a restoring device can be measured by comparing the 
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Fig. 1-21. Fan-out of CMOS switches. 


output current available from the driver device with the input current re- 
quirements of the load device to be driven. Thus, | Toz | / | Irz | or | Ioz | / 
| In. |, whichever is the smaller, is a measure of the fan-out capacity of the 
device. Here, [oz is the driver output current at Voy, Iry is the load device 
input current requirement at Vry, and so on. If either of these ratios is less 
than unity, the driver-load device combination is not compatible. The fan- 
out requirements may be generalized as follows: 


lou = b2 (Ira): 


and (1-13) 
lor 2 pS (Lx): 


Figure 1-21 illustrates these requirements. The output current Io of the driver 
device must be at least equal to the sum of all input currents of the load 
devices for both the high-voltage and low-voltage states. Thus, both re- 
quirements expressed by Eqs. (1-13) must be met before one device can 
predictably drive other devices. 

Loading the output of a switching device beyond the fan-out limit set by 
the designer or manufacturer can seriously reduce the noise margins and 
switching speeds of the system and can result ultimately in failure due to 
insufficient current input. Thus, high fan-out capability is a desirable feature 
in a switch, especially if that switch is to be used in the design of a complex 
digital circuit. 

The maximum number of inputs permitted to control the operation of a 
digital circuit is called fan-in. For example, an eight-input device has a fan- 
in of 8. There are circuits called extenders that are designed to be connected 
to a given digital circuit to increase fan-in capability. However, the resulting 
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fan-in also increases the input capacitance, which, in turn, increases the 
propagation delay of the circuit. Thus, extenders should be avoided for high- 
speed applications. 


1.3.5 Other Factors 


In IC design it is usually desirable to pack as many switches as possible into 
a given chip area without jeopardizing the operation of the digital device. 
The practical limit to which switches of the same family can be packed is 
called the packing density and is usually given in numbers of switches (or 
switching devices) per square millimeter. Densely packing of switches in 
ICs can improve the switching speed of the system by reducing lead ca- 
pacitances, but there is a price to be paid. The more densely packed the 
switches or switching devices, the more difficult it is to remove the joule 
heat that is generated and the greater chance there is for cross-talk problems. 
A low-PDP factor favors high packing densities. 

To one extent or another all the performance characteristics previously 
discussed, including packing density, affect the cost of an IC device or sys- 
tem. But the subject of cost is highly complex and one that is continuously 
changing with time. Usually the cost factor depends most sensitively on the 
total number of IC devices to be made and on the number of processing 
steps involved such as ion implantation and photomasking, to name just two. 
As manufacturers gain more familiarity with new and improved processing 
techniques and as the failure rate decreases, costs generally are reduced 
substantially. Research and design costs must be taken into account in ar- 
riving at a bottom-line figure, but these costs can also be highly variable. 


1.3.6 Summary of IC Logic Family Characteristics 


Any summary of switching (logic) family characteristics is risky because the 
relative assessments change, sometimes rapidly, with technological devel- 
opments and because these assessments often have to be qualified to be 
valid. However, in spite of the risks, we will attempt to summarize the 
characteristics in Fig. 1-22 for four commonly used IC logic families, TTL, 
ECL, NMOS, and CMOS. We have not mentioned the ECL family, which 
stands for emitter-coupled logic. Because of its high switching speed, the 
ECL family is currently the fourth most important logic family next to 
CMOS, NMOS, and TTL. Other logic families, important for certain ap- 
plications, are not represented in Fig. 1-22. These include integrated 
Schottky transistor logic (STL), integrated injection logic (IIL), low-voltage 


Parameter 


Switching speed Good Very good Fair Fair 


Power dissipation* Medium High Low Low 
Noise immunity Very good Fair Good Very good 
Fan-out Fair Fair Very good Very good 
Packing density Medium Low High High 


* The power dissipation of CMOS ICs increases rapidly at high frequencies. 
Fig. 1-22. Summary of characteristics for four commonly used IC logic families. 
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injection logic (LVIL), gallium arsenide logic, and optical and supercon- 
ducting logic families. In addition, there are subgroups of logic families, such 
as silicon-on-sapphire CMOS (CMOS/SOS) logic, that are of some impor- 
tance but not included in the summary. 


ANNOTATED REFERENCES 


Good reviews of the integrated logic families are provided in the texts 
by Tocci (Chapter 8) and Jones (Chapter 5). These reviews are electronics 
oriented and include performance characteristics. Pertinent references are 
provided by Jones at the end of the chapter. 


Tocci, R. J., Digital Systems, Principles and Applications, 4th ed., Prentice Hall, 
Englewood Cliffs, N.J., 1988. 


Jones, L. D., Principles and Applications of Digital Electronics, Macmillan, New 


York, 1986. 


PROBLEMS 


1.1 In Fig. P1-1(a) is shown an NMOS switch and its 
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approximate equivalent circuit, where Ry, and Rr 
represent variable drain-source resistances. In the 
table of Fig. P1-1(b) typical NMOS drain-source re- 
sistances are given for two input voltage levels, 0 V 
and +5 V. Use this information to determine the out- 
put voltage V,, the current Jp, and the power dis- 
sipated for each of the input voltages given. Present 
the results in a table. [Hint: Use Ohm’s law (V = 
IR) and the expression for power P = IV.] 


Vpp =+5V +5V 
Ip 
T1 R i 
Va Va 


(b) 
Fig. PI-1. 
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1.2 (a) Apply KVL and Ohm’s law to the approximate 


equivalent circuit of Fig. P1-1(a) to determine the 
output voltage V, in terms of the two resistances 
and the supply voltage Vpp, independent of Ip. 
The result is the well-known voltage divider 
equation. 


(b) Use the voltage divider concept to determine 
Ver, the voltage drop across Ry. 


1.3 The circuit in Fig. P1-2 shows a BJT switch driving 


a light-emitting diode (LED). Assume that this BJT 
operates such that the output V, changes from 4.1 V 
to 0.2 V when the input V; changes from 0 V to +5 
V and that the LED is rated at 18 mA and 2.5 V for 
full brightness. 


(a) Calculate the value (in ohms) of the current lim- 
iting resistor, Rz, required to prevent damage to 
the LED at full brightness, and determine the IR 
voltage drop across Rz. 

(b) For the full brightness condition, determine the 
value Rcg of the BJT and Rrzp. Use the value of 
Rz taken from part (a). 

(c) Calculate the total average power dissipated by 
the system at full brightness of the LED. 


1.4 Two diodes are connected in series opposition with 


a5 V supply as shown in Fig. P1-3. 

(a) Assuming that these diodes are real diodes and 
that Eq. (1-1) applies to each with n = 1, cal- 
culate V, = Vz relative to ground. 

(b) Repeat part (a) if the diodes are assumed to be 
ideal according to Fig. 1-3. 

(c) Repeat part (a) if the diodes are assumed to obey 
the model in Fig. 1-4. 


1.5 In Fig. P1l-4(a) is shown the common-emitter con- 


nection for an npn BJT. It consists of two loops: an 
input loop in which the base current Ig flows and an 
output loop in which the collector current Ic flows. 


(a) Use the short form representation of Fig. P1-4(b) 
and the definition of B given by Eq. (1-7) to ex- 
press the output voltage V, = Voce as a function 
of input voltage V; and the resistances Rc and Rg. 
On a sketch of V, versus V;, called the transfer 
characteristic, indicate the three regions of op- 
eration: the cut-off region, the active region, and 
the saturation region. Give the slope of the trans- 


(a) 
Fig. P1-4. 


Problems 


1.6 


1.7 


Pe Ip 


(b) 
Fig. P1-4. 
fer characteristic in terms of the resistances Rc 
and Rg. (Hint: Begin by writing the KVL equa- 
tions for the input and output loops. Then solve 
these two equations simultaneously for V, = 
Vee.) 

(b) Determine the voltage gain V,/V; in the active 
range, discuss its meaning, and determine the 
limits over which it is valid for a supply voltage 
of Vec = +5V. Let Rc = 2kohm (2 x 10° ohm), 
Rg = 10 kohm, and B = 100, and let Vrgg = 0.6 V, 
VBE, sat = 0.8 V and VCE, sat = 0.2 V (see Fig. 1- 
8). 

(c) Discuss the use of a BJT in a digital circuit, given 
the results of parts (b) and (c). 


A logic switch draws a supply current of Iccy = 6 
mA when the output is at HV = 4 V, but draws Icer 
= 18 mA when the output is at LV = 0.5 V. Find 
the average power dissipated for a0.5 V to 4 V square 
waveform output operated as follows: 

(a) A 50% duty cycle 

(b) A 20% duty cycle 


Take the supply voltage to be Vec = 5 V. Duty cycle 
is the ratio of the time spent in the high-voltage state 
to the period of the waveform. The period is the time 
required for a periodic waveform to repeat itself. 


For the two systems represented in Fig. P1-5, de- 
termine whether or not the input specifications of 
system II are compatible with the output specifica- 
tions of system I, if system I drives system II as 
shown. 


Vg 22.5 V 


Vz <0.6 V 


System I System IIT 


Fig. P1-5. 
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1.8 The fan-out capability of a driver switch relative to 
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the load switches can be determined from the ratios 
| Zor | / | Iz | and | Jow|/| Irn | as suggested by the 
requirements of Eqs. (1-13). If these current param- 
eters are given in Fig. P1-6 for switch systems I and 
II and if system I is to drive system II, what is the 
predicted fan-out and what does it mean? Can system 
II drive system I? Explain. 


System I System JI 


Fig. P1-6. 


Switch A Switch B l 
5V 5V 


Vsupply 
Viatmin) 


ViLmax) 
Von (min) 
Voxcnax) 
ÍPLH 


Fig. P1-7. 
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1.9 Listed in the table of Fig. P1-7 are the operating spec- 


ifications for two switches, A and B. Determine the 
following: 
(a) The switch with the wider HV noise margin. 


(b) The better combination (A driving B switches or 
vice versa) for fan-out capability. 


(c) The switch that can be operated at the higher fre- 
quency. 


(d) The switch that will draw the lesser supply cur- 
rent. 


(e) The switch with the more favorable PDP factor. 


CHAPTER 2 


Fundamentals of 
Digital Design 


2.1 INTRODUCTION 


The contents of this chapter are considered to be vitally important to the 
reader’s understanding of the remainder of this text and, hence, to an un- 
derstanding of digital design as we present it. In this chapter the reader will 
learn some of the vocabulary and jargon, the fundamental concepts, and the 
algebra and symbols that are common to the field of digital design. Fur- 
thermore, the design of simple digital (logic) circuits begins in this chapter. 

In Chapter 1 we introduced the electronic switch by giving several ex- 
amples and by discussing the operation of each. Now, we will extend that 
coverage by using at least one of several logic families to illustrate the elec- 
trical analog (equivalent) of each logic circuit symbol we introduce. We do 
this as a continuing reminder that the logic symbolism has a physical real- 
ization which must ultimately be dealt with to complete a given logic design 
task. The logic families to be included are CMOS and NMOS logic, BJT- 
BJT logic called TTL (for transistor-transistor logic), and diode-BJT logic 
called DTL. 


2.2 BINARY STATE TERMINOLOGY 


Digital systems use switching devices that operate in only one of two possible 
states at any given time but that can be switched back and forth from one 
state to another at very high speed (millions of times per second). The two 
states are high voltage (HV) and low voltage (LV). To design a useful digital 
device, meaningful names must be assigned to the various input and output 
voltage levels in agreement with some algorithm on which the device is 
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Time 


LOAD 


1 ed ~] \------- LOAD 
0 NOT LOAD 


S ee 
0 LOAD 


(a) (b) 
Fig. 2-1. Positive logic interpretation of a physical waveform. (a) The digital 
device and its voltage output called LOAD. (b) Ambiguous logic interpretation of 
the waveform LOAD in (a). 


based. Typical of the names that could be assigned to HV or LV are quit, 
1, set, load, false, true, 0, or any other name the user wishes to use. For 
example, HV and LV for a given signal could be assigned the names true 
and false, respectively. But as we shall soon see, it is not enough simply to 
assign names to an input or output signal. More information is needed to 
avoid ambiguous interpretation. 

Shown in Fig. 2-1(a) is a digital (switching) device having an output which 
has been assigned the name LOAD. The problem is, there are two possible 
interpretations that can be given to the physical waveform representing the 
output LOAD, and these are given in Fig. 2-1(b). Notice that LOAD is 
represented by HV in one interpretation of the waveform and by LV in the 
other. So how many times has the signal LOAD been issued for the time 
interval shown? The answer is: two or three depending on which interpre- 
tation is chosen. Thus, as it stands, the nomenclature used in Fig. 2-1 is 
ambiguous since the name LOAD conveys no information as to which wave- 
form interpretation is the valid one. 


2.2.1 ACTIVE and INACTIVE States 


Two important terms, which will be used throughout the remainder of this 
text and which correspond closely to the IEEE standards and to the no- 
menclature used in data books of leading IC manufacturers, are defined as 
follows: 


ACTIVE—a descriptor denoting an action condition. 


INACTIVE—a descriptor denoting a condition which is not ACTIVE. 


Other words that can be used in place of ACTIVE include AFFIRMATIVE, 
ASSERT, UP, EXCITED, ON, and so on, with their opposites used for 
INACTIVE. i 
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A state is said to be ACTIVE if it is the condition for causing something 
to happen. And for every ACTIVE state there must exist one that is IN- 
ACTIVE. In the binary (base 2) system of 1’s and 0’s, these descriptors take 
the logic values 

ACTIVE = logic 1 (2-1) 
INACTIVE = logic 0 


which assigns logic 1 as the ACTIVE condition and logic 0 as the INACTIVE 
condition. Thus, we may state: 


In the logic domain, “I” is the ACTIVE state while “0” is the IN- 


ACTIVE state. 


This will always be so. As we shall see later, use will be-made of the de- 
scriptor ACTIVE in defining the binary logic operators which underlie all 
of digital electronics. 


2.2.2 ACTIVATION LEVEL INDICATORS 


A symbol that is attached to the name of a signal and that establishes which 
physical state, HV or LV, is to be the ACTIVE state for that signal, is called 
an ACTIVATION LEVEL INDICATOR. The ACTIVATION LEVEL IN- 
DICATORSs we use, together with their meanings are 


(H) meaning ACTIVE HIGH. 
(L) meaning ACTIVE LOW. 


Thus, a line signal representing LOAD(#) is one for which the ACTIVE 
state occurs at high voltage (HV), or if LOAD(ZL) one for which the ACTIVE 
state occurs at low voltage (LV). For example, when the waveform repre- 
senting LOAD(4) crosses the HV threshold, the action LOAD occurs. To 
illustrate, we show in Fig. 2-2 the results of applying this symbology to the 
same digital device represented in Fig. 2-1. Notice that all ambiguity has 
been removed and that now we can indicate at which voltage level we want 
the action LOAD to take place. 

There are alternatives to using the symbols (H) and (L) as ACTIVATION 
LEVEL INDICATORs. One alternative is to attach the symbols “+” and 
‘*—°° to the signal name with the meaning (H) and (L), respectively. We 
have avoided this alternative symbolism because the symbol “+° is also 
used as a binary operator, a possible source of confusion. Even less ap- 
pealing is another alternative symbolism which replaces (H) and (L) with 
the numeric symbols “‘1’’ and ‘‘0.’’ The problem is that these symbols often 
appear like the literals “‘l’’ and ‘‘O” leading to confusion and possible error. 


2.2.3 Positive and Negative Logic 


The positive and negative logic systems are defined by Fig. 2-3(a), and the 
implications of Fig. 2-2 are presented in Fig. 2-3(b). In these figures the 
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Fig. 2-2. MIXED LOGIC interpretation of a physical waveform. (a) The digital 
device and its voltage output called LOAD. (b) Positive and negative logic 
interpretations of the waveform in (a) showing the use of ACTIVATION LEVEL 
indicator symbols. 


HV <———»> logic1 HV <——» logic0 
LV <— > logic0 LV «—— logic1 
Positive logic Negative logic 
system system 
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HV <——> 1(H) =0(L) 


LV <> 0(/H)=1(L) 
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SAAC sich ag a Su a eb css nds eh ap ain Oa Gin Sav ee ea ae eR OE, azs 
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Fig. 2-3. (a) Definitions of the positive and negative logic systems. (b) 
Implications of Fig. 2-2. Noise margins shown superimposed on (c) the positive 
logic and (d) the negative logic interpretations of a voltage waveform. 
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symbol < is read in either direction as “‘corresponds to”. Thus, HV cor- 
responds to the logic 1 state in the positive logic system but corresponds to 
the logic 0 state in the negative logic system. Conversely, LV corresponds 
to logic 0 in the positive logic system but corresponds to logic 1 in the 
negative logic system. So, in the logic domain, logic 1 is always the ACTIVE 
state while logic 0 is always the INACTIVE state. To bridge the gap between 
the physical domain and the logic domain, Fig. 2-2 requires that HV cor- 
responds to 1(H) = 0(Z) and that LV corresponds to 0(H) = 1(L). This is 
summarized in Figs. 2-3(b), (c), and (d). The noise margins, NMH and NML, 
are included in Figs. 2-3(c) and (d) as a reminder that their inner boundaries 
are also the inner limits of the logic states (1 and 0) as well as the outer 
limits of the uncertainty region. 


2.2.4 POLARIZED MNEMONICs 


A contracted signal name onto which is attached an ACTIVATION LEVEL 
INDICATOR is called a POLARIZED MNEMONIC. A signal representing 
a logic operation or action can be ACTIVE HIGH or ACTIVE LOW but 
never both—hence, it is polarized. MNEMONICs can be used in algebraic 
formulations whereas use of their corresponding full names would be un- 
wieldy and even ambiguous in cases where the operation or action is rep- 
resented by more than one word. Listed in Fig. 2-4 are several examples of 
POLARIZED MNEMONICs together with their original meanings and AC- 
TIVATION LEVELs. Notice that names consisting of more than one word 
can be contracted to MNEMONIC form in more than one way, but that all 
MNEMONICs are composed of a single group of symbols short enough to 
be easily used yet long enough to convey their meaning. 

At the risk of sounding repetitive, let us make certain the reader en 
stands the meaning of the polarized MNEMONICs given in Fig. 2-4. Take 
for example CL(#). As the label for an input or output signal to a digital 
device, CL(H) would be read as CLEAR ACTIVE HIGH with the under- 
standing that when the voltage waveform for CLEAR crosses the logic 1 
threshold in the upgoing direction, the action CLEAR occurs. Similarly, the 
line labeled PR(L), meaning PRESET ACTIVE LOW, must provide the 
action PRESET when its voltage waveform crosses the logic 0 threshold in 
the downgoing direction. 


Action Name Activation level Polarized Mnemonic 


LOAD LD(ZL) 
SYSTEM CLOCK SYSCK(7) 
PRESET PRE(ZL) or PR(L) 


CLEAR CLR(A) or CL(H) 

DATA READY DRDY(H) or DATRDY(H) 
REQUEST TO SEND RTS(L) or REQSND(L) 
COUNT 8 CNT(A) 


Fig. 2-4. Examples of POLARIZED MNEMONIC with their original meanings 
and ACTIVATION LEVELs. 
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2.2.5 MIXED LOGIC Notation 


A notational scheme which permits both positive and negative logic systems 
to exist within the same digital environment is called MIXED LOGIC no- 
tation. This notational scheme results quite naturally from the use of PO- 
LARIZED MNEMONICs which carry the following logic connotations: 


X(H) represents an action signal called X from a positive logic source 
(ACTIVE HIGH), X(L) represents an action signal called X from a 


negative logic source (ACTIVE LOW), 


where X is any MNEMONIC. That the foregoing connotations are valid is 
easily demonstrated. The POLARIZATION LEVEL INDICATOR (H) sig- 
nifies ACTIVE HIGH, which, in turn, implies that the logic 1 state occurs 
at HV, the definition of POSITIVE LOGIC. Similarly, (L) signifies ACTIVE 
LOW, which implies that the logic 1 state occurs at LV, the definition of 
negative logic. Thus, if the outputs, shown in Fig. 2-2, are present in the 
same digital system, MIXED LOGIC notation is said to be in use. 

It is not a requirement that both (H) and (L) INDICATORs be used 
within the same digital system to say that MIXED LOGIC notation is em- 
ployed. The use of POLARIZED MNEMONICs is itself a sufficient re- 
quirement, even if only one ACTIVATION LEVEL exists. However, if for 
such a system all ACTIVATION LEVEL INDICATORs, say, (H), are 


dropped, a homologic or monologic system is implied. It is our recommen- 


dation that the removal of the ACTIVATION LEVEL INDICATORs never 
be practiced even if all signal leads are of the same ACTIVATION LEVEL. 
Removal of these symbols means loss of logic system information which 
might later result in design errors. 

From all the information we have gathered so far, we may summarize 
with the following observation: 


Use of the MIXED LOGIC notation can be viewed as the necessary 


vehicle required to bridge the gap between the logic domain and the 
physical world. 


The use of the MIXED LOGIC notation conveys both logical and physical 
meaning to the designer, since it is the medium through which logic abstrac- 
tion and physical reality join. 


2.3 LOGIC LEVEL CONVERSION—THE INVERTER 
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When a positive logic source is converted to a negative logic source, or vice 
versa, the LOGIC LEVEL is said to be converted or transformed. The 
physical device that performs the electrical analog of LOGIC LEVEL CON- 
VERSION is called an INVERTER. Except for the pass transistor switch, 
all switches discussed in Sect. 1-2 are INVERTERs, each capable of per- 
forming the electrical analog of LOGIC LEVEL CONVERSION. Shown in 
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+Vpp 


(c) 
Fig. 2-5. (a) Transistor 
circuit for the CMOS 
INVERTER. (b) I/O 
specification table for the 
CMOS INVERTER. (c) I/O 
specification table for any 
INVERTER. 


Fig. 2-5(a) is the CMOS version of the INVERTER, and in Figs. 2-5(b) and 
(c) are two equivalent forms of its input/output (I/O) specification table or 
physical truth table, the latter I/O table being applicable to any INVERTER. 
Clearly, when X; is at low voltage (LV) Xo is high (HV), and vice versa, as 
explained in Sect. 1.2.4. 

The LOGIC LEVEL CONVERSION function of an INVERTER can be 
interpreted in two ways: ACTIVE HIGH (positive logic) to ACTIVE LOW 
(negative logic), and vice versa. These two interpretations of the physical 
truth table are presented in Figs. 2-6(b) and (c), respectively, together with 
the appropriate circuit symbol for each. Here, the variable X with its AC- 
TIVATION LEVEL INDICATOR represents any POLARIZED MNE- 
MONIC. Notice that a “bubble” is placed on the symbol to indicate the 
ACTIVE LOW logic level and that its absence indicates ACTIVE HIGH. 

What is important to remember is that the only logic function of an IN- 
VERTER in a logic (digital) circuit is to perform the electrical analog of one 
of the two LOGIC LEVEL CONVERSION interpretations given in Fig. 2- 
6, and that is all. This point cannot be overemphasized. Therefore, the pres- 
ence of either logic symbol in a logic circuit represents an INVERTER in 
the physical sense, but is otherwise taken to be a LOGIC LEVEL CON- 
VERSION symbol. 

Two versions of the INVERTER which have not been discussed pre- 
viously are the TTL (BJT-BJT logic) INVERTER of Fig. 2-7(a), and the 
DTL (diode-BJT logic) INVERTER of Fig. 2-7(b). The TTL INVERTER 
represents a family of switching devices commonly used in IC technology. 
The logic family represented by the DTL INVERTER is rarely used except 
in power switching circuits where large currents must be accommodated. 

The operation of the TTL INVERTER as an electronic switch is best 
understood by discussing the operation of the DTL INVERTER. The BE 
and BC junctions of the transistor T1 in Fig. 2-7(a) function as simple diode 


ACTIVE HIGH ACTIVE LOW 
to X; X, to 
ACTIVE LOW ACTIVE HIGH 
Interpretation LV | HV Interpretation 
E HV | LV e 
X(H) | X(L) (a) X(L) | X(H) 
0 0 1 1 
1 1 0 0 
ACTIVE LOW 


INDICATOR bubble \ 
X(H) >o- X(L) X(L) -9> X(H) 


(b) (c) 
Fig. 2-6. LOGIC LEVEL CONVERSION of an INVERTER. (a) Physical truth 
table for an INVERTER. (b) ACTIVE HIGH to ACTIVE LOW logic 
interpretation and circuit symbol. (c) ACTIVE LOW to ACTIVE HIGH losie 
interpretation and circuit symbol. 
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(a) (b) 
Fig. 2-7. Two types of BJT logic INVERTERs. (a) TTL INVERTER. (b) DTL 
INVERTER used to explain the operation of the TTL INVERTER. 


junctions and can be represented by the diodes Dg and Dc, respectively, in 
the DTL circuit of Fig. 2-7(b). Recall that this was done earlier in Fig. 1-7. 
Thus, when input X; is low (LV), diode Dz is ON, diode Dc is OFF, and 
transistor T2 is in cut-off, bringing V, to about + Vcc relative to ground. 
Turned about, when X; is high (HV), diode Dz is OFF, diode Dc is ON, and 
the transistor T2 is forced into saturation virtually shorting V, to ground. 


2.4 AND and OR OPERATORS and THEIR PHYSICAL REALIZATION 
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Remarkable as it may seem, there are just two binary logic operations which 
underlie all digital logic design-the AND and OR operations. These opera- 
tions are purely logic concepts, or abstractions, and as such have no physical 
significance. The following are the operator symbols (or connectives) which 
are used for AND and OR: 


() — AND 
(+)— OR 


So, if one writes X - Y it is read as X AND Y, and LD + CNT is read as 
LOAD OR COUNT. The connective (-) is commonly omitted as in XY or 
(X)(Y), but such expressions are still read as X AND Y. 

By using the AND and OR operator symbols, we can formulate a mathe- 
matical logic expression representing a conditional statement. For example, 
we may state 


the device will run if switches A and B are ON or if switch C is ON. 


Then, taking the mnemonic SW to represent a switch in the ON position | 
and RUN to represent the run condition of the device, we write and read 
the following logic expression: 


RUN = SWA.: SWB + SWC 


a 


RUN IF SWITCH A AND SWITCH B OR SWITCH C 
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Notice that the equal sign is properly read as “‘if’’ or ‘‘whenever’’ in a logic 
expression, although it is common practice to say ‘‘equals’’ due to the as- 
sociation with conventional algebra. In this expression the AND operation. 
takes precedence over the OR operation; similar to the multiplication and 
addition operations in decimal arithmetic. 

As we Shall soon learn, it is possible to construct a physical device that 
will perform the electrical analog of the conditional statement just given, or 
any other mathematical logic expression for that matter. To do this, however, 
requires more information than we now have. Therefore, our next task is 
an extremely important one: identify a symbolism that can be used to trans- 
form any mathematical logic ‘‘statement’’ into its physical realization. It is 
the primary purpose of this chapter to develop such a symbolism. Once this 
is accomplished, the reader will be able to take a conditional statement of 
reasonable complexity, formulate it into a mathematical logic expression, 
and then construct a logic circuit that will perform the electrical analog of 
the original statement. 


2.4.1 Logic Circuit Symbology for AND and OR 


(a) AND circuit 


(b) OR circuit 
symbol 
Fig. 2-8. Logic circuit 
symbols for the binary 
operators. (a) AND circuit 
symbol. (b) OR circuit 
symbol. 


For our purposes the meanings of the AND and OR operators are best under- 
stood in terms of their logic circuit symbols. Shown in Fig. 2-8 are the 
distinctively shaped logic circuit symbols commonly used to represent the 
AND and OR operators, but which have inputs and an output for each. The 
functions of these symbols are stated as follows: 


The output of a logic AND circuit symbol is ACTIVE if, and only if, 
all inputs are ACTIVE. 


The output of a logic OR circuit symbol is ACTIVE if one or more of 
the inputs are ACTIVE. 


Remember that the term ACTIVE implies logic 1. Thus, the output of a logic 
AND symbol is logic 1 if, and only if, all inputs are logic 1, and so on. 

The distinctively shaped symbols of Fig. 2-8 together with their functional 
description constitute the special symbology (mentioned earlier) that con- 
nects a logic concept with its physical realization called the gate. The fol- 
lowing definition of gate applies: 


A gate is the interconnection of electronic switches and other circuit 


elements required to produce the electrical analog of a logic operation. 


We are about to discover that under the proper I/O conditions, any one of 
four different gates is capable of producing the electrical analog of either 
binary logic operator, AND or OR. 


2.4.2 NAND Gate Realization of AND and OR 


The physical device presented in Fig. 2-9(a) is called a NOT-AND or NAND 
gate for short, and because this particular gate is composed of both NMOS- 
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(a) (c) 
Fig. 2-9. (a) CMOS NAND gate circuit. (b) The I/O specification table for the 
CMOS NAND gate. (c) Physical truth table for any NAND gate. 


FETs and PMOSFETs in a complementary configuration, it is called a 
CMOS NAND gate. The I/O specification table (or physical truth table) for 
this gate is given in Fig. 2-9(b) and for any two-input NAND gate in Fig. 2- 
9(c). The physical truth table is obtained by “‘reading’”’ the output voltage 
for all possible input voltage combinations. In Fig. 2-9(a) we read a high 
voltage (HV) across output Z to ground for all input voltage combinations 
except when both the X and Y inputs are HV (relative to ground), in which 
case the output is virtually shorted to ground (LV). Notice that when the 
PMOSFETs are ON the NMOSFETs are OFF, and vice versa, which ac- 
counts for the fact that essentially no static power is dissipated by a CMOS 
NAND gate. 

Now that we have characterized the physical device called a NAND gate 
by a physical truth table, it is necessary to determine what meaningful logic 
interpretations it possesses. By using the functional descriptions of the AND 
and OR logic circuit symbols given in Sect. 2.4.1 together with the binary 
state terminology presented in Sect. 2.2, we arrive at the results presented 
in Fig. 2-10. Here, it is seen that a logic AND interpretation of the physical 
truth table results if the inputs are ACTIVE HIGH (from positive logic 
sources) and the output is ACTIVE LOW (a negative logic source). This 
gives rise to the logic truth table for AND and the characteristic AND circuit 
symbol, both shown in Fig. 2-10(b). The ACTIVE LOW INDICATOR bub- 
ble has been placed on the output of the circuit symbol to account for the 
ACTIVE LOW output which is read as Z(L) = (X - Y)(L). Hence, this 
symbol and its corresponding truth table carry the meaning that ‘‘the output 
of an AND circuit symbol is ACTIVE if, and only if, all inputs are ACTIVE.”’ 
Again, we remind the reader that the descriptor ACTIVE implies logic 1. 

In Fig. 2-10(c) is given the logic OR interpretation of the NAND gate. 
This results when both inputs are ACTIVE LOW and the output is ACTIVE 
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Logic AND Logic OR 
interpretation. interpretation 
(a) 

X(H) Y(H) | ZŒ) X(L) Y(L) Z(H) 


ACTIVE LOW INDICATOR 


i bubble ON 

X(H, X(L) 
: | << = (X-Y)(L) DDS Z(H) = (X + Y)(H) 
Y(H) Y(L) 


(b) AND function (c) OR function 
Fig. 2-10. AND and OR functions of the NAND gate. (a) The physical truth table 
for the NAND gate. (b) Logic AND interpretation and circuit symbol for the 
NAND gate. (c) Logic OR interpretation and circuit symbol for the NAND gate. 


HIGH, as indicated by the logic truth table. Then, from the functional de- 
scription of the logic OR circuit symbol and use of the terminology presented 
in Sect. 2.2, there results the logic truth table and characteristic OR circuit 
symbol shown in Fig. 2-10(c). Both are read as Z(H) = (X + Y)(A) and 
convey the meaning that ‘‘the output of a logic OR circuit symbol is ACTIVE 
if one or more of the inputs are ACTIVE.” ACTIVE LOW INDICATOR 
bubbles are attached to the inputs to account for the ACTIVE LOW input 
requirements. 

The AND and OR circuit symbols given in Figs. 2-10(b) and (c) both 
represent the physical NAND gate. For this reason they can be regarded as 
conjugate NAND gate forms, even though, strictly speaking, they are only 
logic circuit symbols. Being midway between that which is pure logic and 
that which is the physical world, these symbols have a dual personality. So, 
when either conjugate form appears in a logic circuit, it may be interpreted 
as the physical NAND gate for the purpose of implementation. Or putting 
it another way, the NAND gate performs the electrical analog of either logic 
circuit symbol. 

More inputs can be added to the CMOS NAND gate shown in Fig. 2- 
9(a) by connecting one PMOSFET in parallel and one NMOSFET in series 
for each input. This is illustrated in Fig. 2-11, together with the conjugate 
logic circuit symbols representing the AND and OR logic interpretations of 
the NAND gate. Thus, an n-input CMOS NAND gate of the type shown in 
Fig. 2-11 must have 2n MOSFETs, n-PMOS in parallel and n-NMOS in 
series. The number of inputs is limited due to the fact that the discharge 
path of the PMOSFETs to ground must be through the series connection of 
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B(L) 


Z(H) = (A+B+--- + Y)(H) 


Y(L) 


a (b) 
Fig. 2-11. (a) Multiple input CMOS NAND gate. (b) Logic circuit symbols for the 
logic AND and OR interpretations of a multiple input NAND gate. 


NMOSFETs, each of which has a small ON resistance associated with it. 
Therefore, the addition of too many inputs can seriously degrade the output 
signal waveform. 

There are many different NAND gate circuit configurations capable of 
performing the electrical analog of the AND and OR operations. The circuit 
given in Fig. 2-9(a) is one type belonging to the CMOS family. Three other 
NAND gate circuits, representing three different transistor logic families, 
are presented in Fig. 2-12. We will briefly discuss their operation. 

The NMOS NAND gate in Fig. 2-12(a) operates in a manner similar to 
the CMOS version in Fig. 2-9(a), except that now a depletion mode NMOS- 
FET (T1) must function like a pull-up resistor, as discussed in Sect. 1.2.4. 
Here, NMOSFETs T2 and T3 are enhancement mode devices. Also, ad- 
ditional inputs are possible by connecting more NMOSFETs in series, but 
the number that may be added suffers from the same discharge path limi- 
tation as the CMOS version discussed earlier. In any case an NMOS NAND 
gate requires n + 1 MOSFETs for n inputs, which is considerably less than 
the 2n MOSFETs required by the CMOS version. Obviously NMOS NAND 
gates can be packed more densely in an IC chip than can CMOS NAND 
gates having the same number of inputs. 

The operation of the TTL NAND gate in Fig. 2-12(b) requires some 
explanation. This device uses a two-emitter BJT (T1), the operation of which 
can be qualitatively understood by analyzing the diode-equivalent DTL 
NAND gate circuit in Fig. 2-12(c). Here, the diodes Dey and Dzy represent 
the BE junctions connected to inputs X and Y, respectively, and the diode 
De represents the BC junction. Now, if either X or Y is at LV (assumed to 
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(a) (b) (c) 
Fig. 2-12. Other NAND gates. (a) NMOS circuit. (b) TTL circuit. (c) DTL circuit 
used to explain the operaron of the TTL NAND gate of (b). 


be ground), or both are at LV, + Vcc has a ‘‘direct’’ path to ground ironin 
Dex or Dey, or both. When this happens, diode Dc is OFF, T2 is in cut-off, 
and + Vcc (approximately) falls across Z to ground. However, if both X and 
Y are at HV, Dcis turned ON, T2 is forced into saturation, and Z is virtually 
shorted to ground (LV). 

Taken collectively, the operation of the DTL just described, when applied 
to the junctions of T1 in Fig. 2-12(b), also describes qualitatively the op- 
eration of the TTL NAND gate with one qualification. When both X and Y 
are at HV, the BJT T1 in the TTL NAND gate circuit is said to be operated 
in reverse mode, since the emitter and collector roles are interchanged. This 
is a mode of BJT operation that was not mentioned in Chapter 1. 

The number of inputs to a TTL NAND gate can be increased by in- 
creasing the number of emitter input connections. However, this number is 
usually limited to eight or fewer for technological reasons. 


2.4.3 NOR Gate Realization of AND and OR 


Just as there are several families of switching devices called NAND gates, 
so also are there several families of switching devices called NOT-OR or 
NOR gates. A CMOS version of the NOR gate is presented in Fig. 2-13(a). 
In comparison with the CMOS NAND gate of Fig. 2-9(a), we see that there 
is a pattern reversal. PMOSFETs that form a parallel pattern in the NAND 
gate form a series pattern in the NOR gate, and vice versa for the NMOS- 
FETs. 

The I/O specification tables for the CMOS NOR gate and for any NOR 
gate are presented in Figs. 2-13(b) and (c), respectively. A cursory inspection 
of the gate circuit confirms that if either or both of the inputs are at HV, Z 
is ““shorted’’ to ground (LV), and only when both inputs are at LV will the 
output be at HV. 

The logic AND interpretation of the physical truth table for the NOR 
gate in Fig. 2-14(a) is represented by the logic truth table and circuit symbol 
shown in Fig. 2-14(b). These results are valid for ACTIVE LOW inputs 
(those from negative logic sources) and for an ACTIVE HIGH output (a 
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(a) 
Fig. 2-13. The NOR gate. (a) CMOS version. (b) I/O specification table for the 
CMOS NOR gate. (c) Physical truth for any NOR gate. 


Logic AND 
interpretation 


Logic OR 
interpretation 


X(L) X(H) 
| = (X-Y)(H) Z(L) = (X + Y)(L) 
Y(L) Y(H) 


(b) AND function (c) OR function. 
Fig. 2-14. AND and OR functions of the NOR gate. (a) The physical truth table 
for the NOR gate. (b) Logic AND interpretation and circuit symbol for the NOR 
gate. (c) Logic OR interpretation and circuit symbol for the NOR gate. 


positive logic source). An inspection of the truth table in Fig. 2-14(b) indi- 
cates that the requirements set forth in Sect. 2.4.1 are met, namely, that 
‘‘the output of a logic AND circuit symbol is ACTIVE if, and only if, all 
inputs are ACTIVE.” Notice that ACTIVE LOW INDICATOR bubbles are 
used to indicate ACTIVE LOW inputs. 

In a similar manner the logic OR interpretation of the NOR gate is rep- 
resented by the truth table and logic circuit symbol shown in Fig. 2-14(c), 
but this time for ACTIVE HIGH inputs and ACTIVE LOW output. As can 
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be seen, these results are in agreement with the requirements for the logic 
OR circuit symbol: ““The output of a logic OR circuit symbol is ACTIVE if 
one or more of the inputs are ACTIVE.”’ 

The logic circuit symbols of Figs. 2-14(b) and (c) are conjugate forms 
representing the NOR gate. This means that the appearance of either of 
these symbols in a logic circuit can be interpreted as the physical NOR gate 
for purposes of implementation of the circuit. That is, the NOR gate performs 
the electrical analog of the AND and OR operations represented by these 
two symbols. 

A CMOS NOR gate with multiple inputs is shown in Fig. 2-15(a), and 
the conjugate gate symbols representing its AND and OR interpretations are 
given in Fig. 2-15(b). The number of inputs that can be added to a NOR gate 
is nearly unlimited since the discharge path of the PMOSFETs to ground is 
through a parallel combination of NMOSFETs that collectively have a 
smaller ON resistance than a single MOSFET. This makes CMOS NOR 
gates more attractive than CMOS NAND gates for IC manufacturing pur- 
poses. Consequently, one would expect to see more logic circuits composed 
of CMOS NOR gates than CMOS NAND. 

Other logic families can be used to produce NOR gates, and three ex- 
amples are shown in Fig. 2-16. The NMOS version in Fig. 2-16(a) operates 
with a depletion mode pull-up resistor and two parallel NMOSFETs, one 
for each input. Notice the pattern differences between NAND an NOR gate 
configurations. The NMOSFETs of the NOR gate are configured in parallel, 
while those for the NMOS NAND gate are shown to be in series, a pattern 
difference similar to that shown earlier for the CMOS NAND and NOR 


+Vpp 


A(L) 
B(L) 


Z(H) = (A-B; -`> -Y)(H) 


C(L) 


A(H) 
B(H) 


Z(L)=(A+B+ --+Y)(L) 


Y(H) 


(b) 
Fig. 2-15. (a) Multiple input CMOS NOR gate (b) Logic circuit symbols 
representing the logic AND and OR interpretations of a multiple input NOR 
gate. 
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+Vpp 


(c) 
Fig. 2-16. Other NOR gates. (a) NMOS circuit. (b) TTL circuit. (c) DTL circuit 
used to explain the operation of the TTL NOR gate circuit. 


gates. Thus, both NMOS and CMOS NOR gates have an advantage over 
their NAND counterparts with respect to the number of inputs that are 
permitted. 

The operation of the TTL NOR gate shown in Fig. 2-16(b) can best be 
understood by explaining the DTL nor gate in Fig. 2-16(c). Following the 
approach used to explain Fig. 2-12(b), we let diodes Dg and Dc represent 
the BE and BC junctions for the BJTs T1 and T2 in Fig. 2-16(b), where an 
additional subscript (X or Y) is added to identify the associated input. Then, 
if either or both of the inputs are at HV, one or both of the Dc diodes are 
turned ON, forcing one or both of the parallel transistors (T3 and/or T4) into 
saturation, with the result that output Z is ‘‘shorted’’ to ground. Only when 
both inputs are at LV will the output Z be at HV. This is so because for LV 
inputs both Dg diodes are ON causing the associated Dc diodes and BJTs 
(T3 and T4) to be turned OFF, resulting in a voltage of about + Vcc to fall 
across Z to ground. 


2.4.4 NAND and NOR Gate Realization of LOGIC LEVEL CONVERSION 
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It may come as a surprise to the reader, but NAND and NOR gates can also 
perform the electrical analog of LOGIC LEVEL CONVERSION —that is, 
they can also function as INVERTERs. To see how this is accomplished 
one need only study the AND and OR logic interpretations of these two 
gates. From the truth tables in Figs. 2-10(b) and (c), for example, we see 
that a NAND gate symbol functions as a LOGIC LEVEL CONVERTER 
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Fig. 2-17. NAND gate realizations of LOGIC LEVEL CONVERSION i 


X(H) 


if its inputs (two in this case) are connected together. Thus, for the logic 
AND interpretation, Z(L) is O(L) or 1(L) if X(A)[= Y(A)] is (H) or 1(H), 
respectively. Similarly, for the logic OR interpretation Z(H) is 0(4) or 1(#7) 
if X(L)[= Y(L)] is O(L) or 1(L), respectively. The resulting symbols derived 
from these observations are given in Fig. 2-17(a), one for the AND inter- 
pretation and one for the OR interpretation. 

But the two-input NAND gate can also function as an INVERTER if one 
of the input leads is connected to HV. Referring again to the truth tables of 
Figs. 2-10(b) and (c), notice that for the AND interpretation if either input 
is held at 1(H), then Z(L) is O(L) or 1(L) if the other input is 0(H) or 1(4), 
respectively. Similarly, for the OR interpretation, if either input is held at 
0(L), then Z(H) is 0(H) or 1(H) if the other input is 0(L) or 1(L). The logic 
symbols for these two cases are given in Fig. 2-17(b). 

In a manner similar to that used for the NAND gate, we find that the 
NOR gate can also function as an INVERTER. Shown in Fig. 2-18 are the 
NOR gate realizations of LOGIC LEVEL CONVERSION, which are ob- 
tained from the logic AND and OR interpretations of the NOR gate physical 
truth table given in Fig. 2-14. The LOGIC CONVERTER circuit symbols 
of Fig. 2-18(a) result from a comparison of the first and fourth rows of the 
truth table in Figs. 2-14(b) and (c). So, for the AND interpretation, Z(H) is 
OCH) or (H), if X(L)[= Y(L)] is O(L) or 1(L), respectively, and for the OR 
interpretation, Z(L) is O(L) or 1(L), if X(H) [= Y(H)] is (H) or 1(H), 
respectively. Also, the two-input NOR gate becomes an INVERTER if one 
of its input leads is connected to LV. Then, for the AND interpretation, if 
either of the inputs is held at 1(L), Z(H) is 0(4) or 1(H) if the other input 
is O(L) or 1(L), respectively. Similarly, for the OR interpretation, if either 
input is held at 0(4), Z(L) is 0(L) or 1(L) if the other input is 0(H) or 1(H), 
respectivelv. 

X(L) 


X(H) X(H) X(L) 


X(L X(H, 
0(H) 


1(L) 
(b) 
Fig. 2-18. NOR gate realizations of LOGIC LEVEL CONVERSION. 
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The reader should note that implicit in our development are the inter- 
pretations 


I(H) = 0(L) —> HV (2-2) 
1(L) = (H) > LV 


which follow from Fig. 2-3 and the logic interpretations of the physical truth 
tables used to explain the logic symbolism presented in this chapter. These 
physical interpretations of logic levels are perfectly general and will be used 
throughout this text. . 
Some other observations are in order at this time. The subject of NAND 
and NOR gate INVERTERs seems to suggest that an INVERTER is not a 
unique device but rather a degenerate form of NAND or NOR gate. We take 
this position and assert that any single input NAND or NOR gate is an 


INVERTER. Furthermore, we recognize that the LOGIC CONVERTER 


forms of Figs. 2-17(b) and 2-18(b) are the more efficient of the two types, 
since only one input need be driven (compared to two for the other type), 
requiring less power and permitting a faster response time. 


2.4.5 AND Gate Realization of AND and OR 
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NAND and NOR gates are what can be termed natural electrical realizations 
of the AND and OR logic operators, but the AND and OR gates are not. 
This statement can be understood when it is recalled that an active transistor 
switch is, by its nature, an INVERTER. Consequently, one might expect 
the physical realizations of NOT-AND and NOT-OR to be simpler (by tran- 
sistor count) than the equivalent physical realizations of AND and OR. Let 
us look into this further. 

Shown in Fig. 2-19 are two CMOS versions of the AND gate together 
with their physical truth table. In Fig. 2-19(a) the AND gate is recognized 
as a NAND gate with an INVERTER on its output and, therefore, issues 
HV only when both inputs are at HV, the opposite of the NAND gate be- 
havior given in Fig. 2-9. But there is a simpler way of configuring a CMOS 
AND gate. By interchanging the NMOS and PMOS transistors in the NOR 
gate of Fig. 2-13(a), there results the AND gate of Fig. 2-19(b). This con- 
figuration has the disadvantage of two pull-up NMOS in series which do not 
transfer HV well and two PMOS in parallel which do not transfer LV well. 
This results in the distortion of the output waveform. The discussion in Sect. 
1.2.5 together with the use of Fig. 1-16(c) explains why this is so. 

The pass transistor realization of the AND gate is a series combination 
of PTL MOS switches, one for each input. However, the PTL switch is 
passive or nonrestoring in the sense that it cannot supply power but only 
dissipates it. For this reason every four or five PTL switches used in a logic 
circuit must be followed by an INVERTER or BUFFER (noninverting active 
device) so as to boost the current level. 

The logic interpretations of the physical truth table for an AND gate are 
given in Fig. 2-20. The logic AND interpretation occurs (not surprisingly) 
for ACTIVE HIGH inputs and ACTIVE HIGH output, while the logic OR 
interpretation results for ACTIVE LOW inputs and ACTIVE LOW output. 
The logic truth tables and logic circuit symbols reflect these I/O ACTI- 
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i INVERTER 


se 
(b) (c) 
Fig. 2-19. (a) A CMOS AND gate composed of a NAND gate and an 
INVERTER. (b) Direct configuration of a CMOS AND gate. (c) Physical truth 
table for an AND gate. 


Logic AND Logic OR 
interpretation interpretation 
(a) 

X(H) Y(H) | Z(H) X(L) Y(L) Z(L) 


x X(L) 
a | Ja = (X-Y)(H) A > Z(L) = (X + YML) 
Y(H) Y(L) l 


(b) AND function (c) OR function 
Fig. 2-20. AND and OR functions of the AND gate. (a) Physical truth table for 
the AND gate. (b) Logic AND interpretation and circuit symbol. (c) Logic OR 
interpretation and circuit symbol. 
VATION LEVEL requirements, including the use of ACTIVE LOW IN- 
DICATOR bubbles on the OR symbol. 

A multiple-input AND gate can be produced by adding an INVERTER 
to the multiple-input NAND gate. For CMOS logic one would add the IN- 
VERTER of Fig. 2-5(a) to the output of the NAND gate shown in Fig. 2- 
11(a). This requires 2n + 2 MOSFETs for n inputs, a significant factor in 
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A(H) 


B(H) 
Z(H) = (A-B; `-- -Y)(H) 
Y(H) 
(a) 
A(L) 
B(L) 
Fig. 2-21. Logic circuit symbols 
ZL) = (A+B +--+- + Y)(L) representing (a) the logic AND 
interpretation and (b) the logic 
Y(L) OR interpretation of a multiple 


(b) input AND gate. 


IC design. The logic circuit symbols representing the AND and OR inter- 
pretations for any multiple-input AND gate are given in Fig. 2-21. 

Various logic families other than CMOS can be used to implement an 
AND gate. To do so, it is only necessary to add an INVERTER of that 
family to the NAND gate output. For example, a TTL AND gate can be 
produced by adding the INVERTER of Fig. 2-7(a) to the output of the NAND 
gate shown in Fig. 2-12(b). There are, however, other methods of producing 
an AND gate beyond those just described. A simple approach, which does 
not require the use of an INVERTER on the output of a NAND gate, involves 
the use of a pull-down resistor placed just above the ground symbol on a 
NAND gate of the type shown in Fig. 2-12. Then, with the reposition of the 
output lead Z immediately above the pull-down resistor, the NAND gate is 
converted to an AND gate. The function of the pull-down resistor is to 
produce a voltage drop (about equal to the supply voltage) when supply 
current flows through it, a result of the HV input condition. See Example 
2-17 in Sect. 2-10 for a typical application of this latter approach to AND 
gate implementation. 


2.4.6 OR Gate Realization of AND and OR 
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Just as the AND gate can perform the electrical analog of the AND and OR 
logic operators, we should expect that the OR gate can also perform the 
electrical analog of the two binary operators. This we will demonstrate after 
we have discussed the physical realizations of the OR gate. 

Presented in Fig. 2-22 are two CMOS versions of the OR gate. Again we 
notice that in Fig. 2-22(a) an INVERTER is placed on the output of a gate 
already familiar to us, the NOR gate. But direct configuration of a CMOS 
OR gate can also be accomplished. By interchanging the NMOS and PMOS 
transistors in the NAND gate of Fig. 2-9(a), there results a simpler CMOS 
realization of the OR gate as shown in Fig. 2-22(b). In either case the OR 
gate circuit produces a HV for all input voltage combinations except when 
both inputs are at LV, a condition which yields a LV output. However, the 
direct configuration in Fig. 2-22(b) will cause the output waveform to be 
distorted because NMOS do not pass HV well and PMOS do not pass LV 
well as explained in Sect. 2.4.5. 

OR gates of other logic families can be produced by adding INVERTERs 
to NOR gates of the same logic family. Alternatively, a pull-down resistor 
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Fig. 2-22. (a) A CMOS OR gate composed of a NOR gate and an INVERTER. 


(b) Direct configuration of an OR gate. (c) The physical truth table for an OR 
gate. 


can be added to each NOR gate of Fig. 2-16 just above the ground symbol. - 
Then, with a relocation of the output lead, Z, just above the pull-down 
resistor, an OR gate is formed. This converts the NOR to an OR gate since 
when supply current flows through the pull-down resistor a voltage drop, 
equal approximately to the supply voltage, falls across Z relative to ground. 
This method is the same as that described for converting a NAND gate to 
an AND. 

_ The logic AND d. OR interpretations of an OR gate are given in Fig. 
2-23 together with the appropriate logic circuit symbol for each. Observe 


Logic AND Logic OR 
interpretation interpretation 
(a) 
X(L) Y(L) 
0 
X(L) X(H) 
A J = (X-Y)(L) Z(H) = (X + Y)(H) 
Y(L) Y(H) 
(b) AND function (c) OR function 


Fig. 2-23. AND and OR functions of the OR gate. (a) The physical truth table for 
the OR gate. (b) Logic AND interpretation and circuit symbol for the OR gate. 
(c) Logic OR interpretation and circuit symbol for the OR gate. 


2.4 / AND and OR Operators and Their Physical Realization 47 


A(L) 


B(L) 
Z(L) =(A-B- --- - Y)(L) 
Y(L) (a) 
A(H) 
BaD Fig. 2-24. Logic circuit symbols 
| representing (a) the logic AND 
2(H) =(A+B+---+Y)(H) interpretation and (b) the logic 
OR interpretation of a multiple 
Y(H) (b) input OR gate. 


that the AND interpretation of the OR gate results when both inputs and 
the output are ACTIVE LOW and that the OR interpretation results if both 
inputs and output are ACTIVE HIGH. The presence of the ACTIVE LOW 
INDICATOR bubbles in the AND symbol or their absence in the OR symbol 
is consistent with these interpretations. 

Presented in Fig. 2-24 are the logic circuit symbols representing a mul- 
tiple-input OR gate. They should be compared with those of the multiple- 
input AND gate given in Fig. 2-21. 


2.5 SUMMARY OF LOGIC CIRCUIT SYMBOLS 
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Now that we have labored through a discussion of the logic symbols used 
to represent LOGIC LEVEL CONVERSION, and AND and OR operations, 
it is desirable to summarize these symbols for future reference purposes. 
We present this summary from a logic function point of view since this is 
how one uses these symbols in designing a logic circuit. In Fig. 2-25 are 
shown the logic circuit symbols for LOGIC LEVEL CONVERSION and 
for the AND and OR operators, all presented with polarized mnemonics— 
X, Y, and Z being used to represent any mnemonic. Also included with each 
logic symbol is the name of the physical device (in parentheses) that must 
be used to perform the electrical analog of the operation implied by the 
symbol. 

An interesting pattern emerges in Fig. 2-25. By comparing diagonally 
placed logic symbols for the AND and OR logic operations, we observe that 
the ACTIVE LOW INDICATOR bubbles are placed on one symbol where 
they are absent on the other. For example, compare the NAND gate symbol 
with the NOR gate symbol for either the AND operation or OR operation. 
The reader may wish to use this ‘“bubble’’ pattern as an aid to remembering 
the gate names for the various logic circuit symbols given in Fig. 2-25. 

We have shown that the NAND gate and the NOR gate can each perform 
the electrical analog of LOGIC LEVEL CONVERSION as well as the AND 
and OR operations, given the appropriate input conditions. It is for this 
reason that the NAND and NOR gates are often called universal gates. 
Furthermore, because an active transistor switch is a natural INVERTER, 
the NAND and NOR gates are physically simpler than are their AND and 


2 / Fundamentals of Digital Design 


LOGIC LEVEL CONVERSION 


X(H) So-xa, X(L) ->x 


(INVERTER symbol) (INVERTER symbol) 
AND Function 
X(H, X(H) — 
£ | Ja- (X-Y)(B) i {| >- Z(L) = (X-Y)(L) 
Y(H) Y(H) 
(AND gate symbol) (NAND gate symbal) 
X(L) X(L) 
G Jm- (X-Y)(H) A Jw- 
Y(L) —-OLW Y(L) 
(NOR gate symbol) (OR gate symbol) 
OR Function 
X(H) X(H) 
Z(H) = (X + Y)(H) Z(L) = (X + Y)(L) 
Y(H) Y(H) 
(OR gate symbol) (NOR gate symbol) 
X(L) X(L) 
Z(H) = (X + Y)(H) Z(L) = (X + Y)(L) 
Y(L) Y(L) 
(NAND gate symbol) (AND gate symbol) 


Fig. 2-25. Summary of logic circuit symbols for LOGIC LEVEL CONVERSION 
and for the AND and OR logic operations. The gate name associated with each 
symbol is included in parentheses. 


OR counterparts. Thus, it is easy to understand why NAND and NOR gates 
are the most frequently used gates in IC technology. 

It is appropriate to mention at this time that another gate symbology is 
in use. It is the new ANSI/IEEE Std. 91-1984, which includes SSI, MSI, 
and LSI device symbols. The gate (small-scale) symbology embraced by this 
new standard is rectangular with an identifying operator symbol located 
within. A summary of the new gate symbology is provided in Appendix 2.2, 
where a comparison is made with the distinctive gate symbols adopted in 
this text. We have purposely avoided the use of the rectangular gate symbols 
in favor of the distinctive shapes for instructional purposes. In a complex 
logic circuit, the rectangular symbols all look much the same—hence, a 
possible source of confusion and error. Sources of information regarding the 


new ANSI/IEEE Standard are given in the annotated references at the end 
of this chapter. | 
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SYMBOL FORMS 


2.6 LOGIC LEVEL INCOMPATIBILITY, COMPLEMENTATION, AND CONJUGATED 


We now reach a critical point in our development of digital design funda- 
mentals. What follows is a natural extension of the material presented pre- 
viously—and, more important, it is basic to an understanding of the digital 
design methodology presented in this text. This section is mainly about a 
new concept, complementation, and the subject of conjugation of logic cir- 
cuit symbols. Mastery of the subject matter in this section will permit the 
reader to operate efficiently between the extremes of logic abstraction and 
physical reality with the least amount of effort and a minimum probability 
of error. 

A MIXED LOGIC notation has been established by using the term AC- 
TIVE to bridge the gap between that which is pure logic and that which is 
physical realization. The ACTIVE LOW INDICATOR bubble is a necessary 
part of the circuit symbolism for the MIXED LOGIC notation. Referring to 
Fig. 2-25, we understand, for example, that the presence of an ACTIVE 
LOW INDICATOR bubble on the input to a gate symbol requires that that 
input signal arrive from a negative logic source if logic level compatibility 
is to exist. Likewise, the absence of ACTIVE LOW INDICATOR bubble 
on the input to a gate requires that the input signal be from a positive logic 
source so as to satisfy logic level compatibility. Clearly, the logic compati- 
bility condition is satisfied for all logic gate symbols shown in Fig. 2-25. 

But suppose a signal arrives at the input to a logic symbol from a source 
whose ACTIVATION LEVEL differs from that required for logic level com- 
patibility by the symbol. When this happens a condition of logic incompat- 
ibility exists, which requires that each occurrence of the signal name in the 
output be complemented. The operation of complementation is defined by 
the important relations 


a(L) = a(H) and a(L) = a(H) (2-3) 
such that 
(a - a)(H) = 0B) 
(a a)(L) = (L) 
and (2-4) 
(a + a)(H) = 1(H) 
(a + aL) = 1(L) 


where the overscore (or bar) is read as ‘‘the complement of.’’ Thus, in a 
given logic system, a mnemonic a ANDed with its complement @ is logic 
0, or a mnemonic ORed with its complement is logic 1. Now let us apply 
Eqs. (2-3) to actual logic circuit symbols. 

In Fig. 2-26 are given four typical examples of logic incompatibility, 
where Eqs. (2-3) have been applied so as to be consistent with the require- 
ment of logic incompatibility. To serve as a visual reminder that an incom- 
patible polarized mnemonic must be complemented in the output expression, 
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incompatibility 
X(H) = X(H) = 
Z(H) = (X- Y)(H) Y(L) Z(L) = (X + Y)(L) 
Y(L) 
Logic 
incompatibility 
(a) (b) 
= (x: Z(H) = (X + Y)(H, 
vit) iD (X- Y)(L) Y(H) (H) = (X + Y)(H) 
(c) (d) 


Fig. 2-26. Examples of logic incompatibility and the application of Eqs. (2-3). 


an incompatibility indicator flag, V, is placed on the appropriate input line— 
this flag is never placed on the output of a circuit symbol. 

Earlier we stated that the only logic function of the INVERTER is to 
perform the electrical analog of LOGIC LEVEL CONVERSION, and this 
is true. But to what purpose? The answer is simply stated: 


The logic function of the INVERTER is to create or remove a logic 


incompatibility depending on the output requirements of the particular 
logic symbol. 


Consider, for example, that we want the output Z(H) = (X - Y)(H) as in 
Fig. 2-26(a) but for inputs that are presented to the gate as X(L) and Y(L), 
that is, both from negative logic sources. If we are told that a NOR gate 
symbol must be used to create the output (X - Y)(H) given these input con- 
straints, then how are we to do this? As indicated in Fig. 2-27(a), we would 


~ 


p as 
x "N 
X(L) X(H) 
Z(H) = (X-Y)(H) Z(L) = (X + Y)(L) 
Y(L) Y(H) 
if; E tecompasay 
(a) =. 
X(H) 
ee Z(H) = (X-Y)(H) 
Y(L) 
a Y(H) 
(compatibility) 


(c) 
Fig. 2-27. Examples of the use of LOGIC LEVEL CONVERSION to create or 
remove logic incompatibilities. (a), (b) Creation of a logic incompatibility. (c) 
Removal of a logic incompatibility. 
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use a LOGIC LEVEL CONVERTER (an INVERTER) to create a logic 
incompatibility on the X(L) input so that the output would read (X - 
Y)(H). Notice that the ACTIVE LOW INDICATOR bubble is situated on 
the X(L) side of the INVERTER symbol, thereby creating the incompati- 
bility at the gate input. 

Two other examples are given in Fig. 2-27. In Fig. 2-27(b) the IN- 
VERTER symbol is used to create a logic incompatibility for ACTIVE HIGH 
inputs so that the output of a NOR gate (OR symbol) reads (X + Y)(L). In 
Fig. 2-27(c) the INVERTER symbol is used to remove a logic incompatibility 
for mixed inputs so that the output of the AND gate (AND symbol) reads 
(X - Y)(H). Observe that in each case of Fig. 2-27 the INVERTER symbol 
input requirement is compatible with the signal ACTIVATION LEVEL so 
that the creation or removal of an incompatibility exists at the gate input. 
We conclude then that an incompatibility must never be produced at the 
input of an INVERTER, since the INVERTER’s only logic function is to 
create or remove an incompatibility at the input of a logic device. 

Logic circuit symbols which derive from different logic interpretations 
of the same gate are called conjugate gate symbols. In Fig. 2-28 we sum- 
marize the four pairs of conjugate gate symbols discussed previously in Sect. 
2.4; the double arrow signifies their conjugate relationship. Because con- 
jugate gate symbol pairs are derived from the same gate, their outputs must 
be identical for identical inputs. The following identities, called the De- 
Morgan relations, are presented in the order that the conjugate symbol pairs | 
appear in Fig. 2-28: 


(a) (X- YXL) = (X + YH) | 
on Dual relations 
(b) (X: YH) = (X + YL) 
= (2-5) 
(c) (X: YH) = (X + YL) 
Dual relations 


(d) (X - YXL) = (X + YA) 


The DeMorgan relations were obtained by using ACTIVE HIGH inputs, 
as demonstrated in Fig. 2-29. An equivalent set of relations could have been 
generated by using ACTIVE LOW inputs, and still other such relations 
would result from the use of mixed inputs. However, these other equivalent 


ad a ee 


(a) Conjugate NAND gate logic (b) Conjugate NOR gate logic 
symbols. symbols. 
{| >-e-3> 2D 2)D- 
(c) Conjugate AND gate logic (d) Conjugate OR gate logic 
symbols. ` symbols. 


Fig. 2-28. Conjugate pairs of logic symbols and the gates they represent. 
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-Y)(L X + Y)(H 
a (X-Y)(L) Pa (X + Y)(H) 
(X-Y)(L) = (X + Y)(H) 
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X(H) em X(H) 
(X- ¥)(H) (X + Y)(L) 
Y(H) Y(H) 


(X-Y)(H) = (X + Y)(L) 


(b) 
Fig. 2-29. Conjugate pairs of logic gate symbols and their DeMorgan relations 
for ACTIVE HIGH inputs. (a) NAND gate logic symbols. (b) NOR gate logic 
symbols. 


relations would contribute nothing new and so will not be presented. Notice 
that relations (a) and (b) of Eqs. (2-5) are called duals as are relations (c) 
and (d). A dual relationship exists when the operators (-) and (+) are in- 
terchanged simultaneously with the interchange of logic 1 and logic 0. Ob- 
viously, there are no 1’s and 0’s to be interchanged in Eqs. (2-5). 

The DeMorgan relations of Eqs. (2-5) attest to the interchangeability of 
the conjugate logic symbols given in Fig. 2-28, and knowing this can be very 
useful in digital logic design. The DeMorgan relations establish a definite 
break with the homologic approach which has been a burden to designers 
from the start. As will be clear by chapter’s end, symbol interchangeability 
represented by the DeMorgan relations eliminates the need for extensive 


algebraic manipulation of logic variables as would be required in a homologic 
system. 


2.7 READING AND CONSTRUCTION OF LOGIC CIRCUITS 


We are but a small step away from useful logic circuit construction. All that 
remains is to use correctly the information that we have gathered to this 
point. In this section we will demonstrate by example the very simple pro- 


cedures that are necessary to construct and read any logic circuit regardless 
of its complexity. 


Consider the logic function 


OR output stage 
X = (A: B) + (A-B) 
AND input stage 


and notice that it is formed by ORing together two ANDed terms. There is 
an AND stage input and an OR stage output. Suppose it is required that this 
function be ACTIVE HIGH, hence, X(H) = [(A- B) + (A: B)|(A), and 
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A(H) 


X(H)=(AB+AB)(H) 


B(H) (A:B)(L) 


Fig. 2-30. al of X(H) = (AB + AB)(H) by using NAND gate logic 
symbols with ACTIVE HIGH inputs. 


that all inputs are from positive logic sources, that is, also ACTIVE HIGH. 
At this point we must decide from Fig. 2-25 or from Fig. 2-28 which logic 
symbols should be used to implement this function. Let us construct this 
logic circuit in NAND logic, meaning that we use NAND gates. By choosing 
the conjugate logic symbols representing the NAND gate and by imple- 
menting output to input, we arrive at the logic circuit given in Fig. 2-30. 
Notice that two INVERTERs were required to produce the necessary logic 
incompatibilities in the terms (A - B)(L) and (A - BXL), which are the out- 
puts from the two NAND gate AND symbols. These two ANDed terms 
when ORed by the NAND gate OR symbol produce the required function. 

The physical realization of the function given in Fig. 2-30 can be altered 
without changing the original function by complementing between the AND 
and OR stages so as to preserve logic compatibility. This is indicated within 
the area enclosed by the dashed lines in Fig. 2-31. In this way a NAND gate 
realization is replaced by an equivalent AND/OR gate realization, or vice 
versa. Observe that the AND stage in Fig. 2-31(b) yields (A - B)(H) and 
(A - B)(H) instead of the ACTIVE LOW terms of Fig. 2-30. Nevertheless, 
the output remains the same if the ACTIVATION LEVELs for the inputs 
remain the same. 

Next, let us implement the function 


AND output stage 
Y(H) = [(A + B) (A - B)(B) 


OR input stage AND input stage 
Compatibility 


S preserved \ 
7 A(H) xo (A- B)(H) 


X(H) 


(A- B)(H) 


(a) | (b) 
Fig. 2-31. Equivalent circuits for the function X(H) = (AB + AB)(H) produced by 
complementing between stages. (a) NAND gate version. (b) AND/OR gate version. 
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A(H) 


Required 
f (A+B) K compatibility 


Y(H) = [ (A + B) - (A -B)] (H) 


R (A-B)(H) 
Required 


incompatibility 
Fig. 2-32. NOR gate realization of the function Y(H) = [(A + B) - (A-B) Œ). 


B(L) 


in NOR logic (all NOR gates) given that A is from a positive logic source 
and B is from a negative logic source. Noting the position of the AND and 
OR operators, we choose the appropriate NOR gate symbols from Fig. 2- 
28(b). Then, from output to input, the logic circuit is constructed as shown 
in Fig. 2-32. Clearly, the presence of the logic incompatibility between the 
input and output stages is required to produce the A-B term in the output, 
and the use of two INVERTERs removes the incompatibilities at the input 
stage. 
As a final example, consider the somewhat more complex function 


Paa output stage 


Z(L) = [((A+B+C)-(D 


+ E)\(L) 
OR input stage A en input stage 


Let us implement this function in “‘free style’’ logic (i.e., by using any gate 
type we wish), given that the input signals A, B, and C are from positive 
logic sources, and D and E are from negative logic sources. Since there are 
several gate combinations to choose from in a free-style design, we will 
choose one. Beginning from output to input, we notice that two terms, 
(A + B + C) and (D + E), are ANDed together and that the former 
(A + B + C) requires a logic incompatibility at the input of the AND output 
stage. Shown in Fig. 2-33 is our choice of logic circuit symbols for this 
function. Notice that one NAND gate performs the AND operation of the 
output stage, while another NAND gate and an AND gate perform the two 
OR operations of the input stage. The output of the AND gate OR symbol 


A(H) 


ALF 
BŒ) (A +B + C)(L) 


C(L) 


D(L) 
E(L) 


Z(L) =[(A + B + C) -(D + E)](L) 


(D + E)(H) 


Fig. 2-33. Free-style gate realization of the function Z(L) = [(A + B+ C) - 
(D + E)] (L). 
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creates the logic incompatibility required for the (A + B + C) term. Also, 
two INVERTERs are used, one to remove the incompatibility on the A(H) 
input and the other to create an incompatibility on the the E(L) input. Finally, 
note that Eqs. (2-3) permit us to write C(H) = C(L), as indicated in Fig. 2- 
33. 

Alternative physical realizations of the logic function Z(L) can be pro- 
duced by complementing between stages as was done earlier in Fig. 2-31. 
For example, by complementing between the input OR stage and the output 
AND stage, the NAND/AND realization of Fig. 2-33 is changed to one con- 
sisting of an OR gate (AND) output with a NAND gate and AND gate forming 
the input stage as before but switched around. 

There are still other ways to alter the gate selection for a given function. 
Shown in Fig. 2-34 is a three-input NAND/NOR gate realization of the logic 
function Z(L), this one produced by complementing between the input stage 
and previous stage of the AND gate OR symbol of Fig. 2-33. Here, it is seen 
that relocation of one INVERTER and the addition of a second one is re- 
quired to preserve the input conditions A(H), B( A), and C(L). Also, observe 
that the unused inputs on two of the three gates have been tied to HV, a 
requirement deduced from Eqs. (2-2) and Figs. 2-15 and 2-17. Later, in Sect. 
2-9, additional information will be given in support of the fact that all unused 
inputs must be tied to either HV or LV, but never left ‘‘dangling.”’ 


Summary of Important Points to Remember. This section represents a cul- 
mination of all previous development in this chapter. For this reason it seems 
desirable to provide the following summary of important points to remember: 


1. Before a logic function can be expressed in the form of a logic circuit, 
its input and output specifications must be given. This includes the name 
(mnemonic) of each input signal and its ACTIVATION LEVEL. 

. Implementation of a logic function must always be from output to input. 

. Reading a logic circuit must always be from input to output and, hence, 
the opposite of implementation. 

4. Alternative physical realizations of a logic function can be obtained by 

the appropriate choice of logic symbols for the AND and OR operations. 
If a logic circuit already exists, an alternative logic circuit can be obtained 
by complementation between stages. Remember that complementation 


W bho 


A(H) 

B(H) 

C(L) 

1(H) Z(L) 

D(L) 
Fig. 2-34. Three input 

E(L) NANDINOR realization of the 
function Z(L) 
=[((A+B+C)-M+B5) 


O(L) (L). 
2 / Fundamentals of Digital Design ` 


of only one input to a gate is not permitted since the resulting symbol 
would have no known physical identity. 

5. Unused inputs must never be left ‘‘dangling’’ but must be tied either to 
HV or LV in accordance with the relations of Eqs. (2-2) given in Sect. 
2.4.4. 


We consider these points to be important for successful construction and 
reading of logic circuits. Failure to follow them will likely lead to serious 
design error. 


2.8 XOR and EQV FUNCTIONS and THEIR PHYSICAL REALIZATIONS 


©. 


(a) XOR circuit symbol 


JD- 


(b) EQV circuit symbol 
Fig. 2-35. Distinctively 
shaped logic circuit 
symbols representing (a) 
the XOR function and (b) 
the EQV function. 


Certain functions consisting of the AND and OR operators occur so often 
in digital logic design that special names and operator symbols have been 
assigned to them. By far the most common of these are the EXCLUSIVE 
OR (XOR) and EQUIVALENCE (EQV) functions represented by the fol- 
lowing symbols: 


p —> XOR 
O — EQV 


Thus, if we write X ® Y, it is read as X XOR Y, or if X © Y, it is read as X 
EQV Y. As we shall see in Chapter 4, these functions form the basis of 
arithmetic-type circuits, an important part of computer design. Like the 
AND and OR operators, the XOR and EQV functions are best understood 
in terms of logic circuit symbols representing them. In Fig. 2-35 are given 
the distinctively shaped circuit symbols for which the following functional 
descriptions apply: 


The output of a logic XOR circuit symbol is ACTIVE if one or the other 
of two inputs is ACTIVE but not both ACTIVE or INACTIVE. 


The output of a logic EQV circuit symbol is ACTIVE if, and only if, 
both inputs are ACTIVE or if both inputs are INACTIVE. 


The reader should note that the functional description of an XOR or EQV 
circuit symbol is valid only for two inputs. 

That the logic circuits of Figs. 2-30 and 2-32 represent the XOR function 

is evident from the functional description for XOR just given. Thus, we write 

X=(A-B)+(A-B)=AOB (2-6) 


and read as 


X is ACTIVE if A or B is ACTIVE but not both ACTIVE; that is, X is 
ACTIVE if A and B are not equivalent. 


So, X is logic 1 only if A or B is logic 1 but not both logic 1 (or logic 0). 
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Alternatively, we write 
Y=(A+B):(A-B)=AOB (2-7) 
and read as 
Y if AOR B AND NOT BOTH 
Similarly, for the EQV function, we write 
F=(A-B)+(A-B)=AOB (2-8) 
and read as 
F is ACTIVE only if A and B are both ACTIVE or both INACTIVE, 


which agrees with the functional description given earlier. 

Equations (2-6) and (2-8) are usually considered to be the defining expres- 
sions for the XOR and EQV functions, respectively. Thus, whenever these 
functions are encountered, it is appropriate, and even necessary, to think 
of them in terms of their defining expressions. We do so in this text, often 
without specific reference to Eqs. (2-6) and (2-8). 


The XOR and EOV Functions of the XOR Gate 


Shown in Fig. 2-36 is a CMOS version of the XOR gate and its physical 
truth table. Although somewhat more complicated than the previous gates, 
its function is readily understood by inspection. First, notice it is constructed 
of two CMOS INVERTERs with a CMOS pass transistor switch separating 


+Vpp 


(a) (b) 
Fig. 2-36. (a) A CMOS circuit for an XOR gate. (b) The physical truth table for 
the XOR gate. 
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them. Let normal operation of the INVERTER refer to HV MOS gate supply 
so that the NMOS is ON and the PMOS is OFF, and vice versa for the 
inverse operation. Now, if both X and Y inputs are at HV, both INVERTERs 
are in normal operation, the PTL switch is OFF, and the output is shorted 
to ground (LV). Or if both inputs are at LV, both INVERTERS are in inverse 
operation, the PT switch is ON, and the output is again at LV via both 
inputs. However, if X is at HV and Y at LV, the output INVERTER switches 
to the normal mode, thereby connecting the output to + Vpp (HV). Finally, 
if X is at LV and Y is at HV, the input INVERTER is in normal operation, 
the PT switch is OFF, and the output INVERTER is in inverse operation 
again connecting the output to HV but via the Y input. 

That the physical device shown in Fig. 2-36 can perform the electrical 
analog of the XOR and EQV functions is easily demonstrated. Presented in 
Fig. 2-37 are the two logic interpretations of the XOR gate together with 
their distinctively shaped circuit symbols. The logic XOR interpretation of 
the physical truth table [Fig. 2-37(a)] results for ACTIVE HIGH inputs and 
output as indicated in Fig. 2-37(b). The logic EQV interpretation of the phys- 
ical truth table is produced for ACTIVE HIGH inputs and ACTIVE LOW 
output. Notice the distinctively shaped circuit symbols used to represent 
these functions and notice that each logic truth table agrees with the func- 
tional description of the respective circuit symbol given earlier. 

An interesting property of the logic interpretation for an XOR gate is the 
fact that changing both inputs to ACTIVE LOW does not alter the output 
function, as indicated in Figs. 2-38(a) and (b). The same is true if both inputs 
create logic incompatibilities [see Fig. 2-38(c)]. However, if any single in- 
compatibility is produced, as in Fig. 2-38(d), the output function is comple- 
mented. 


Logic XOR Logic EQV 
interpretation interpretation 
X(H) Y(H) | Z(H) X(H) Y(H) Z(L) 


<— Includes 1 


0 
0 
1 


7 X(H) 
X(H) ZŒ) = (XOY) (H) |] | > Z(L) = (X@Y)(L) 
Y(ED Y(H) 


(b) XOR function (c) EQV function 
Fig. 2-37. XOR and EQV functions of the XOR gate. (a) Physical truth table for 
the XOR gate. (b) Logic XOR interpretation and circuit symbol for the XOR 
gate. (c) Logic EQV interpretation and circuit symbol for the XOR gate. 
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X(L) 
HDZ Z(H) = (X@®Y)(H) 
Y(L) 


(a) 


X(L, 
3 ) >- Z(H) = (X®Y)(H) 
Y(L) 


(c) 


X(L) 
A [> Z(L) = (X@Y)(L) 
Y(L) 
(b) 


X(L) DDS Z(H) = (X@Y)(H) 
Y(H) 


(d) 


Fig. 2-38. The effect of ACTIVE LOW inputs on the output functions of circuit 
symbols representing the XOR gate. 


2.8.2 The XOR and EOV Functions of the EQV Gate 
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A simple MOS version of the EQV gate, together with its physical truth 
table, is given in Fig. 2-39. In operation, if inputs X and Y are both at HV 
or both at LV, there is no path from output Z to ground, and the supply 
+ Vpp falls across Z, hence HV. However, if any one input is at HV and 
the other at LV, the output connects to ground by one path or the other and 
Z is at LV. Note that an XOR gate results if an INVERTER is placed on 
the output of an EQV gate. 

The logic interpretations of the EQV gate are given in Fig. 2-40. Here, 
the logic EQV interpretation of the physical truth table is produced if both 
inputs and output are ACTIVE HIGH, while the XOR interpretation results 
for ACTIVE HIGH inputs and ACTIVE LOW output. Notice again the 
distinctively shaped logic circuit symbols which are used to represent this 
function. Just as with the XOR gate, the logic interpretations of the EQV 


+Vpp 


(a) (b) 
Fig. 2-39. The EQV gate. (a) A simple MOS version. (b) The physical truth table 
for the EQV gate. 
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Logic EQV 
interpretation 


Logic XOR 
interpretation 


X(H) Y(H) | 2(H) 


X(H) X(H) 
| [ > Z(H) = (X@Y)(H) Z(L) = (X®Y)(L) 
Y(H) Y(H) 


(b) EQV function (c) XOR function 
Fig. 2-40. XOR and EQV functions of the EQV gate. (a) Physical truth table for 
the EQV gate. (b) Logic EQV interpretation and circuit symbol for the EQV gate. 
(c) Logic XOR interpretation and circuit symbol for the EQV gate. 


X(L q X(L -9 
a [ >- Z(H) = (XOY)(H) ms ) > Z(L) = (X@Y})(L) 
Y(L) Y(L) 
(a) 


(b) 


X(L X(H 
* i |[_ J) z- xona - i D> Z(H) = (XƏY)(H) 
Y(L) Y(L) 
(d) 


(c) 
Fig. 2-41. The effect of ACTIVE LOW inputs on the output functions of circuit 
symbols representing the EQV gate. 


gate are unaltered if both inputs are ACTIVE LOW or if both inputs create 
logic incompatibilities. However, as with the XOR gate, if only one incom- 
patibility is produced, the output function is complemented. These results 
are illustrated in Fig. 2-41 and may be proven by altering the appropriate 
logic truth tables of Fig. 2-40 to agree with the input ACTIV ATION LEV ELs 
indicated for each circuit symbol. 

Let us now comment on the names and circuit symbol shapes associated 
with the XOR and EQV functions. The XOR function truth table in Fig. 2- 
37(b) would be that of an OR function had the 1 not been ‘‘excluded’’ (see 
box), hence, EXCLUSIVE OR and the OR-shaped symbol. By this reason- 
ing the OR function could be labeled INCLUSIVE OR and is occasionally. 
The second curved line at the input of the XOR symbol is used to distinguish 
the XOR circuit symbol from that for the OR. 

As suggested, the use of descriptive words such as INCLUSIVE or EX- 
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CLUSIVE are often used to identify these logic functions. However, use of 
such terms leads to ambiguity since it is never certain what is being included 
or excluded. The application of these terms to the EQV function is a good 
example. Thus, the EQV function truth table in Fig. 2-37(c) would appear 
as that of the AND function had the 1 (see box) not been “‘included,’’ hence 
INCLUSIVE AND and the AND-shaped symbol with a double bar. But we 
could have ‘‘excluded’’ the 1 in the box to achieve the same result, so 
EXCLUSIVE AND (XAND). Worse yet is the use of the term XNOR to 
represent the EQV function. In this case the 1 at the bottom of the EQV 
truth table in Fig. 2-40(b) must be excluded to yield the “NOR” function, 
which is not even recognized as a fundamental operation—AND and OR 
are the only fundamental binary operations. 

To avoid unnecessary confusion and in keeping with popular usage, we 
will take the contractions XOR and EQV to represent the logic interpreta- 
tions of the physical truth tables given in Figs. 2-37 and 2-39. While the use 
of XOR seems unrivaled, the reader should be aware that other terms such 
as EXCLUSIVE NOR, COINCIDENCE, IDENTITY, and EQUALITY 
have also been used in place of EQUIVALENCE. 


2.8.3 Controlled LOGIC LEVEL CONVERSION 


An XOR or EQV gate has the unique property that it can be operated either 
to be transparent to an input signal, or it can be operated as an INVERTER, 
depending on how the second input is connected. This means that a signal 
is either transferred from input to output (transparent mode) or its logic level 
is converted (INVERTER mode). Shown in Figs. 2-42(b) and (c) are ex- 
amples of controlled LOGIC LEVEL CONVERSION interpretations for an 
XOR gate. The reader can easily verify these examples by using the appro- 
priate logic truth table provided in Fig. 2-42(a) and by using Eqs. (2-3). Thus, 


"De “3D 
X(H) X(H) = X(L) 


O(L) 1(L) 
ACTIVE LOW input X(L) —>X(H) Transfer 
interpretation 
X(H) X(H) hs 
X(L) X(L) = X(H) 
1(H) 0(H) 
ACTIVE LOW output | 
_ interpretation X(H) —X(L) Transfer 


(a) (b) (c) 
Fig. 2-42. Controlled LOGIC LEVEL CONVERSION interpretations of an XOR 


gate. (a) Logic truth tables. (b) LOGIC LEVEL CONVERSION mode. (c) 
Transfer mode. 
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if one input to the XOR gate is connected to HV, the INVERTER mode 
results, or if connected to LV, the transfer mode results. 

A set of circuit symbols similar to those of Fig. 2-42 can be established 
for the EQV gate. In this case the physical requirements for INVERSION 
and transparency are the reverse of those for the XOR gate. 


2.9 LAWS OF BOOLEAN ALGEBRA 


To design a digital circuit that will perform a prescribed function, one must 
be able to manipulate and combine the various switching variables (those 
that are an inherent part of the design) in certain ways which are in agreement 
with mathematical logic. Use of the laws of Boolean algebra makes these 
manipulations and combinations relatively simple. This special algebra of 
mathematical logic, named in recognition of the English logician George 
Boole, can be rigorously and eloquently presented by using sets of theorems 
and postulates. However, for our purposes there is no need for such a formal 
approach. The laws of Boolean algebra are relatively few in number and can 
ultimately be deduced from the truth tables for the three basic logic operators 
NOT, AND, and OR. A reference regarding a brief history of Boolean al- 
gebra is provided in the Annotated References at the end of this chapter. 

In this section the reader can expect that the development will be nearly 
exclusively in the logic domain. We do this so as to provide the background 
necessary for what is to come in Chapter 3 and beyond. 


2.9.1 NOT, AND, and OR Laws 


(a) (b) 
Fig. 2-43. (a) Truth table 
for NOT. (b) The NOT 
laws. 


Recall that we have already introduced the binary operators, AND and OR, 
in Sect. 2.4, and that the logic AND and logic OR interpretations of their 
respective physical truth tables were given in Figs. 2-20 and 2-23. The AND 
and OR laws are inherent in these logic truth tables as we shall soon see. 
Also, without specifically saying so, the NOT laws were implied in Sect. 
2.6, where the concepts of LOGIC LEVEL INCOMPATIBILITY and 
COMPLEMENTATION were developed by using MIXED LOGIC nota- 
tion. 


NOT Laws. The unary operator NOT is the logic equivalent of COMPLE- 
MENTATION, which, in turn, is intimately associated with the concept of 
LOGIC LEVEL INCOMPATIBILITY, discussed in Sect. 2.6. In effect, 
COMPLEMENTATION can be viewed as the MIXED LOGIC (hence 
quasi-physical) equivalent of the unary logic operation NOT, and NOT con- 
notes inversion in the sense of supplying the lack of something. Although 
NOT is a purely logic concept while COMPLEMENTATION arose more 
from a physical standpoint, the two terms, NOT and COMPLEMENTA- 
TION, will be used interchangeably following established practice. 

Shown in Fig. 2-43(a) is the NOT truth table, which is the positive logic 
form of the MIXED LOGIC truth table given in Fig. 2-6(b). The NOT laws 
are derived from the positive logic truth table and are given in Fig. 2-43(b). 
The NOT operation, like COMPLEMENTATION, is designated by the 
overscore (or bar). A double COMPLEMENTATION (or double bar) of a 
function, sometimes called involution, is the function itself. 
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tou ue ll 


(b) 
Fig. 2-44. (a) Truth table 
for AND. (b) The AND 
laws. 


(b) 


Fig. 2-45. (a) Truth table 
for OR. (b) The OR laws. 


2.9.2 Concept of Duality 
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In the following examples, we will use X to represent a multivariable 
function X = X(A,B,C,...). Suppose X = A - B (read as A AND NOT B), 
then X = A: B (read as A AND NOT B the quantity complemented), and 


X = A - B = A :- B. Or suppose X = 0, then X = 0 = 1 = 0, and so on. 
Finally, notice that Eqs. (2-3), given in Sect. 2.6, can be generated one from 
the other by involution—even in mixed-rail notation. Thus, &a(L) = a(H) 
= a(#), and so on. 


AND Laws. The AND laws are easily deduced from the truth table for AND 
in Fig. 2-44(a), which is the positive logic form of the MIXED LOGIC truth 
table given in Fig. 2-20(b). Thus, by taking Y equal to logic values 0, 1, X, 
and X, the AND laws of Fig. 2-44(b) result. For example, if Y = 1 then we 
deduce that X : 1 = X. This follows since if X = 0, there results 0-1 = 
0, or if X = 1, then 1-1 = 1. Or if Y = X, then we deduce that X¥-X¥ = 
0, since if X = 0, there results 0:0 = 0-1 = 0, and if X = 1 then1- 1 
= 1 -0 = 0, and so on. 

To illustrate the application of the AND laws, we will again take X as 
representing a multivariable function X = X(A,B,C,...). Then, let X = A 
+ B (read as A OR NOT B) so that (A + B)-0=0,(A + B)-1=(A+ 
B), (A + B): (A + B) = (A + B), and (A + B) - (A + B) = 0. Thus, 
these laws are valid regardless of the complexity of the function X. 


OR Laws. Presented in Fig. 2-45(b) are the OR laws which are deduced from 
the positive logic truth table for OR in Fig. 2-45(a) by assigning to Y the 
values 0, 1, X, and X. [Note that the positive logic truth table for OR is 
taken directly from Fig. 2-23(c).] So, if Y = 1 then X + 1 = 1, since 1 + 
1 = 1and0 + 1 = 1. Or when Y = X we deduce that X + X = 1, since 
if X = 0 it follows that 0 + 1 = 1, and if X = 1 then1 + 0 = 1. 

We illustrate the application of the OR laws by letting the function be X 
= BC (read as B NOT AND C). Now, according to the OR laws BC + 0 
= BC, BC + 1 = 1, BC + BC = BC, and BC + BC = 1. Here again we 
have taken the symbol X to represent a multivariable function BC attesting 
the general nature of the OR laws. 

Notice that the AND laws and OR laws are easily verified by setting X 
= 0, 1 in the AND and OR laws, and then comparing the results with the 
AND and OR truth tables in Figs. 2-44(a) and 2-45(a), respectively. 


We interrupt our development of the laws of Boolean algebra to reflect 
briefly on what we have established so far. An inspection of the AND and 
OR laws reveals an interesting relationship which may not be obvious to the 
reader. If the 1’s and 0’s are interchanged while at the same time inter- 
changing the (-) and (+) logic operators, the AND laws generate the OR 
laws, and vice versa. This relationship is called logic duality; that is, the 
AND and OR laws are the dual of each other as indicated by the double 
arrow. | 
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OR Laws 


(2-9) 


As we proceed through the remainder of this text, we will find that the 
concept of duality pervades the entire field of digital design. But this is really 
not surprising, since duality is an inherent property of Boolean algebra, 
which, in turn, is the foundation of digital design. 


2.9.3 Associative, Commutative, Distributive, and Absorptive Laws 


Associative Laws. The associative laws follow conventional algebra in ap- 
pearance and are given here in terms of three variables, X, Y, and Z, any 
or all of which could be multivariable functions. 


(X- VY Z=X-(VYrZ= XYZ AND form (2-10) 
(Y¥+ Y)4+2Z24=X+(V+7)=X+V+Z OR form 


The dual relationship between the AND and OR associative laws is ob- 
vious—one generates the other by interchanging the logic operators (-) and 
(+). 

Formal proof of the associative laws is no trivial matter, but their veri- 
fication is straightforward by using truth tables. In Fig. 2-46 we construct 
the truth table for the AND form of Eqs. (2-10) by assigning all possible 
combinations of logic; levels to X, Y, and Z in a binary sequence equivalent 
to decimals 0 through 7, as indicated. Notice that repeated application of 
the AND laws was used to construct the truth table, which clearly verifies 
the AND associative law. 

Verification of the OR associative law can also be easily accomplished 

» by using a similar truth table. To demonstrate the power of duality, the reader 
should verify the OR form of Eqs. (2-10) by constructing a dual truth table 
with repeated applications of the OR laws given earlier. 


Commutative Laws. Like the associative laws, the commutative laws follow 
conventional algebra in appearance and are given by the following equations 


Decimal X Y Z TEA (X-Y)-Z X:-(Y-Z) 


heel 
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Fig. 2-46. Truth table for the AND form of the associative laws. 
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in terms of the three multivariable functions, X, Y, and Z, where the dual 
relationship between the AND and OR forms is easily seen: 


X*Y-Z=X-°Z°-Y=Z2-X-Y=>" AND form 
APY PLS LPL ey Heat Ss OR form 


(2-11) 


Verification of the commutative laws is accomplished simply by assigning 
logic 0 and logic 1 to the X’s and Y’s in the two variable forms of these laws 
and then comparing the results with the AND and OR truth tables given in 
Figs. 2-44(a) and 2-45(a). Thus, we see that 0: 1 = 1-0 = Oand1 + 0 = 
0 + 1 = 1 are verified by the AND and OR truth table, respectively. The 
commutative properties of 1 - 1 and 0 - 0 are indistinguishable. 


Distributive and Absorptive Laws. There are four laws in this category: two 
distributive laws and two absorptive laws. The two distributive laws are 
given by Eqs. (2-12) and (2-13) and are named the factoring and distributive 
laws, respectively, primarily for future reference purposes. The two ab- 
sorptive laws are represented by Eqs. (2-14) and (2-15) and are not given 
separate names. These laws are presented in terms of the multivariable func- 
tions X, Y, and Z so as to dramatize their generality. 


Factoring law (X:-Y+(X-Z)=X-(Y + Z) (2-12) 
Distributive law (X + Y)-(X¥ +Z)=X4+(Y:Z) (2-13) 
X-(X¥+Y=X-Y (2-14) 
Absorptive laws =a 
X+(X:-Y=X+ Y/Y (2-15) 


The first thing to notice about these laws is the dual relationship that 
exists between the factoring and distributive laws and between the two ab- 
sorptive laws. By interchanging logic operators, (-) and (+), we see that one 
law is generated from the other. Second, one notices that the factoring law 
follows conventional algebra in appearance, while the remaining three laws 
do not. 

Verification of the distributive and absorptive laws is accomplished by 
constructing a truth table similar to that used to verify the AND form of the 
associative law in Fig. 2-46. Shown in Fig. 2-47 is such a truth table for the 
factoring law [Eq. (2-12)], where again the logic values for X, Y, and Z are 
unfolded in a sequence equivalent to decimal 0 through 7. The factoring law 


0 0 


(X-Y) + (X-Z) 


Pere OOOO OO 
tt pd OOOO © 


SAMAR DNR co 
== OOOO & 
pi om OOO OS 


Fig. 2-47. Truth table for the factoring law. 
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2.9.4 DeMorgan’s Laws 


is verified by repeated application of the AND and OR laws and by com- 
paring the two columns on the right. 

The distributive law can also be verified by using a truth table. However, 
it is simpler to prove this law by algebraic manipulation with the AND and 
OR and factoring laws which have now been verified. We do this in the 
following sequence of steps by using the square brackets to draw the reader’s 
attention to those portions where the laws indicated on the right are applied: 


(Xx + Y)-(X¥ + Z)| =[X-(X¥ + Z)] 4+ [Y:-(X% + Z)] Factoring law 
= [X-X]+(X¥-Z)+(VY:X)4+(Y-Z) AND law 
=[X+(X-Z)+(¥Y-X)]+(¥-Z) Factoring law 
=X:[1+2Z+ Y]+(Y-Z) OR laws 
=X+(¥-Z) 


The absorptive law given by Eq. (2-14) is proved in a similar manner: 


[X.X + Y] =[X-X]+xX-Y Factoring and AND laws 
= [0+ X- Y] OR laws 
= X ° Y 


Finally, it is left as an exercise for the reader to verify the remaining 
absorptive law by algebraic means using the laws which have already been 
verified. The use of the concept of duality or the use truth tables are also 
adequate means of verification. However, it is our belief that more is to be 
gained by using the algebraic methods demonstrated earlier. 


In the latter half of the nineteenth century, the English logician and math- 
ematician Augustus DeMorgan proposed two theorems of mathematical logic 
that have since become known as DeMorgan’s theorems. The Boolean al- 
gebraic representations of these theorems are known as DeMorgan’s laws 
and, in terms of the two multivariable functions X and Y, are given by 


X-Y=X+Y (2-16) 
X+Y=X-Y (2-17) 


Observe that the two laws are the dual of each other. 
More generally, for any number of multivariable functions, the De- 


Morgan laws take the following form: 
X-Y°ZeN=X+¥YHt Z+-- +N (2-18) 
X+X+Z+-°+N=X-V-ZeN (2-19) 
Verification of DeMorgan’s laws is easily accomplished by using truth 


tables and logic maps in two variables. Shown in Fig. 2-48(a) is the truth 
table representing Eq. (2-16). This law is verified by comparing the truth 
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(b) 
Fig. 2-48. (a) Truth table and (b) logic maps for DeMorgan’s law X -Y = X + Y. 


table columns for X - Y and X + Y following repeated application of the 
NOT, AND, and OR laws. 

Some explanation of the logic maps presented in Fig. 2-48(b) is needed. 
The shaded areas shown in the logic maps are called domains. For example, 
the X domain represents ‘‘all that is X,” and the Y domain represents ‘‘all 
that is NOT Y,” and so on. In logic terminology the AND operation is 
properly called the intersection, while the OR operation is appropriately 
termed the union. Applied to logic maps, X - Y represents the intersection 
of the X domain with the Y domain. Or the function X + Y represents the 
union (combination) of the X domain with the Y domain. So, by referring 
to the logic maps of Fig. 2-48(b), it is clear to us that these maps express 
vividly the equivalence between “‘all that is NOT” the intersection of X and 
Y, or (X - Ý), and the union of NOT X and NOT Y, or (X + Y), as required 
by Eq. (2-13). 

The verification of DeMorgan’s second law, Eq. (2-17), follows in a sim- 
ilar fashion as shown in Fig. 2-49. A comparison of the last two columns of 
the truth table in Fig. 2-49(a) shows us that Eq. (2-17) is verified. However, » 
notice how clearly the shaded logic maps express the equivalence of ‘all 
that is NOT” the union of X and Y, or (X + Y), and the intersection of NOT 
X and NOT Y, or (X - Y). The dual relationship between Eqs. (2-16) and (2- 
17) is evident when one compares the last logic maps in Figs. 2-48(b) and 
2-49(b). 

To illustrate the use of DeMorgan’s laws, let us prove the second ab- 
sorptive law [Eq. (2-15)] in variables A and B by using what could be termed 
the ‘“‘double-bar’’ method of simplification as follows: 


A+A-B=[A+A:°B] Involution and DeMorgan’s law 


[Eq. (2-17)] 
=A-[A-B] DeMorgan’s law [Eq. (2-16)] (2-20) 
= [A-(A + B)] Factoring, AND and OR laws 
=A-B DeMorgan’s law [Eq. (2-16)] 


=A+B 
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(a) 


(b) 
Fig. 2-49. (a) Truth table and (b) logic maps for DeMorgan’s law X + Y = X.Y. 


Here, again, the square brackets are used to draw the reader’s attention to 
those portions of the expressions where the laws indicated on the right are 
applied. Notice that we simplify under the complementation bar before ac- 
tually applying it, that is, by working inside outward. This procedure often 
avoids multiple applications of DeMorgan’s laws. 

This brings us to a final point which is noteworthy. Working within the 
homologic (single logic) system as we have been doing in this section, often 
requires us to repeat application of DeMorgan’s laws as we have just dem- 
onstrated. However, recall that in Sect. 2.6 we developed from the conjugate 
gate forms of Fig. 2-28 the DeMorgan relations given by the Eqs. (2-5). These 
relations attest to the fact that in the MIXED LOGIC system the need to 
apply DeMorgan’s laws is minimized if not eliminated. DeMorgan’s laws 
mixed-are still important, certainly, but their application is implicit in the 
MIXED LOGIC symbology that is used. There is little or no need to ma- 
nipulate Boolean expressions by using DeMorgan’s laws in the MIXED 
LOGIC system and, as a result, the task of creating an error-free design is 
greatly simplified. 


2.9.5 Summary of the Laws of Boolean Algebra 


For the convenience of the reader, we present a summary of the laws of 
conventional Boolean algebra. Remember that the symbols X, Y, and Z may 
each represent a single variable or a complex multivariable function. 


OR Laws 


(2-9) 


Associative laws 
(X¥°Y- Z=X:(Y¥Y DM=X:-V-Z AND form 
(Y+ YN+2Z7=X+(¥Y+A=X+V+Z OR form 
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(2-10) 


2.9.6 The XOR Laws 


Fig. 2-50. Positive logic 
truth table for (a) the XOR 
function and (b) the EQV 
function. 
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Commutative laws 


Oe a Ge Aap ae aw. Gm S AND form 


(2-11) 
X+Y+Z2=X+Z2+Y=Z24+X+Y=° OR form 
Distributive and Absorptive Laws 4a fh 
Factoring law XY + XZ = X(Y + Z) og a (2-12) 
Distributive law (X+ V(X +Z)=X+ YZ ` (2-13) 
X(X + Y) = XY (2-14) 
Absorptive laws = 

X+XY=X+Y (2-15) 

DeMorgan’s Laws 
X- Y=X+Y (2-16) 
X+Y=X-Y (2-17) 


The laws of XOR algebra share many similarities with those of conventional 
Boolean algebra discussed in the previous sections and can be viewed as a 
natural extension of the conventional laws. In this section we will examine 
these lesser known XOR laws and provide some examples of their appli- 
cation. 

Just as we deduced the AND and OR laws from their respective truth 
tables, we can also deduce the XOR and EQV laws from their respective 
truth tables. Shown in Fig. 2-50 are the positive logic truth tables for the 
XOR and EQV functions which follow directly from Figs. 2-37(b) and 2- 
40(b). Then, by letting Y take on values 0, 1, X, and X, we deduce from Fig. 
2-50 the following laws: 


XOR Laws 


XO1=X 
XO0=X 
XOX=1 


XOX=0 


(2-21) 


Here, the dual relationship is established by interchanging the 1’s and 0’s 
while simultaneously interchanging the logic operators ® and ©. 

The associative and commutative laws for XOR and EQV follow from 
the conventional associative and commutative laws given in Sect. 2.9.3 by 
exchanging operator symbols: ® for (+) and © for (-). The distributive and 
absorptive laws for the XOR and EQV operations also follow from the con- 
ventional forms by replacing the appropriate (+) operator symbols with the 
® operator symbol, and by replacing the appropriate (-) symbols with the 
© symbol, but not both in any given expression. These laws are stated as 
follows: 
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Associative Laws 
(XONOAaHXAOCYOZ)=HXOYVOZ EQV form (2-22) 
(XBYOZ=XPO(YEZ)=XPVYSZ XOR form (2-23) 


Commutative Laws 
AQDVYOZ=XOZOY=a Z0OXxX OY = = EQV form (2-24) 
AXADPYOZ=XOELZEVY=Z2E0EX8Y=>- XOR form (2-25) 


Distributive and Absorptive Laws 


Factoring law (X-Y)O(X-Z)=X-(YO@Z) (2-26) 
Distributive law (X¥ + YOOX +Z)=X+(YOZ) (2-27) 
| X-(X®Y=X-Y (2-28) 

Absorptive laws = 
X+(X¥OY=X+Y (2-29) 

DeMorgan’s Laws 

XOY=X@Y=XO@Y (2-30) 
X®Y=XOY=XOY (2-31) 


Verification of the associative, commutative, and distributive laws is 
easily accomplished by using truth tables, as was done in Sect. 2.9.3. For 
example, the truth table in Fig. 2-51 verifies the distributive law of Eq. (2- 
27). Here, Eq. (2-8) together with the OR laws have been used to show the 
identity of the terms (X + Y)O(X¥ + Z) and X + (YO Z). 

The absorptive laws are most easily verified by Boolean manipulation. 
Beginning with Eq. (2-28), we write 


X- (Xe Ð] = X. (XY + XY) Eq. (2-6) 


: AN = [X - (XY + XY)] Factoring law and 


Ae AKS = xy AND and OR laws 


where the square brackets [ ] are used to draw the reader’s attention to 
those portions where the laws or equations indicated on the right are applied. 
Similarly, Eq. (2-29) is verified by the following sequence of steps: 


yor [a+ noa: 
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Fig. 2-51. Verficiation of the distributive law, Eq. (2-27). 
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X + [XO Y)] = X + (XY) + (XY) Eq. (2-6) 
= [X + (XY)] + XY _ Factoring and OR laws 
= [X + (XY)] Eq. (2-15) 
=X+Y 


Notice that in the foregoing verifications use is tacitly made of the re- 
lations 


X®Y=X@O@Y=XOVY=XOY (2-32) 
and XOY=XOY=XOY=XOY 


These relations are easily verified by replacing the variable (X or Y) by its 
complement (X or Y) in the appropriate defining expression, Eq. (2-6) or 
Eq. (2-8), or by using DeMorgan’s XOR laws, Eqs. (2-30) and (2-31), which 
are yet to be verified. Identities of the following type, which have been 
produced by repeated application of Eqs. (2-32), are presented for future 
reference purposes: 


F=X@®Y@Z F=XO@YO@Z 


=XOYOZ =XOYOZ (2-33) 
=XYOYO@Z =X@YOZ 
=X¥@YOZ = X¥OYOZ 


Clearly, similar sets of equations having three or more XOR and/or EQV 
operators in each equation can be produced by repeated application of Eqs. 
(2-32). 

The DeMorgan laws for the XOR and EQV functions tell us what we 
should already know—that the complement of one function yields the other, 
a fact that is evident from the truth tables given in Fig. 2-50. To gain further 
experience in the use of logic maps, let us use these maps to verify this fact 
for one of these laws. Shown in Fig. 2-52 is the logic map development of 
Eq. (2-31), where use is made of the defining relations given by Eqs. (2-6) 
and (2-8). Observe how vividly the functional descriptions of XOR and EQV 
are portrayed by the shaded logic maps. 

A brief inspection of the XOR laws reveals that they are divided into 
sets of two, one the dual of the other, as was true for the conventional forms. 
Duality is established in the associative, commutative, and DeMorgan laws 
by interchanging the operators ® and ©. Duality is established in the dis- 
tributive and absorptive laws by interchanging the logic operators ® and © 
simultaneously with an interchange of the operators (+) and (-). 

The parallelism between the XOR algebra and conventional Boolean al- 
gebra is made complete by recognizing the following two corollaries which 
follow directly from the definitions of the XOR and EQV operations: 
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COROLLARY | 


COROLLARY II 


XY XOY =XY + XY 
Fig. 2-52. Logic map verification of Eq. (2-31) 


If two functions, a and B, never take the logic 1 value simultaneously, then 
a-B=0 and a+BP=aPB (2-34) 
and the logic operators (+) and (®) are interchangeable. 


If two functions, a and B, never take the logic 0 value simultaneously, then 


a+Bp=1 and a-B=a0O8B (2-35) 


and the logic operators (-) and © are interchangeable. 


Although the implications of the corollaries given by Eqs. (2-34) and (2- 
35) are quite extensive, their most obvious application is in operator ex- 
change. Take, for example, the function (AB + BC). Ifa = AB and B = 
BC, then by corollary I it follows that (AB + BC) = (AB) ® (BC). Or 
consider the function (A + B) - (B + D) as a second example. Now, if a 
= (A + B) and B = (B + D), corollary II permits (A + B)-(B + D) = 
(A + B)©(B + D). Notice that the defining expressions for XOR and EQV, 
given by Eqs. (2-6) and (2-8), satisfy corollaries I and II, respectively. 

This concludes our treatment of Boolean algebra. While not intended to 
be an exhaustive treatment, we believe it to be adequate for the needs of 
digital design. 


2.10 WORKED EXERCISES 


In the development of this chapter we have purposely omitted a number of 
subtle points and extensions of the coverage so as not to break up the con- 
tinuity of the subject matter. It is the aim of this section to fill in some of 
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EXAMPLE 2-1 


74 


+5V 


this detail and, at the same time, provide the reader with a study guide for 
the chapter. 


Presented in Fig. 2-53(a) is an NMOS INVERTER. Describe how it works 
and find the output voltage waveform for the set of random voltage input 
pulses given in Fig. 2-53(b). Finally, draw the input and output logic wave- 
forms representing the voltage waveform of Fig. 2-53(b) by assuming the 
logic interpretations given in Fig. 2-6. Neglect propagation delay times. 


+5V 


(b) 


X(H) —>o- X(L) X(L) —d>— xan 


1 1 
1 


(c) 


SOLUTION 


(d) 
Fig. 2-53. (a) An NMOS INVERTER. (b) The input and output voltage 
waveforms for the INVERTER. (c) ACTIVE HIGH to ACTIVE LOW 
CONVERTER symbol and its logic waveforms corresponding to the physical 
waveforms in (b). (d) ACTIVE LOW to ACTIVE HIGH CONVERTER symbol and 
its logic waveforms corresponding to the physical waveforms in (b). 


When X; is at HV, the NMOS switch is ON, which causes X, to be nearly 
shorted to ground (LV). Conversely, when X; is at LV, the NMOS switch 
is OFF, causing +5 V (HV) to fall across X, relative to ground. The output 
voltage waveform, resulting from the input waveform of Fig. 2-53(b), is also 
shown in Fig. 2-53(b). Notice that the input and output voltage waveforms 
are the inverse of one another, a fact that is always true for an INVERTER. 

The two LOGIC LEVEL CONVERTER symbols of Figs. 2253(c) and 
(d) are the only possible logic interpretations of an INVERTER. The logic 
waveforms, consistent with the waveforms of Fig. 2-53(b), are shown in Figs. — 
2-53(c) and (d). Observe that the input and output waveforms are identical, 
except that one represents positive logic while the other represents negative 
logic, the result of LOGIC LEVEL CONVERSION. The logic waveform 
for X(H) would be the inverse of that for X(4). 
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EXAMPLE 2-2 


SOLUTION 


EXAMPLE 2-3 


+HV 


SW1 SW2 


OPEN OPEN 


OPEN CLOSED 
CLOSED OPEN 
CLOSED CLOSED 


(a) (b) 


Fig. 2-54. (a) Switch analog circuit for a logic gate. (b) The physical truth table 
for a NOR gate. 


In Fig. 2-54(a) is given the electrical switch analog for a logic gate. Construct 
a physical truth table for this switch circuit, indicate what logic gate this 
circuit represents, and give two logic interpretations for it. 


Let the switches be designed as OPEN or CLOSED and the output as LV 
or HV. So, if one switch is CLOSED (or both are CLOSED), Y is nearly 
shorted to ground (LV), and only if both switches are OPEN will the output 
Y be at HV. The result of all possible switch combinations is the physical 
truth table shown in Fig. 2-54(b), which indicates that the circuit is the switch 
analog of a NOR gate. As indicated in Fig. 2-14, the NOR gate has both 
AND and OR logic interpretations depending on the ACTIVATION LEV- 
ELS chosen for the two switches. 


The electrical analog of a logic gate is shown in Fig. 2-55(a). Explain how 
this circuit operates, construct its physical truth table, and indicate what 
logic functions it performs. To what logic family does this gate belong? 


+Vec 


Fig. 2-55. (a) Electrical circuit 
analog for a logic gate. (b) 
Physical truth table for an AND 
gate. 
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EXAMPLE 2-4 
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SOLUTION 


If either input, A or B (or both), is connected to ground (LV), the input 
diodes D4 and Dg are turned ON, the transistor diode Dr is turned OFF, 
and the BJT is in the cut-off mode electrically isolating the output resistor 
R, from the supply voltage + Vcc. Under this condition the output Y must 
be at LV since there is no JR, drop across R,. Only when both inputs are 
at HV will the diode Dr be turned ON forcing the BJT into saturation elec- 
trically connecting + Vcc to the output resistor Ro. When this happens the 
output is at HV since now there is a current J flowing through R, which 
produces an JR, drop across it to ground. The physical truth table that results 
from all possible LV and HV combinations of the two inputs is given in Fig. 
2-55(b). This truth table is recognized to be that of an AND gate, which, 
according to Fig. 2-20, can be interpreted as either a logic AND or logic OR 
function, depending on the ACTIVATION LEVELs chosen. The circuit of 
Fig. 2-55(a) belongs to the diode-BJT logic (DTL) family. 


The MOS circuit analog of a logic gate is provided in Fig. 2-56(a). Describe 
how it operates, construct its physical truth table, and indicate what logic 


functions it performs. 


+Vpp 


(a) (b) 
Fig. 2-56. (a) A MOS circuit analog of a logic gate. (b) The physical truth table 
for an XOR gate. 


Since a HV input turns an NMOS transistor ON while turning a PMOS 
transistor OFF, and vice versa for LV, output Y in Fig. 2-56 will be virtually 
shorted to ground by one path or the other if the inputs are either both at 
HV or both at LV. Any other combination of input voltages ‘‘opens up” 
the path from output to ground causing + Vpp (HV) to fall across the output 
Y relative to ground. The resulting physical truth table is given in Fig. 2- 
56(b) and is recognized as that of an XOR gate. Referring to Fig. 2-37, it is 
clear that this gate can perform the XOR or EQV operations depending on 
the ACTIVATION LEVEL assumed for the output. 
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(a) 


EXAMPLE 2-5 


SOLUTION 


EXAMPLE 2-6 


SOLUTION 


EXAMPLE 2-7 


(b) 
Fig. 2-57. (a) The NAND gate symbol with rectangular logic waveform inputs. 
(b) Outputs Z(L) and Z(H) corresponding to the inputs given in (a). 


In Fig. 2-57(a) is shown the logic symbol for a NAND gate with ACTIVE 
HIGH logic waveform inputs. Determine the output waveform for Z(L). 
Also, determine the waveform for Z(H) taken from the INVERTER nee 
Neglect propagation delay times. 


The Z(L) waveform is found by ANDing the waveforms for X(H) and Y(A), 
that is, Z(L) = X - Y(L), as given in Fig. 2-57(b). Also shown in Fig. 2-57(b) 
is the Z(H) waveform. Note that while Z(L) and Z(H) are identical logic 
waveforms they represent inverse voltage waveforms. 


Read the NAND/INV logic circuit of Fig. 2-58 in MIXED LOGIC notation 
and find X(L), YA), and Z(L). 


A(H) X(L) 
D(H) 
Z(L) 
B(L) l 
Fig. 2-58. NANDIINV logic 
C(L) Y(H) 


circuit for Example 2-6. 


Reading a logic circuit begins with the input and ends with the output. Pro- 
ceeding in this manner for the circuit of Fig. 2-58 gives us the following 
results:. 


X(L) = (A: DXL) 
YCH) = (B + CH) 
Z(L) = (A-D)(B + OKL) 


Notice that the output expression Z(L) is written exactly as required by the 
AND and OR operations, taking into account the two logic incompatibilities 
indicated by the flags. Unless there is reason to do otherwise, terms such 
as A - D are best left in their original form without applying DeMorgan’s 
laws. Remember that the reason for reading a circuit in MIXED LOGIC 
notation is to avoid the unnecessary application of DeMorgan’s laws. 


The logic circuit shown in Fig. 2-59 is a redundant circuit, meaning that it 
uses more gates than are required to represent the function F(H). Read this 
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SOLUTION 


EXAMPLE 2-8 
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SOLUTION 


A(H) x 


B(L) 
C(H) 


F(H) 
D(L) z 
Fig. 2-59. A redundant logic circuit for Example 2-7. 


circuit in MIXED LOGIC notation at points X, Y, and Z, and then give the 
output F(H) in its simplest form, all without applying DeMorgan’s laws. 


Reading the circuit in Fig. 2-59 from input to output, we obtain 


X(L) = (A + BCX(L)- 
Y(L) = BOXL) 
Z(H) = (BC) ® DH) 
F(H) = (XYZ\(H) 

= (ABCD)(H) 


Here, we recognize by inspection that 


XY = AY 
and that 
AY(Y © D) = AY(YOD) 
= AY(YD + YD) 
= AYD 


where Y = BC. Obviously, a four-input AND gate and an INVERTER would 
suffice for the function F(A). 


The logic circuit in Fig. 2-60(a) is given in the positive logic system and 
represents a well-known logic function. Redraft this circuit in MIXED 
LOGIC notation and identify its logic function: use the appropriate conjugate 
gate forms (see Fig. 2-28) where needed to issue F(H) and eliminate all 
operations which require the application of DeMorgan’s laws. Remember 
that the integrity of each gate must be preserved in the redraft so as not to 
alter its logic content. 


In redrafting a circuit, as in any logic design, it is necessary to begin at the 
output and work back to the input (top-down). Replacing the output NAND 
gate and the OR gate with their conjugate gate forms yields the results pre- 
sented in Fig. 2-60(b), where the function F(H) is easily. recognized as the 
EQV function F(H) = (AB + AB)(H) = A © B(H) according to Eq. (2-8) 
in Sect. 2.8. Notice that the positive logic circuit would be read as F = 
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(a) 


EXAMPLE 2-9 


SOLUTION 


A(H) AB(L) 
B(H) 


F(H) = (A@B)(H) 


AB(L) 


(b) 
Fig. 2-60. (a) A logic circuit drafted in positive logic form. (b) The same circuit 
redrafted in MIXED LOGIC notation and read directly as the EQV function of 
inputs ACTIVE HIGH A and B. 


AB - (A + B), which gives the desired results but only after two applications 
of DeMorgan’s laws. _ 


Unused inputs must not be left dangling. Instead, they must be tied to other 
inputs, or be connected to HV or LV depending on the logic operation 
involved. The four gates in Fig. 2-61 have specific input conditions which 
demonstrate this. Write the output expression for each gate symbol; then 
name the gate and indicate what logic function it performs. Remember that 
1(H) is interpreted as HV and 0(A) as LV. 


A(L) 
| AŒ) 
B(H) w HO X(L) 
HV 3 
(a) (b) 
A(H) 
X(L) B(L) 
-De a 
o(H) 
1(H) 
(c) (d) 


Fig. 2-61. Four gates with specific input conditions demonstrating how unused 
inputs can be connected. 


a. W(H) = (AB)(H) A four-input NOR gate performing the AND 
operation of two variables. 
b. X(L) = A(L) A three-input NAND gate performing the 
A(H) to A(L) LOGIC CONVERSION oper- 
a, ation. _ _ 
c. YA) = X(A) An XOR gate performing the X(L) to X(A) 


B LOGIC CONVERSION operation. 
(A + BXL) A four-input AND gate performing the OR op- 
eration of two variables. 


d. Z(L) 
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EXAMPLE 2-10 By using logic maps, verify the expression 
X+XY=X+Y 
which is seen to be a form of the absorptive law given by Eq. (2-28). 


SOLUTION Verification of this form of the absorptive law begins with the logic maps 
for the individual variables and continues as shown in Fig. 2-62. 


Fig. 2-62. Logic map verification of the expression X + XY = X + Y given in 
Example 2-10. 


EXAMPLE 2-11 By using AND/OR logic implement the expression 
F(L) = [AD + (B + OKL) 


` exactly as written with the fewest number of gates if the inputs A, C, and 
D arrive from positive logic sources and if input B arrives from a negative 
logic source. 


SOLUTION Implementation of [AD + (B + C)](L) must begin at the output and end at 
the inputs, a top-down procedure which should always be followed when 
implementing a function. Then, by using the appropriate conjugate gate 
forms from Fig. 2-28, there results the AND/OR logic diagram of Fig. 2-63. 
Notice that it was necessary to use an INVERTER on the A(H) input line 
to remove the logic incompatibility. 


B(L) 
C(H) 


F(L) ={AD + (B + C)](L) 
A(H)- 
D(H) 

Fig. 2-63. The AND/OR implementation of the expression given in Example 2-11. 


EXAMPLE 2-12 Use NOR/XOR logic to implement the function 


Z(H) = {[X O (A + Y)]- BXH) 
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SOLUTION 


EXAMPLE 2-13 


SOLUTION 


exactly as written with the fewest number of gates assuming that inputs A 
and B arrive ACTIVE LOW and inputs X and Y are ACTIVE HIGH. 


By following a top-down procedure and by inserting the appropriate con- 
jugate gate forms, we obtain the logic circuit shown in Fig. 2-64. Here, use 
is made of the ACTIVE LOW input XOR symbol so as to produce the term 
X ®(A + Y). Removal of the ACTIVE LOW indicator bubbles would yield 
the X ® (A + Y), which is logically identical to ¥ ® (A + Y) by Eas. (2- 
32) in Sect. 2.9.6. 


X(®) X@(A+ YH) 


A(L) 


(A + YL) 
Y(H) 


Z(H) ={[X @(A + Y)]-B} (H) 


B(L) 
B(H) 


Fig. 2-64. NOR/XOR implementation of the expression given in Example 2-12. 


Reduce the following expressions to their simplest form and name the law(s) 
to be used for each step. Application of the associative and commutative 
laws need not be indicated. Refer to Sect. 2.9.5 for a review of the laws of 
Boolean algebra. 


i 


a Y=A+A-°B-C+A-C 


b. Z=(b®@c) + (a: bia +c) 
ce F=(X + Y(X4+ ZIY-(X+24 ¥] 


a Y=A+(A-B-C)+ A-C DeMorgan’s law [Eq. (2-16)] 
=A+(A-B-C)+A+C OR laws and Absorptive 
law [Eq. (2-15)] 
=A+(B-C)+C Absorptive law [Eq. (2-15)] 
=A+B+C 


b. Reduction of this expression is best accomplished by an inside-out pro- 
cedure to avoid multiple applications of DeMorgan’s laws: 


Z=(b@c)+(a-b)(a+c) DeMorgan’slawsand Eqs. (2-32) 
=(bOc)+(a+b)(ac) Factoringlaw; ANDand ORlaws Eqs. (2-8) ` 


=(bOc) + abc Factoringand ORlaws | 
=bce+be Eqs. (2-8) and (2-32) 
=b®c 
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EXAMPLE 2-14 


SOLUTION 


EXAMPLE 2-15 


82 


SOLUTION 


c. This expression is most easily reduced to minimum form by first applying 
the distributive and absorptive laws: 

F=(X+Y)\(X+Z) [Y(X+Z)+Y] Distributive, absorptive law [Eq. (2-15)] 
=(X+ YZ) [X+Z+Y] 
=X+YZ(Z+Y) 
=X+YZ 


Distributive law 
Factoring; AND and OR laws 


Evaluate the following MIXED LOGIC expressions in minimum form and 
name the Boolean laws or equations to be used for each step. 


a [X + X + Y+ ZB) = (QXL) 


b. [1-0 +1-1)- 0L = OÆ) 
c. [A(A © B)(L) = (H) 


a. ()(L) = (X + X + Y+ ZXĦH) 
= (X + XY + Z(H) 
= (X + Y + Z(H) 


DeMorgan’s law 
Absorptive law [Eq. (2-15)] 
Eqs. (2-3) and DeMorgan’s law 


= (XYZ)(L) 


b. ((H) = -@+1- 1) - OL) 


NOT and AND laws 
= (1 + O) OR laws 
= 1(L) Eqs. (2-3) 
= (H) 
c. (X(H) = [A(A ® B)(L) XOR Absorptive law [Eq. (2-28)] 
= (AB\(L) Eqs. (2-3) and DeMorgan’s law 
= (A + BXH) 


Prove each of the following expressions in two different ways and indicate 
the Boolean laws or equations to be used for each step. 

a. (X-Z)O@(X+Z)=X 

b. [ac + (a + b) O(a + boH) = (abc)(L) 


a. Solution 1 
X=(X-Z20(X+Z) 
=(X+Z)0(X +Z) 
=X+(ZOZ) 
= X 


Eqs. (2-32) and DeMorgan’s law 
Distributive law [Eq. (2-27)] 
EQV and OR laws 
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Solution 2 


X = (X-Z)@(X + Z) Eqs. (2-32) and DeMorgan’s law 
=(X + Z)O(X +Z) Corollary II [Eq. (2-35)] 
=(X + Z)-(X +Z) Distributive law [Eq. (2-13)] 
=X+Z-Z AND and OR laws 
= X 


b. Solution 1 


(a-b-c)L) = [ac+ (a + b) O(a + be)\(AX) Eqs. (2-32), DeMorgan’s law 


= [ac + (a:b) ®(a + boH) Corollary I [Eq. (2-34)] 
= [a-c + (ab) + (a + be)|(X) Factoring and OR laws 


= [a+ ab + bc\(H) Absorptive law [Eq. (2-15)] 
= (a + b + coH) Eqs. (2-3), DeMorgan’s law 
= (abc)(L) 

Solution 2 


(abcXL) = [ac + (a + b) O(a + boH) Distributive law [Eq. (2-27)] and AND laws 
= [ac + a + b O (boH) Factoring law, OR laws, and Eqs. (2-32) 
= [a + b ® (boM Corollary I and absorptive law [Eq. (2-15)] 
= (a + b + cH) Eqs. (2-3), DeMorgan’s law 
= (abc)(L) 


EXAMPLE 2-16 


SOLUTION 


A digital device has three inputs A, B, and C and one output Y. The input 
signals are synchronous rectangular waveforms. 


a. 


a. 


Construct a truth table indicating that the output is ACTIVE only if input 
A is ACTIVE or input B is ACTIVE but not both ACTIVE, and if input 
C is ACTIVE. 


. From the truth table of (a) write the Boolean expression representing the 


output Y and implement it by using the fewest number of gates possible. 
Assume that the inputs arrive from positive logic sources and that the 
output is ACTIVE HIGH. 


By taking logic 1 as the ACTIVE state there results the truth table shown 
in Fig. 2-65(a), where the Boolean interpretation is given to the right of 
the table. 


. The truth table is read as 


Y = ABC + ABC 
= (AB + AB)C 
= (A ® B)C 
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EXAMPLE 2-17 


84 


: 


Ore OF CF CO1RA 


i 


—_ pà pand a CS CO e o 
== OO he = © OC bs 
Soorcdr COO CO 


Y(H) 


(a) (b) 
Fig. 2-65. (a) Truth table and (b) gate-minimum circuit for Example 2-16. 


for which the factoring law [Eq. (2-12)] and Eq. (2-6) have been applied. 
Notice that the expression (A ® B)C states: signal A or signal B but not 
both and input C in either case. The gate-minimum circuit for this function 
is given in Fig. 2-65(b). 


Shown in Fig. 2-66(a) is a transistor circuit in which a TTL portion is used 
to drive a CMOS portion—TTL driving CMOS. 


a. Construct a physical truth table for points X, Y, and Z, taking into account 
all possible combinations of LV and HV inputs. 

b. If the inputs and output Z are all assumed to be ACTIVE HIGH, deter- 
mine the logic functions at points X, Y, and Z and construct the logic . 
diagram for this circuit, all in MIXED LOGIC notation. 

c. Comment on the reliability of this circuit as a logic device if the CMOS 
noise margins are both 1.5 V and if Voz and Vox for the TTL output are 
0.2 V and 3.5 V, respectively. 


+5V 
+5V 
© 
A 
x 
B m ~ 
Z 
C 
(a) < 


Fig. 2-66. TTL driving CMOS. (a) Transistor cirtuit. 
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B(H) | 
Y(L) 


Z(H) 
C(H) 


(b) (c) 
Fig. 2-66 (contd.). (b) Physical truth table for points X, Y and Z in Figure 2- 
66(a). (c) Logic diagram for the circuit in (a). 


SOLUTION a. First, we recognize that point X is the output of an AND gate (see Sect. 
2.4.5) in variables A and B, that point Y is the output of a NOR gate in 
variables X and C, and that point Z is the output of an INVERTER in 
variable Y. With this in mind, we construct the truth table shown in Fig. 
2-66(b). Thus, by recognizing the gate configurations in such a circuit, 
the tedium of a voltage-by-voltage construction of the truth table can be 
avoided. We simply fill in the truth table as a composite of the physical 
truth tables for the AND and NOR gates and the INVERTER. 

b. Again noting the gate composition of the circuit of Fig. 2-66(a), we write 
the following MIXED LOGIC expressions for points X, Y, and Z: 


X(H) = (AB)(H) 
Y(L) = (AB + CXL) 
Z(H) = (AB + C)(H) 


The resulting logic circuit is given in Fig. 2-66(c), where we show the 
location of the three points (X, Y, and Z) in agreement with the circuit 
of Fig. 2-66(a). 

c. Introducing the given data into the defining expressions for the noise 
margins [Eqs. (1-12)], we find that 


NML = 1.5 V = ViL(max) — 0 or Viman = oN 
and : 
NMH =1.5V =5-— VIHmin) or VIHmin) =3.5V 


From these results we conclude that the LOW TTL output Voz = 0.2 
V is compatible with the input requirement Vjzqnax = 1.5 V. However, 
the HIGH TTL output Voy = 3.5 V is marginal with respect to the CMOS 
input requirement of Vizmminy = 3.5 V. This means that small negative 
fluctuations in the HV TTL output could result in failure of the CMOS 
to recognize the HV state. To compensate for this potential problem, a 
pull-up resistor is usually placed between point X and the supply con- 
nection. A resistor of a few kilo-ohms will usually pull Vow up to ap- 
proximately 5 V. 
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EXAMPLE 2-18 


86 


SOLUTION 


a. Construct the AND/NOR logic circuit for the function 


F(L) = (AB + (AB)(L) 
= (A © B)(L) 


by omitting INVERTERS. 

b. Construct the CMOS version for the logic circuit of (a) remembering that 
NMOS passes 0 (LV) well but not 1 (HV) and vice versa for PMOS (see 
Sect. 1.2.5). Also, construct the physical and logic truth tables for this 
circuit. 

c. Compare the results of (b) with that of Fig. 2-39. 


a. The logic circuit for the function F(L) = (AB + AB)(L), excluding IN- 
VERTERs, is shown in Fig. 2-67(a). 

b. Because NMOS passes LV well while PMOS passes HV well, the CMOS 
combinational logic should be organized as shown in Fig. 2-67(b), where 
the functions F and F are defined by the shaded logic maps in Fig. 2- 
67(c). Notice that the voltage drop across the n section is made relative 
to ground potential as are all the CMOS circuits presented in this chapter. 

The CMOS circuit for the EQV function is constructed in Fig. 2-67(d). 
MIXED LOGIC notation is used with the electrical circuit to help the 
reader identify its logic portions. The physical and logic truth tables for 
this circuit are given in Fig. 2-67(e). 

c. The circuit of Fig. 2-39(a) is a simple MOS version of the EQV function 
with ACTIVE HIGH output. It requires that the PMOS gate pass LV, 
which it does not do well. So while this circuit is simpler than that of 
Fig. 2-67(d), it will distort the output signal somewhat. Note that the 


A(L) 
B(L) 

F(L) = (AB + AB)(L) 
A(H) = (A©@B)(L) 
B(H) = (A®B)(H) 


(a) 


(Feasa ana 


+Vpp 


(b) (c) 
Fig. 2-67. CMOS design of the XOR function. (a) Logic circuit excluding 
INVERTERs. (b) CMOS organization. (c) K-maps for complementary function F 
and F. | 
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EXAMPLE 2-19 


SOLUTION 


(A +B)-(A + B) 


F(L) 


0 0 1 
0 1 0 
1 0 0. 
1 1 1 


(e) 
Fig. 2-67 (contd.). (d) CMOS circuit. (e) Physical and logic truth tables. 


circuit of Fig. 2-67(d) requires that two CMOS INVERTERs be added if 
signals A and B arrive from ACTIVE HIGH sources. This is accomplished 
by connecting the output of the A INVERTER to both flagged A inputs 
and by connecting the output of the B INVERTER to both flagged B 
inputs. 


This last example demonstrates the use of INVERTERs in CMOS imple- 
mentation of logic function. 


a. Construct the AND/NOR/INV logic for the function 
F(H) = (AB + C)(A) 


Assume that inputs A, B, and C arrive from positive logic sources. 

b. Construct the CMOS version of the logic circuit in (a). 

c. Obtain the physical and positive logic truth tables for the circuit of part 
(b). 


a. The logic circuit for the function F(H) = (AB + C)(A) is given in Fig. 
2-68(a). 

b. Because NMOS passes LV well but not HV and vice versa for PMOS, 
the CMOS combinational logic should be organized as in Fig. 2-67(b). 
This is done, and the result is shown in Fig. 2-68(b). Note that two IN- 
VERTERs are required: one on the A input since A is complemented in 
the output expression, and the other on the output to convert F(L) to 
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A(H) 
B(H) 


CH) 
(a) 
+Vpp 

eN op 
0001 0 
001] 1 
r 

A 01 
100 | 0 
1011/1 
11010 
L 1111/1 


(c) 

Fig. 2-68. Use of INVERTERs for CMOS 
combinational logic design. (a) Logic circuit for the 
function F(H) = (AB + C)(H). (b) CMOS 
implementation of the logic circuit in (a). (c) Physical 
and positive logic truth tables for the CMOS network 
(b) in (b). 


F(A). Notice also that the output of the A INVERTER is connected to 
both the PMOS and NMOS A inputs. 

c. The physical and positive logic truth tables, which are derived from the 
CMOS circuit in part (b), are shown in Fig. 2-68(c). 


ANNOTATED REFERENCES 


Numerous texts offer an adequate coverage of the subject matter con- 
tained in this chapter. However, only the text by Fletcher appears to make 
extensive use of the MIXED LOGIC symbology. In fact, Fletcher’s text 
may have been responsible for popularizing the MIXED LOGIC notation. 
Appendix C.2 of the book by Langdon reviews the use of the MIXED LOGIC 
notation and discusses two variations of it that are used by IBM and Digital 
Equipment Corporation (DEC). 


Fletcher, W. I., An Engineering Approach to Digital Design, Prentice Hall, Engle- 
wood Cliffs, N.J., 1980. 

Langdon, G. G., Jr., Computer Design, Computeach Press, San Jose, Calif., 1982. 
Virtually every text on digital or logic design provides a suitable treat- 


ment of Boolean algebra. Most of these present the laws of Boolean algebra 
in theorem form with examples. Well-known examples are the texts of Nagle 
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et al., Dietmeyer, Mano, and Kohavi. The book of Roth offers a somewhat 
different approach by using switching circuits to illustrate the laws. Texts 
by Roth, Dietmeyer, and McCluskey provide limited coverage of the algebra 
of XOR functions. 


Nagle, H. T., Jr., B. D. Carroll, and J. D. Irwin, An Introduction to Computer Logic, 
Prentice Hall, Englewood Cliffs, N.J., 1975. 


Dietmeyer, D. L., Logic Design of Digital Systems, 2nd ed., Allyn & Bacon, Boston, 
1978. 

Mano, M. M., Digital Logic and Computer Design, Prentice Hall, Englewood Cliffs, 
N.J., 1979. 

Kohavi, Z., Switching and Finite Automata Theory, McGraw-Hill, New York, 1978. 


Roth, C. H., Fundamentals of Logic Design, 2nd ed., West Publishing, St. Paul, 
Minn., 1979. 


A refreshingly brief history of Boolean algebra is provided in Chapter 2 
of Hill and Peterson, well-known authors in the field of digital design. 


Hill, F. J., and G. R. Peterson, Digital Logic and Microprocessors, John Wiley, 
New York, 1984. 


For CMOS logic, which is emphasized in this text, we recommend the 
book by Weste and Eshraghian. Chapter 1 and portions of Chapter 5 are 
pertinent to the needs of the present text. 


Weste, N. H. E., and K. Eshraghian, Principles of CMOS VLSI Design, Addison- 
Wesley, Reading, Mass., 1985. 


PROBLEMS 
2.1 Define the following: 2.3 (a) Rearrange the position of the resistor Rc and the 
(a) MIXED LOGIC output V, in Fig. 1-7(a) SO as to produce a non- 
inverting switch. Explain how this device op- 
(c) LOGIC LEVEL CONVERSION (b) Suggest a way that the CMOS INVERTER in 
(d) ACTIVE and INACTIVE states Fig. 2-5(a) could be converted toa noninverting 
switch. What would be the disadvantage (if any) 
(e) Gate of such a device? 
2.2 Identify the gate appropriate to each of the follow- (c) Convert the TTL INVERTER in Fig. 2-7(a) to 
ing physical truth tables. a noninverting switch. 


Problems 89 


2.4 


2.5 


2.6 


2.7 


2.8 


2.9 


Explain the differences that exist between the logic 
levels for the LOAD(H) and LOAD(L) waveforms 
in Fig. 2-2(b) and those for the Z(H) and Z(L) wave- 
forms in Fig. 2-57(b). Do these differences represent 
a discrepancy in the definition of positive and neg- 
ative logic? 

A logic waveform X,(L) is derived from a logic de- 
vice and is given here. Determine the logic wave- 
forms for X,(H) and X,(#) and the voltage wave- 
form X for this logic device. 


1 
X (L) 0 ae e rk e aa Mad) eae 


A square wave of 1-kHZ frequency, +5 V peak to 
peak, and 50% duty cycle (ACTIVE and INAC- 
TIVE portions are equal) is applied to the input X; 
of the switch in Fig. 2-7(a). With reference to the 
input waveform, describe the output waveform X, 
that will be measured.’ 


Explain in what way the PMOS indicator bubbles 
in Fig. 2-11(a) are related to the ACTIVE LOW in- 
dicator bubbles on the circuit symbol of Fig. 2- 
11(b). 

Construct the physical truth table for the RTL (re- 
sistor-transistor logic) gate given in Fig. P2-1. In- 
dicate the name of the gate and the logic functions 
it performs, and give its two conjugate logic sym- 
bols. 

+Voc 


oa 


Fig. P2-1. 


Construct the physical truth table for the gate 
shown in Fig. P2-2. Indicate the name of the gate 
and the logic functions it performs, and give its two 
conjugate logic symbols. To what logic family 
(RTL, TTL, PMOS, etc.) does this gate belong? 


2.10 Obtain the physical and positive logic truth tables 


90 


for the gate shown in Fig. P2-3. Indicate the name 
of the gate and the logic funetions it performs, and 
give its two conjugate logic symbols. To what logic 
family does this gate belong? 


Z 
. x 
Y 
Fig. P2-2. 
+Voc 
F 
A 
B 
C 
Fig. P2-3. 


2.11 Determine the physical and positive logic truth ta- 


bles for the gate shown in Fig. P2-4. Indicate the 
name of the gate and the logic functions it performs, 
and give its two conjugate logic symbols. To what 
logic family does this gate belong? 

+Vec 


Fig. P2-4. 


2.12 Construct the physical truth table for the gate 


shown in Fig. P2-5. Indicate the name of the gate 
and the logic functions it performs, and give its two 
conjugate logic symbols. To what logic family does 
this gate belong? 
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2.13 


2.14 


2.15 


2.16 


+Vec 


Fig. P2-5. 


Figure 2-54(a) features the switch analog circuit for 
a two-input NOR gate. Obtain the switch analog 
circuits for the following: 


(a) A two-input OR gate 

(b) A three-input NAND gate 

(c) A three-input AND gate 

(d) The function F = AB + C 

(e) The function F = (A + BXC + D) 


A room has two doors and a light that is controlled 
by three switches, A, B, and C. There is a switch 
beside each door and a third switch in another room. 
The light is turned on (LTON) any time an odd num- 
ber of switches are closed (ACTIVE). Construct the 
truth table that indicates the light is on (LTON is 
ACTIVE). (Use Appendix 2.1 if necessary.) 


A two-seat sports car has a seat-belt system that is 
designed so that the car cannot be started until all 
occupants have buckled their seat belts. Construct 
a truth table indicating the requirements for starting 
the car (START). Note that the car may be started 
without the passenger (PAS) present but not with- 
out a driver (DRV). Let DRVBKL and PASBKL 
represent the driver buckled and passenger buck- 
led, respectively. (Use Appendix 2.1 if necessary.) 
Archie (A), Betty (B), Cathy (C), and David (D) 
may attend a school dance. Archie likes to dance 
and will dance with either Betty or Cathy. How- 
ever, Cathy will dance with Archie only if Betty is 
not present at the dance. David will dance only with 
Betty. Construct the truth table which defines the 
state of dancing for a couple. Let the ACTIVE state 
for A, B, C, and D represent the presence of Archie, 
Betty, Cathy, and David at the dance. (Use Ap- 
pendix 2.1 if necessary.) 


2.17 Obtain the logic expressions for the action indicated 


in each of the following: 


(a) Bob will go fishing if the boat does not leak, if 


2.18 


2.19 


2.20 


Problems 


it is not windy, and if the fish are biting, but 
may fish from the bank if the boat leaks. 


(b) Sean will ski only if there is a snow base of at 
least 2 feet and if the temperature is not below 
0°F, but will ski with that snow base in any tem- 
perature if Rusty accompanies him. 


(c) Lissa has a learner’s permit but can drive a car 
only if Sophia is not present and if Richard, Glo- 
ria, or Scott is present in the passenger seat. 


(d) A robot is activated only if a majority of its three 
switches (X, Y, and Z) are turned on and is deac- 
tivated only if a majority of its three switches 
are turned off. 


(e) A laboratory class consists of five students (A, 
B, C, D, and E) each from a different discipline. 
An experiment has been assigned that must be 
carried out with any one of the following com- 
binations of students: 

A and C but not with D. 
A or B but not both. 
D but only if E is present. 

Use minimum AND/OR/INV logic gates to imple- 

ment the following functions: 

(a) WH) = (ab + cd)(H) 

All inputs are ACTIVE HIGH. 
(b) X(L) = [(REQA-REQB) + 
(GRNTC-GRNTD)\(L) 
All inputs arrive from negative logic sources. 


(c) Y(H) = (AD) + BC)\(AD 
Inputs A and C are ACTIVE HIGH. 
Inputs B and D are ACTIVE LOW. 
(d) Z(L) = (Q4Qc + Qs + Qp) (L) 
Inputs are Q4(L), Op(H), Qc(H), and Qp(L). 
(e) Repeat parts (a), (b), (c), and (d) by using the 
ANSI/IEEE Standard for gate symbols given in 
Appendix 2.2. 


Use minimum AND/OR/INV logic gates to imple- 
ment the functions that follow exactly as presented. 
The inputs are A, B, and C from positive logic 
sources and D and E from negative logic sources. 


(a) F(H) = (AD) - (B + E)E) 
(b) GL) = KAB + CD + EXL) 
(© H(A) = [(B + DACE + EH) 


(d) Repeat parts (a), (b), and (c) by using the ANSI/ 

IEEE Standard gate symbols in Appendix 2.2. 
Use NAND/NOR logic as needed for a minimum 
implementation of the functions in parts (a), (b), (c), 
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(d), and (e) in Problem 2.18. Note that INVERTERs 
must be implemented with either NAND or NOR 
gates. 


2.21 Use NAND/NOR/INV logic as needed for a gate- 
minimum implementation of the functions in parts 
(a), (b), (c), and (d) of Problem 2.19. 

2.22 Construct logic circuits for the expressions obtained 
in parts (a), (b), (c), (d), and (e) of Problem 2.17. 
Assume that all inputs and outputs are ACTIVE 
HIGH: 


2.23 For each logic circuit given in Fig. P2-6, identify the 
numbered gates and read the circuit at the points 
indicated (X, Y, Z, etc.) in MIXED LOGIC nota- 
tion. Note that conjugate logic symbols may be in- 
terchanged as needed. 


A(L) 


A(L) 
D(L) 


B(L) 
C(H) 


B(H) 
C(H) 


D(H) 


2.24 Write the logic expressions for the logic circuits 
shown in Fig. P2-7; then determine the output wave- 
forms, given the input waveforms shown. Neglect 
propagation delay of the gates. (Hint: Use of Ap- 
pendix 2.1 and truth tables may be helpful in con- 
structing the waveforms.) 


At 
ae a as E 
cm mL Le 


2.25 Read the logic circuits in Fig. P2-8 and obtain their 
MIXED LOGIC output expressions. 


2.26 A staged CMOS network is given in Fig. P2-9. Find 
its logic function and logic diagram. 


Y(H) 


Fig. P2-6. 
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A(H) B(H) [>D B(H) X(H) 
Vi W(H) 
B(H) Z) >- OO w) a 


X(L) 
C(L) 
(a) (b) | (c) 
X(H) 
A(H) 
A(H) B(H) 
B(H) — -Z(L) 
C(L) ae 
(d) (e) 
Fig. P2-7. 
— >: 
C(L) a B(H) p r P m 
1 W(H, 
B(L) , ms - . m 


Y,(H) D(L) 
AlL) | Xw 
DOn 
(a) 


(b) > Z(H) 


BORROWIN (H) 


BIT A(H) 


BIT B(H) ) > DIFF(H) 


BORROWOUT (H) 
(c) 
Fig. P2-8. 
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CARRYIN (H) 


MODE (H) DZ F(H) 


SELO(H) 
BITA(H) 
A(H) 
B(H) BIT B(H) 
Y(H) SEL1(H) 
CARRYOUT (H) 
(d) Fig. P2-8 (contd.). (e) 


+Vpp 


Fig. P2-9. 


2.27 Given in Fig. P2-10 is the logic diagram for the func- A(H) 
tion F(L). Construct the CMOS circuit for this logic B(H) 
diagram exactly as it is given. 

2.28 Reduce the following expressions to their simplest 
form and name the Boolean laws to be used in each 
step. 7 E cH) 

(a) ab(c + c) + ab 


b A+AB+A D(H) 
(c) (X +X + Z) E(H) Fig. P2-10. 
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(d) 1-(1 + 0:1)-0 


(e) A+ AC+B 
2.29 Reduce the following expressions to their simplest 
-© form: 


(a) A+ ABC+A+C 
(b) abc + ac + be 


(c) (X + YZXXY + XYZ) 
(d) (a + b) (a+ c) (b + c) 
(e) ABC + ABC + ABC 
2.30 Reduce the following expressions to their simplest 
form and name the Boolean laws to be used in each 
step. 
(a) (a®b + b)(a + b) 
(b) (XY) ® (X + Y) 


Q A+A4AOB+AB 
A [(X¥+NO%K%+D] +X 


(e) BOC + (ABA + C) 

2.31 Use the laws of Boolean algebra, including the cor- 
ollaries given by Eqs. (2-34) and (2-35), to prove 
whether the following equations are true or false. 
(a) X® (XY) =X + (YON) 
(b) XO(X + Y=X-Y 
(c) (AB + C)O(A + B+ AC) = 
(d) [A(A @ BLA + (AGB =A 
(e) a®b@(ab)=at+b 


2.32 Use shaded logic maps to verify the validity of the 
following relations: 


C 
-B 


(a) A + AB = AB 
(b) (X + Y(¥ + Z) = Y+ XZ 
() A+AQOB=A+4+B 
(d (XY O(XONHN=X+Y 
(© abcd + abcd +o t+d=bt+ct+d 
2.33 Use truth tables to verify the validity of parts (a), 


(b), (c), (d), and (e) of Problem 2.32. (Use Appendix 
2.1 if necessary.) 


2.34 Evaluate the following MIXED LOGIC expressions 
in their simplest form: 


(a) (AB + CXL) = (A) 


(b) [RUN)(CNT) + (CNT)(RES)|(A) = (2)(L) 
(c) [a B (ab) \(L) = (NED 

(d) (X + Y): XY\L) = (DUD 

© (1-1 + 0-1) + 1G) = (YL) 


2.35 Implement the following function with NAND/EQV 
logic only (no INVERTERs): 


_ F(H) = [(A ® 8o) ® (S1B) ® (MCI) 


Assume that the inputs are all ACTIVE HIGH ex- 
cept for A and M, which arrive ACTIVE LOW. 


2.36 The logic circuits shown in Fig. P2-11 are redundant 
circuits since they contain logic gates in excess of 
those needed to yield the output function. Read 
each circuit of Fig. 2-11 in MIXED LOGIC notation 
and use the laws of Boolean algebra to determine 
the minimum logic required for each output func- 
tion. (Hint: In some cases it may be advisable to 
change a gate to its conjugate form so as to eliminate 
the need to apply DeMorgan’s laws. If this is done, 
take care to preserve the integrity of the function.) 


B(H) A m 
C(L} 
F(L) ae Z(H) 
A() D(L) C(L) 
(a) 1(H) (b) 
A(L) 
Y 
(H) Gu) 
B(H) 
X(L) 
(c) Fig. P2-11. 
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CIL) B(H) 
A(H) 
a =D- YH) ot ) >-z 
B(H) 
D(L) 
(a) | (e) | 


Fig. P2-11 (contd.). 


2.37 (a) Use whatever gate forms are necessary to ob- 2.40 Use shaded logic maps to verify the validity of the 
tain a gate-minimum implementation of the fol- relations given in Problem 2.39. 


lowing function without the use of INVERT- 2.41 A MOS bridge network is shown in Fig. P2-12. 
At) Take the inputs as A(H), B(H), C(L), and (a) Find the logic function and logic circuit for this 
i network exactly as it is presented. 
= wet (b) Reduce the logic expression of (a) to minimum 
FH) = {IA © B] - [(BC) ? DIKH) form by using the laws of Boolean algebra and 
then construct an alternative NMOS network 
from this reduced expression. Which MOS net- 
work is the simpler? 


(b) Use the laws of Boolean algebra and whatever 
gate forms are necessary to obtain a two-level 
(ANDing and ORing operations only) imple- 
mentation of the function F(H) in part (a). 

(c) Count the number of gates (exclusive of IN- +Vpp 
VERTERs) and the number of gate inputs to 
obtain a gate/input tally for each of the logic 
circuits in parts (a) and (b). On the basis of these 
gate/input tallies, determine which of the logic 
circuits is simpler. Reevaluate the gate/input tal- 
lies by taking into account the presence of IN- 

VERTERs. 


2.38 Use Boolean algebra and whatever gate forms are 
appropriate to obtain the simplest possible logic cir- a— |—e 
cuits for the following: 

© (a) Problem 2.14 ma 


(b) Problem 2.15 


Z 


(c) Problem 2.16 
Assume that all inputs and outputs are ACTIVE B —| /—p 
HIGH. 


2.39 Use the laws of Boolean algebra to prove the fol- 
lowing relations: an 


(a) AXY + AXY + AY = (AX) @Y Fig. P2-12. 
(b) AXY + AXY+AY=(A4+X)OY 
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APPENDIX 2.1 


Decimal-to-Binary Conversion Tables 


Two Bit 


Three Bit 


Decimal Binary Decimal Binary 


Four Bit Five Bit 
Decimal Binary Decimal Binary 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 


Six Bit 
Decimal Binary 


100000 
100001 
100010 
100011 
100100 
100101 
100110 
100111 
101000 
101001 
101010 
101011 
101100 
101101 
101110 
101111 
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APPENDIX 2.2 


The IEEE Standard Gate Symbols 
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The new standard, ANSI/IEEE Std. 91-1984, is extensive and will not be 
covered in its entirety in this text. The standard specifies certain rectangular 
symbols to represent logic gates, and we present these in this appendix. A 
recent review and explanation of the complete standard symbology is cited 
in the Annotated References of this chapter. — 

The rectangular gate symbols, as specified by the new standard, are not 
used in this text. We believe that the distinctive gate forms are better for 
teaching purposes. The standard does permit the use of the distinctive gate 
symbols but, of course, recommends the use of the rectangular forms. The 
new standard, it turns out, is used by the Defense een but has gained 
little acceptance in the academic field. 

Shown in Fig. A2-1 is a comparison of the IEEE rectangular gate forms 
and the distinctive symbols used in this text. Note that the standard permits — 
the triangle to be replaced by the traditional bubble as the ACTIVE LOW 
indicator symbol. 

In Fig. A2-2 we illustrate the application of the IEEE standard gate sym- 
bols by implementing a function F(H) having both ACTIVE HIGH and AC- 
TIVE LOW inputs. In Fig. A2-2(a) is given the distinctive gate implemen- 
tation of this function, and in Figs. A2-2(b) and (c) two versions which satisfy. 
the standard. Notice that the latter representation involves some ambiguity 
with respect to the presence of logic incompatibilities. 


This text 


99y 


This text 


AND FUNCTION 


Íl 
NY 


= 


LOGIC LEVEL CONVERSION 


== 
= 


IEEE Standard 


IEEE Standard 


= 


J>- 
-J >- 
Pa 
Do 


XOR FUNCTION . 


This text 


D = 


IEEE Standard 


or 


This text 


=1 


OR FUNCTION 


IEEE Standard 


Fig. A2-1. Comparison of the IEEE Standard gate symbols with the distinctive 
gate symbols used in this text. 
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100 


(b) 


A(H) 
B(H) 


C(L) me 
D(H) —— á 


E(H) — 
(a) 


A(H) 
B(H) 
C(H) 
D(H) 
E(H) 


(c) 
Fig. A2-2. A comparison of symbolic representations for the function F = AB + 
CD + E if A, B, D and E are ACTIVE HIGH inputs and C is an ACTIVE LOW 


input. (a) Distinctive gate representation. (b) and (c) Alternative IEEE Standard 
gate symbol representations. 
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CHAPTER 3 


Function 


Representation 


and Reduction 


3.1 


INTRODUCTION 


This chapter deals mainly with the function reduction aspect. Here, we will . 
consider logic function reduction and minimization by using three ap- 
proaches: Boolean manipulation, logic tabulation, and graphics. This is done 
in preparation for Chapter 4, where we will ““put it all together’’ and actually 
design combinational logic circuits and systems from the device criteria stage 
through the implementation stage. 

So as to give the reader a perspective of what is to come, we provide in 
Fig. 3-1 a broad overview of the combinational logic design procedure. All 
four stages are usually considered important to any design problem. The 
importance of stage 1 should seem self-evident since no device or machine 
can be designed without specifications and a functional description. Stage 
2 iS a very important part of any design problem, especially one of some 
complexity. Its omission could make function reduction very difficult if not 
impossible—hence the reason for the question mark between stages 1 and 
3. Stage 3 is necessary if the hardware requirements are to be kept to a 
minimum or reduced level. Bypassing stage 3 could result in costly design 
redundancies. Finally, stage 4 deals with the actual physical realization of 
the device. By the end of Chapter 4 the reader will be able to configure 
physically a given logic function in a variety of ways. 

Shown in Fig. 3-2 are the three options available to the designer for logic 
function representation. Although this chapter deals with all three of these 
options, the main thrust is in logic function graphics which has the greatest 
power and versatility of the three. Like Chapter 2, the subject matter of this 
chapter is considered to be of vital importance to the remainder of this text 
and, hence, to an understanding of digital design. 
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(2) 
Logic function 
representation 


Logic function 
representation 
/ J| \ 


mpiementation 
Fig. 3-1. Normal step sequence for Fig. 3-2. Options for logic function 


combinational logic design. 


representation. 


3.2 SOP and POS FORMS 


Earlier, in Sect. 2.4, the logic operations represented by X - Y and X + Y 
were defined as the AND and OR operations of logic variables X and Y, 
respectively. By these definitions one could clearly differentiate these op- 
erations from the product and sum operations of conventional algebra. Now, 
however, it is convenient to refer to the AND operation as the Boolean 
PRODUCT and the OR operation as the Boolean SUM, terms that we will 
use periodically throughout this text. So, as long as the true meaning of these 


logic operations is kept in mind, the encroachment into conventional alge- 
braic terminology should pose no particular problem for the reader. 


3.2.1 The SOP Representation 
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Consider the function of three variables given by the Boolean expression 
f(A,B,C) = A + BC + ABC (3-1) 


This function is written in sum-of-products (SOP) form, meaning ORing of 
ANDed terms. Although there are three p-terms (PRODUCT-terms) in this 
expression, only the term ABC is called a MINTERM. A MINTERM is 
defined as follows: 
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Any ANDed term containing all the variables of a function in com- 


plemented or uncomplemented form is a MINTERM. 


We will use the symbol 
m; = m(A,B,C,.. .) (3-2) 


to represent the ith MINTERM of a function. Notice that two of the three 
terms in Eq. (3-1) cannot be MINTERMs according to the definition. 

To simplify the MINTERM representation, a shorthand notation has been 
established and is based on the following logic variable code: 


Complemented variables: logic 0 


Uncomplemented variables: logic l 


Once the logic 0’s and 1’s have been assigned to all variables in a given 
MINTERM, a MINTERM code is established where the subscript in m; 
becomes the decimal equivalent of the binary code formed by the logic state 
assignments. As an example, the MINTERM in Eq. (3-1) is represented by 
ABC = M3 
011 
since the binary 011 has a decimal value of 3. A complete MINTERM code 


table for four variables is given in Fig. 3-3. A similar MINTERM code table 
can be constructed for any number of variables. 


SOP Term Binary Decimal m; SOP Term Binary Decimal m; 


Fig. 3-3. MINTERM code table for four variables. 


A function composed completely of a logical sum of MINTERMs is said 
to bein CANONICAL SOP form. A typical example is given by the following 
equations, where use has been made of the MINTERM code shorthand 
notation: 
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B 
0 
0 
1 
1 
0 
0 
1 
1 


pà ee > OO © 
= Om Oe COFCO] A 


Fig. 3-4. Truth table for 
the logic functionf = A + 
(BC) + (ABC) showing 
MINTERMs. 


104 


Y(A,B,C) 


(ABC) + (ABC) + (ABC) + (ABC) 
010 110 011 111 
mı + mę + m, + m7 


S m(2, 3, 6, 7). (3-3) 


I 


Notice that the sum sign >) is used to represent the ORing (Boolean SUM) 
of MINTERMs m2, m3, me, and m7. 

A reduced SOP function can be expanded to CANONICAL SOP form 
by applying the factoring law and OR laws given in Sect. 2-9. We demonstrate 
this by expanding the expression of Eq. (3-1) as follows: 
f(A,B,C) = A + (BC) + (A-B-C) 

= A(B + B)-(C + C) + (A + A)- (BC) + ABC 

= (ABC) + (ABC) + (ABC) + (ABC) + (ABC) 
+(ABC) + (ABC) 

= (ABC) + (ABC) + (ABC) + (ABC) + (ABC) 
+ (ABC) 

= m; + Me + ms + Me + M + m3 


> m(1, 3, 4, 5, 6, 7) (3-4) 


Note that the OR law, X + X = 1, has been applied three separate times 
and that two identical MINTERMs, ABC, were combined in agreement with 
the OR law, X + X = X. 

The MINTERMs representing a given reduced function can be read di- 
rectly from the truth table for that function. This, the tabular method, is 
easily demonstrated by constructing the truth table for Eq. (3-1) and by 
applying the MINTERM code of Fig. 3-3, as shown in Fig. 3-4. Here, the 
logic values for f(A,B,C) are obtained by substituting all combinations of 
logic values for variables A, B, and C into Eq. (3-1). Of course, the same 
information is readily available from the CANONICAL SOP expression of 
Eq. (3-4), but a considerable effort went into obtaining this result. 

Not surprisingly, the function expansion process just described can be 
reversed to yield a reduced or minimum expression. In most cases, however, 
this is not easily accomplished. In the equations that follow we show a step- 
by-step reduction of the CANONICAL SOP form given by Eq. (3-4). It will 
be instructive for the reader to follow along naming the Boolean algebraic 
law(s) used in each step. 


f(A,B,C) = > m(1, 3, 4, 5, 6, 7) | 
= ABC + ABC + ABC + ABC + ABC + ABC 
= A-(BC + BC + BC + BC) + ABC + ABC 
= A-[B(C + ©) + B(C + C)] + A(BC + BC) 
= A(B + BXC + C) + AC-(B + B) 
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= A+AC 
=A+C (3-5) 


Comparing Eq. (3-5) with the original expression, Eq. (3-1), leads to the 
conclusion that the latter expression is a reduced function but not a minimum 
form and that the result expressed by Eq. (3-5) is an absolute minimum 
function since it cannot be reduced further. Although arriving at the result 
given by Eq. (3-5) seems tedious, and it is, the reader should not despair. 
It will be shown later in this chapter that these results could have been arrived 
at far more easily by using the power of logic function graphics—that is, by 
using logic maps. It is in the subject area of function reduction and min- 
imization that logic maps achieve their fullest potential for usefulness. 


3.2.2 The POS Representation 


An alternative means of representing a logic expression is to cast it in prod- 
uct-of-sums (POS) form, meaning the ANDing of ORed terms also called s- 
terms (SUM-terms). An example of POS representation is given by the func- 
tion 


f(A,B,CD) = (A + BY(A+B+C+D\(B+C+D) (3-6) 


where only the term (A + B + C + D) is called a MAXTERM. A MAX- 
TERM is defined as follows: 


Any ORed term containing all the variables of a function in comple- 


mented or uncomplemented form is a MAXTERM. 


The symbol 
M; = Mi(A,B,C,.. .) (3-7) 
will be used to represent the ith MAXTERM of a function. 


MAXTERM representation can be simplified considerably by using the 
following logic variable code: 


Complemented variables: logic 1 


Uncomplemented variables: logic 0 


The assignment of the logic 0’s and logic 1’s in this manner to all variables 
in each MAXTERM establishes the MAXTERM code, where the subscript 
in M; becomes the decimal equivalent of the binary number formed by the 

_ logic state assignments. The MAXTERM code table for four variables is 
presented in Fig. 3-5. To illustrate its use, the MAXTERM in Eq. (3-6) would 
be represented by 
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Binary Decimal M; POS Term Binary Decimal M; 


A+B+C+D 
A+B+C+D 
A+B+C+D 
A+B+C+D 
A+B+€+D 
A+B+C+D 
A+B+C+D 
A+B+C+D 


A 
A 
A 
A 
A 
A 


YN nA HB WN RK © 
peck pi pà pà fh pmb fh peek 


Fig. 3-5. MAXTERM code table for four variables. 
A S B + C + D = M3 
1 1 0 1 


where the binary 1101 has a decimal value of 13. 
A comparison of the MINTERM and MAXTERM code tables in Figs. 
3-3 and 3-5 indicates that 


M = Mi 
and DE (3-8) 
i Mi; = M i 
revealing a complementation relationship between MINTERMs and MAX- 
TERMs. The validity of relations (3-8) is easily demonstrated by the follow- 
ing examples: 


ms = ABC =A+B+C-= M; 
and 
M3 =A+B+C+D = ABCD = m} 

where use has been made of DeMorgan’s laws given by Eqs. (2-18) and (2- 
19). 
The relationship between MINTERM and MAXTERM codes makes it 
possible to read truth tables (and later logic graphics) in either SOP or POS 
form, a feature which can be very useful in digital circuit design. However, 
before this can be done, we must complete our discussion of the POS rep- 
resentation. 


A function whose terms are all MAXTERMs is said to be given in CA- 
NONICAL POS form as indicated next by using MAXTERM code. 


f(A,B,C) =(A+B+C\(A+B+C\(A+B+C\(A+B4+C) 
= Mı : M5: Ma’ Mo 
= [[M(0,1,4,5) (3-9) 


Observe that the product sign |] is used to represent the ANDing (Boolean 
PRODUCT) of MAXTERMs Mo, Mı, M4, and Ms. 
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Expansion of a reduced POS function to CANONICAL POS form can 
be accomplished as indicated by the following example: 


f(A,B,C) = (A + CX(B + ©) 
=(A+BB+C\(AA+B+C) 
=(A+B+C\(A+B+C\(A+B+C\(A+B+C) 
= [| M0, 2,3,7) (3-10) 


As can be seen, the process of POS expansion is a tedious one (as was true 
for SOP expansion) usually involving multiple applications of the distribu- 
tive, OR and AND laws in the form of (X + Y)(X¥ + Y) = X. We will show 
later that the use of logic maps offers a far easier method of identifying the 
MAXTERMs that are present in a given reduced form. Both MINTERMs 
and MAXTERMs can be read directly from the logic function graphics. 

Reducing or minimizing a function from its CANONICAL POS form can 
also be accomplished by reversing the process just described. As an exercise 
in Boolean manipulation, the reader should prove the equivalence of Eqs. 
(3-3) and (3-9) expressed by 


f(A,B,C) = > m(2,3,6,7) = [] M00, 1,4,5) =B (3-11) 


‘Both CANONICAL forms reduce to the minimum B, and the missing coded 
terms of the SOP CANONICAL form become the coded terms of the POS 
CANONICAL form, and vice versa. 

The results expressed by Eqs. (3-11) can be deduced from the truth table 
for Eqs. (3-3) and (3-9). Such a truth table is shown in Fig. 3-6, where use 
is made of both MINTERM and MAXTERM codes. Function f values equal 
to logic 1 are read as MINTERMs (using Fig. 3-3), and when ORed together 
give Eq. (3-3). Similarly, function f values equal to logic 0 are read as MAX- 
TERMs (using Fig. 3-5) and when ANDed together yield Eq. (3-9). The 
function f is equal to B since the columns for f and B in Fig. 3-6 are the 
same. | 

By using DeMorgan’s laws and Eqs. (3-8), one can easily show that the 
complement of Eqs. (3-11) is 


f(A,B,C) = [[M@, 2; 6, 7) a > m(0, 1,4, 5) (3-12) 


Ii ot i 
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Fig. 3-6. Truth table showing 
the MINTERMs and 
MATERMs in Eqs. (3-11). 
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This follows from the result 


f = > m(2,3,6,7) 
= ma + ms + me + m7 
= m2 ' M3 ' M6 ` M7 
= M2: M3: M6: Mı 
= |] MQ, 3,6,7) 
and a similar set of equations for f = |] M(0,1,4,5). Equations (3-11) and 
(3-12), viewed as a set, illustrate the type of interrelationship that always 
exists between CANONICAL forms. 
There is more information that develops from the interrelationship be- 
tween CANONICAL forms. Applying the OR law, X + X = 1 and the OR 


form of the commutative laws, we obtain from Eqs. (3-11) and (3-12) the 
result 


f +f => m2,3,6,7) + m0, 1,4,5) 
= >) m(0, 1, 2,3, 4,5, 6,7) 
= | 


which may be generalized for N variables by 


QIN 


1 
X m;=1 (3-13) 
i=0 


Similarly, by using the AND law, X - X = 0, and the AND form of the 
commutative laws, there results 


f- f = [L MO, 1,4, SIIM, 3, 6, 7] 
= [[M(0,1,2,3,4,5,6,7) 
=0 


- Or generally, for N variables 


2N—1 


I] M:=0 (3-14) 
i=0 


Equations (3-13) and (3-14) are said to have a dual relationship following the 
definition of duality given in Sect. 2.9.2. 
In summary, we may state the following: 


Any function ORed with its complement is logic 1 definite, and any 
function ANDed with its complement is logic 0 definite—it does not 


matter that the function be in its CANONICAL form. 


3 / Function Representation and Reduction 


Furthermore, the reader should remember that if all 2’ MINTERMs of an 
N variable function are ORed together, the result must be logic 1, or if all 
2N MAXTERMs of an N variable function are ANDed together, the result 
must be logic 0. Use will be made of the above information in the later 
sections on logic graphics. 


3.3 TABULAR MINIMIZATION 


A reduced or minimized form of a logic function can be read somewhat 
directly from the CANONICAL truth table for that function. Any truth table 
which gives the function logic levels for all possible logic levels of N variables 
of that function is said to be a CANONICAL truth table of the N* order. 
Such truth tables contain 2% rows of logic values (for the N variables) which 
are normally arranged in a binary sequence equivalent to decimal 0 through 
decimal 2% — 1. All truth tables presented so far have been of this type. 
We shall continue to refer to these tables simply as truth tables. Other special 
types of truth tables will be assigned special names. 

To minimize a function in SOP form, use is made of the SOP adjacency 
law given by 


X-Y=Y (3-15) 


where X = A +A=B+B =: = 1. Similarly, to minimize a function in 
POS form, use is made of the dual of Eq. (3-15), the POS adjacency law, 


X+Y=Y (3-16) 


applied in the form (A + YA + Y) = (B+ YB += = =X+Y 
= Y, and so on, where X = A-A=B:B=-:: =Q. 

Properly employed, the adjacency laws lead to collapsed truth tables 
from which minimized functions can be read directly in either SOP or POS 
form. To illustrate, consider the truth table of Fig. 3-6 now recast stepwise 
into the collapsed forms of Fig. 3-7. Note that the truth table in Fig. 3-7(c) 
can be collapsed no further, thus permitting the minimum function to be 
read directly as B in either SOP or POS form. Here, use is made of the 
MINTERM and MAXTERM codes together with Eqs. (3-15) and (3-16), 
where the symbol X has the same meaning as in the adjacency laws. 

As a second example consider the CANONICAL POS function 


f = [I MO, 2, 3) (3-17) 


The truth table and its collapsed form for this function are shown in Fig. 3- 
8. Again, use has been made of the MINTERM and MAXTERM codes and 
Eqs. (3-15) and (3-16), permitting the minimum function to be read directly 
from the collapsed truth table in either SOP or POS form. The equivalence 
of these two forms is established by the following Boolean manipulation: 


f=(A+ CXA +B) 
=A+AB+AC+BC 
| =A+BC 
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Fig. 3-7. Stepwise collapse of 
the truth table of Fig. 3-6 
resulting in the minimization of 
the function. 
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Fig. 3-8. Minimization of the 
function f = II M(0, 2, 3) by 
the stepwise collapse of its 
truth table. 


Collapsed truth tables of the type given in Figs. 3-7 and 3-8 will later be 
used in Chapter 4 to simplify the design process. There, the symbol X is 
used to represent an irrelevant input—meaning one taking logic 0 or logic 
1, it makes no difference. 


Two terms are logically adjacent if they differ only in the complement ori- 
entation of a single variable. Thus, each X shown in Figs. 3-7 and 3-8 rep- 
resents a pair (see arrows) of logically adjacent SOP terms or logically ad- 
jacent POS terms, as the case may be. Examples taken from Fig. 3-8 are 
given together with the Boolean algebraic laws involved for each. 


X01 = ABC + ABC | 
=(A + A)BC = BC Factoring law and OR laws 
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01X=(A+B+C\(A+B+C) 


=~A+B+CC=A+B Distributive law and AND laws 
1XX = ABC + ABC + ABC + ABC 
=A(B+B\(C+C)=A Factoring law and OR laws 


The MINTERMs ABC and ABC, contained in the coded term X01, are 
logically adjacent, and when ORed together are read as BC by vitrue of Eq. 
(3-15). Similarly, the MAXTERMs (A + B + C)and(A + B + C), contained 
in the coded term 01X, are logically adjacent, and when ANDed together 
are read as A + B according to Eq. (3-16). Because the relations given by 
Eqs. (3-15) and (3-16) form the basis for the logic adjacency concept, they 
are often referred to simply as the logic adjacency laws. These relations will 
again be invoked in a later discussion on function reduction by using logic 
graphics. 


3.3.2 Why Minimization 


Before moving to the next section on logic function graphics, let us pause 
briefly to reflect on a point or two which may or may not be obvious. The 
reader probably has sensed by now that function reduction or minimization 
is important. That this notion is a correct one can be easily demonstrated. 
Take, for example, the CANONICAL SOP function given by Eq. (3-4). To 
implement this function as written would require no fewer than six three- 
input AND gates to drive a six-input OR gate, or the equivalent using con- 
jugate NAND gates. On the other hand, the minimized form of this function, 
given by Eq. (3-5), tells us that a single two-input OR gate would suffice. 
Thus, it should now be evident that one reduces or minimizes a given logic 
function so as to minimize or eliminate costly design redundancies, assuming 
the function in question is to be implemented. In addition to the implemen- 
tation aspect, a reduced or minimized form often reveals information not 
apparent from the original expression. In the example given, we see that the 
input B has no influence whatsoever on the function f, a fact that could not 
easily have been deduced from the original CANONICAL form. 


3.4 LOGIC FUNCTION GRAPHICS 


Graphical representation of logic truth tables are called Karnaugh maps (K- 
maps) after M. Karnaugh who, in 1953, established the map method for 
combinational logic circuit synthesis. The shaded logic maps used in Figs. 
2-48, 2-49, and 2-52 are actually a type of K-map. Karnaugh maps are very 
important in logic design for the following reasons: 


1. K-maps offer a simple method of identifying the MINTERMs and MAX- 
TERMs inherent in any given minimized or reduced function. 

2. K-maps provide the designer with a relatively effortless means of min- 
imization or reduction through pattern recognition. 
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3.4.1 


First-Order K-maps 


These two advantages, particularly the latter, make K-maps extremely useful 
tools in logic circuit design. Not until we have covered Chapter 4 will the 
impact of this statement be fully realized. 

While much has been said exalting the worth of Karnaugh maps (logic 
maps), they have yet to be defined adequately. Simply stated, a K-map is 
the graphical representation of a CANONICAL truth table for a given func- 
tion whose variables form the logic axes of the map. The order of a standard 
K-map, like the order of a CANONICAL truth table, is equal to the number 
of variables in the function. For example, a second-order K-map is the graph- 
ical representation of a two-variable function, a third-order map for a three- 
variable function, and so on. Alternatively put, MINTERMs and MAX- 
TERMs derived from an Nth-order K-map will each have N variables. As 
will be shown in the discussions that follow, K-maps are a natural but nec- 
essary extension of the shaded logic maps used previously. 


Karnaugh maps of a single variable are easily developed (as are all K-maps) 
from a MINTERM code table similar to that of Fig. 3-3. Shown in Fig. 3- 
9(a) is the MINTERM code table for one variable, and in Figs. 3-9(b), (c), 
and (d) are three formats for a first-order K-map. All three map formats 
shown have logic coordinates 0 and 1 on the single variable axis and all 
indicate the possible MINTERM positions. However, the format of Fig. 3- 
9(d) is preferred since the MINTERM positions are indicated by using MIN- 
TERM code in the lower right-hand corner of each cell, leaving room for 
truth table information (1’s and 0’s) representing a given function. 

Consider the three examples given in Fig. 3-10 for functions fı = A, f2 
= X, and f3 = A +A = 1. Notice that all the information contained in a 
given truth table is present in the corresponding K-map or shaded logic map, 
and that a shaded cell or the presence of a logic 1 in a cell identifies the 
MINTERM. Had logic 0’s been present in f3 instead of logic 1’s, the function 
would be logic 0 since neither MINTERM would exist. 

Use will be made of first-order K-maps in a later section on entered 
variable mapping and in all subsequent chapters of this text. 


3.4.2 Second-Order K-maps 
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A second-order Karnaugh ‘map is the graphical representation of a truth table 
for a function of two variables and is developed from the MINTERM code 
table shown in Fig. 3-11(a). The logic levels for A and B, which are assigned 


(a) (b) (c) (d) 


Fig. 3-9. (a) MINTERM code table for one variable. (b), (c) and (d) First-order 
K-maps showing MINTERM positions. 
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(a) (b) (c) 


Fig. 3-10. (a) Truth tables, (b) K-maps, and (c) shaded logic maps for functions 
fi = A, f = Xandf; = A+A-=l. 


(d) (e) 
Fig. 3-11. (a) MINTERM code table for two variables. (b) and (c) K-maps for 
two variables showing MINTERM positions. (d) and (e) Alternative map formats. 


in a binary sequence equivalent to decimals, 0, 1, 2, and 3, form the “‘logic 
coordinates” in MINTERM code for the four possible MINTERM positions 
shown in Figs. 3-11(b) and (c). Observe that there are 2% cells in each K- 
map to accommodate each of the possible 2” MINTERM positions for a 
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second-order (N = 2) map. The K-map format of Fig. 3-11(d) is preferred 
since the possible MINTERM positions are indicated by MINTERM code 
decimal values in the lower right-hand corner of each cell leaving room for 
truth table information. An alternative map format shown in Fig. 3-11(e) 
differs from that of Fig. 3-11(d) only in the MINTERM coordinates. 

The logic variables A and B have been placed on the sides of the K-maps 
in Fig. 3-11 as a reminder that the domain concept remains valid—recall 
that this was done for the shaded logic maps presented in Figs. 2-48, 2-49, 
and 2-52. For example, the A domain covers MINTERM m: = A:B with 
logic coordinates 1 and 0 and MINTERM m; = A - B with logic coordinates 
1 and 1; the B domain covers MINTERM m; = A- B with logic coordinates 
0 and 1 and m3. Looking at it another way, MINTERM mp with logic co- 
ordinates 0 and 0 is the intersection of the A and B domains, and MINTERM 
my, is the intersection of the A and B domains, and so on. Karnaugh maps 
that use the domain format exclusively (no logic coordinates) are sometimes 
called Vietch diagrams. 

To illustrate the use of second-order K-maps, consider the functions fı 
and f2 defined in Fig. 3-12(a) by the truth tables and represented graphically 
in Figs. 3-12(b) and (c) by K-maps and shaded logic maps. By reading the 
1’s in the K-maps in MINTERM code, there result the CANONICAL SOP 
expressions given by 


fı(A,B) = X, m(2,3) = AB + AB 


i (3-18) 
f2(A,B) = > m(1,3) = AB + AB 


Similarly, by reading the 0’s in the K-maps in MAXTERM code, we obtain 
the CANONICAL POS expressions 
f (A,B) = [| MQ, 1) = (A + BXA + B) 


. (3-19) 
f2(A,B) = [I M(,2) = (A + BXA + B) 


All that 
isA 


(a) (b) (c) 


Fig. 3-12. Truth tables (a), K-maps (b), and shaded logic maps (c) for functions 
fı(A,B) = A and f,(A,B) = B. 
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Furthermore, it is evident at a glance that MINTERMs mz and mz in fı are 
logically adjacent and that MINTERMs m; and mz in f2 are logically ad- 
jacent. Similarly, the MAXTERMs Mo and M, are logically adjacent in fı 
as are Mo and M2 logically adjacent in f2. 

That the presence of logic adjacencies in Eqs. (3-18) and (3-19) leads to 
function reduction is evident when one recalls that in Figs. 3-7 and 3-8 it 
was the logic adjacencies that permitted the formation of collapsed truth 
tables which ultimately yielded logic minima. Thus, by applying the adja- 
cency law of Eq. (3-15) to the CANONICAL SOP expressions given by Eqs. 
(3-18), or by applying the adjacency law of Eq. (3-16) to the CANONICAL 
POS expressions given by Eqs. (3-19), we obtain the results 


fi =A and f.2=B 


Of course, these reduced forms could have been obtained directly from the 
respective K-maps in Fig. 3-12(b) by reading ‘‘all that is A’’ and ‘‘all that 
is B,” as indicated by the loops, or by reading the shaded logic maps of Fig. 
3-12(c) in the same manner. 

As another example, let us reverse the process just described by mapping 
the minimum function 


Y=A+B (3-20) 


to obtain Y in CANONICAL SOP form. This is accomplished simply by 
mapping ‘‘all that is A” and “‘all that is NOT B,” as indicated by the loops 
in Fig. 3-13(a). Then by reading the 1’s off the map in MINTERM code we 
obtain 


Y = >)m(0,2,3)=AB+AB+AB (3-21) 


in CANONICAL SOP form. Observe that there are two sets of logic ad- 
jacencies, (mo, mz) and (m2, m3), which can be read as (A + A)-B = B, and 
A'(B + B) = A, respectively. A shaded logic map of the function Y = A 
+ B is provided in Fig. 3-13(b) for comparison purposes. 

There is more information that derives from the K-map of Fig. 3-13(a). 
Reading cell 1 (containing logic 0) in MAXTERM code gives 


Y=[[MO)=A+B (3-22) 


All that isB 


All that is (A + B) 
(a) (b) 
Fig. 3-13. (a) K-map, and (b) shaded logic map for the function Y = A + B. 
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(b) 


Fig. 3-14. Truth table (a) 
and K-map (b) for the 
function f = A ÈB. 


3.4.3 Third-Order K-maps. 
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which is the original function. Evidently Eq. (3-20) is both a CANONICAL 
form and a minimum form. Furthermore, it is again apparent, comparing 
Eqs. (3-21) and (3-22), that the missing coded terms of one CANONICAL 


‘form become the coded terms of the other CANONICAL form, producing 


the equivalent relationship that one would expect. 

To illustrate further the equivalence between CANONICAL forms, let 
us map the truth table in Fig. 3-14(a), which we recognize as the XOR func- 
tion f = A ® B represented by the truth table in Fig. 2-50(a) and graphically 
in Fig. 2-52. Shown in Fig. 3-14(b) is the K-map for the XOR function. Notice 
that there are no logic adjacencies, so reduction of this function beyond 
CANONICAL form is not possible. Reading the 1’s in MINTERM code and 
the 0’s in MAXTERM code results in the CANONICAL SOP and POS forms 


f = m(1,2) = AB + AB SOP form 
f => M(0,3)=(A+BXA +B) POS form 


respectively, which were given earlier by Eqs. (2-6) and (2-7) after applying 
DeMorgan’s law [Eq. (2-16)]. The equivalence between these two CANON- 
ICAL forms is easily established by using the factoring law and the AND 
and OR laws given in Sect. 2.9. 


Quite predictably, a third-order K-map is the graphical representation of a 
truth table for a function of three variables. However, there now arises the 
question of map format. Extrapolating from the development of first- and 
second-order K-maps, one would reasonably expect a three-variable graph- 
ical display to be three dimensional, that is, one logic axis for each variable. 
This could be done and has been. But such a graphical representation is 
difficult to construct and equally difficult to read. There is a much better 
way. In Fig. 3-15 are shown two common and equivalent K-map formats 


(a) (b) 


Fig. 3-15. Two commonly used K-map formats for functions of three logic 
variables. 
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for functions of three variables, both of which are based on the MINTERM 
code given in Fig. 3-3. Here, we continue our established practice of as- 
signing the most significant bit (MSB) to the literal A and the least significant 
bit (LSB) to the last literal in the alphabetic sequence—B for two variables, 
C for three variables, and so on. So the format of Fig. 3-15(a) is assigned a 
MINTERM code sequence from left to right and top to bottom (normal 
reading direction), while the format of Fig. 3-15(b) is read top to bottom and 
left to right. 

Some explanation of the two-literal logic axes used in Fig. 3-15 is nec- 
essary. The striking difference between the second- and third-order K-map 
formats is immediately apparent. The appearance of the two-literal axis for 
the third-order K-maps, AB or BC in Fig. 3-15, is the small cost that must 
be paid to avoid using a three-dimensional graphical display. In this case 
the logic coordinates are unfolded in the unit distance code order shown in 
Fig. 3-16(a) for coordinates BC. A unit distance code is one in which only 
one bit at a time is permitted to change between neighboring terms in the 
code. Now, it is observed that the 1’s and 0’s are logically adjacent to the 
1’s and 0’s of neighboring pairs which has the effect of maintaining intact 
the B and C domains. On the other hand, unfolding the BC logic coordinates 
in the binary sequence shown in Fig. 3-16(b) would split up the C domain 
making very difficult the identification of the logic adjacencies, an essential 
aspect of function reduction by mapping. Note that in the case of Fig. 3- 
16(b) the 1’s and 0’s are no longer all adjacent to the 1’s and 0’s of neighboring 
pairs. For this reason the format in Fig. 3-16(b) is never used. 

To help the reader gain some familiarity with three variable mapping and 
map reading, we present three examples in Fig. 3-17. For each of these 
examples the function is first represented in a truth table and then displayed 
in a K-map. A shaded logic map of the function is also provided but as a 
visual aid only, not as a substitute for the K-map. In fact, once the K-map 
methods are learned, shaded logic maps must no longer be used. 

The three functions Fi, F2, and F3, represented in Fig. 3-17, are now 
read directly from their respective K-maps in CANONICAL SOP form by 
reading the 1’s in MINTERM code and in CANONICAL POS form by read- 
ing the 0’s in MAXTERM code, as shown: 


B 
BC | | 


= 00 01 11 10 OO 01 11 10... 


Fig. 3-16. Two-variable logic 
coordinates. (a) Unfolded in 
unit distance code order. (b) 
Unfolded in standard binary 
code order showing split C 
(b) domain. 
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Fig. 3-17. Truth tables, ee and shaded logic maps for three functions. 
F, = > m(4,5,6,7) = ABC + ABC +ABC+ ABC 
= [[ M00, 1,2,3)= (A+B + CXA +B+0(4+B+0) 
(A+B+C) 
Fz = X, m(0,2,4,6)= ABC + ABC + ABC + ABC 
= [[M0,3,5,) =(A+ B+ C(A+ B+ OA+B+0) 
(A+B+C) 


(3-23) 
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F; = > m(4,6) = ABC + ABC 
= [|] M00, 1,2,3,5,7)=(A+B+C\(A+Bt+C\(A+B+C) 
(A+B+C\A+B+C\(A+B+C) 
Notice, as was pointed out for the case of second-order K-maps, that one 
CANONICAL form covers the remaining cells of the other form for a given 
function. This must be so since it is the 1’s that are read to obtain the 
CANONICAL SOP expression while the 0’s produce the CANONICAL 


POS form. Also, observe that F,; - F2 = F; as is indicated by the K-maps 
or shaded logic maps and by the expression 


F,- Fa = [> m(4, 5, 6, D] - [€ m0, 2, 4, 6] = S m4, 6) 


| which is easily verified by using the AND laws: the two MINTERMs re- 
maining are those common to both F, and F3. 

Now let us take the CANONICAL SOP expressions for the three func- 
tions given by Eqs. (3-23) and reduce them by using Boolean manipulation. 
The results are 

F, = ABC + ABC + ABC + ABC 
= A(BC + BC + BC + BC) 
=A-(B+ BC+ ©) 
=A (3-23a) 
and, similarly, 
F, = ABC + ABC + ABC + ABC 
= (AB + AB + AB + AB)C 
[((A + A) (B + B) -C 
=Ç (3-23b) 


and 
FP; = ABC + ABC 
= A(B + B)C 
= AC (3-23c) 


But one observes that the results given by Eqs. (3-23a), (3-23b), and (3- 
23c) are exactly the same as those which can be read directly from the K- 
maps in Fig. 3-17 by grouping adjacent MINTERMs. Thus, we note that F 
is read as ‘‘all that is A,’’ which covers MINTERMs m4, ms, mę, and m7, 
all of which are logically adjacent. Similarly, F2 maps out as ‘‘all that is 
NOT C” covering the logically adjacent MINTERMSs mo, m2, m4, and me, 
and finally F3 is read as “‘all that is A AND NOT C”’ which covers logically 
adjacent MINTERMs mz and me. 
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The fact that MINTERM pairs (mo, mz) and (m4, me) are easily seen to 
be logically adjacent results from the unit distance code order used for the 
BC logic coordinates shown in Fig. 3-16(a). This leads to an important con- 
clusion: 


Third-order K-maps whose two-variable axis is laid out in unit distance 


code must be continuous about the single variable axis. 


Such K-maps may be thought of as forming an imaginary cylinder about the 
single variable axis. The result for Fig. 3-15(a), as an example, would be 
that MINTERM pairs (mo, m2) and (m4, me) are logically adjacent but MIN- 
TERM pairs (mo, me) and (m2, m4) are not since they bear a diagonal re- 
lationship to one another. Three variable K-maps whose two-variable axes 
are unfolded in a binary sequence, as in Fig. 3-16(b), will not be continuous 
about the single variable axis and will not form an imaginary cylinder about 
that axis. 
As final example, consider the following partially reduce function 


Y = ABC + AC + BC + AB (3-24) 


which is mapped in Fig. 3-18 by using the alternative format of Fig. 3-15(b). 
Applying the domain concept, MINTERM ABC is mapped as the intersec- 
tion of the A, B, and C domains or MINTERM m3, AC covers MINTERMs 
m, and ms, BC is mapped as “‘all that is B NOT AND C” and covers MIN- 
TERMs m; and ms, and AB maps as ‘‘all that is NOT A AND NOT B” and 
covers MINTERMs mo and mı. The two CANONICAL forms are now read 
directly off the K-map of Fig. 3-18 as 


Y = > m0, 1, 4, 5,6, 7) CANONICAL SOP form (3-24a) 
= ABC + ABC + ABC + ABC + ABC + ABC 
and 
Y = [| M2,3) CANONICAL POS form 
=(A+B+C\(A+B+C) (3-24b) 


The CANONICAL SOP form given by Eq. (3-24a) can also be generated 
by direct expansion of Eq. (3-24) as indicated by the expression 


Fig. 3-18. K-map and shaded logic map for Eq. (3-24). 


3 / Function Representation and Reduction 


Y = ABC + A(B + B)C + (A + ABC + AB(C + © 


but it is far easier to read the CANONICAL form from the map. 

By now it should be clear that the horizontal and vertical lines (including 
the edges) of a K-map are all domain boundaries, each boundary separating 
some domain X from the domain of its complement ¥. Two MINTERMs 
separated by a single boundary (line or edge) are logically adjacent, thus 
permitting the boundary variable X to be dropped from the term expressing 
that adjacency. If four MINTERMs are logically adjacent, two boundaries 
are crossed, and hence two boundary variables can be dropped, and so on, 
all due to the OR law X + X = 1 for SOP mapping or due to the AND law 
X-X = 0 for POS mapping. This being understood, the reader should be 
able to read the function in Fig. 3-18 as “‘all that is A OR NOT B,” that is, 
Y = A + B. Much more will be said regarding logic function minimization 
later following a discussion of fourth-order K-maps. 


3.4.4 Fourth-Order K-maps 


At this point it is expected that the reader is familiar with the K-map format 
for first-, second-, and third-order maps. Following the same development, 
we present in Fig. 3-19 two commonly used formats for fourth-order K-maps 
where use of the MINTERM code table is implied and where A is taken to 
be the MSB and D the LSB. Here, both two-variable axes have logic co- 
ordinates which are unfolded in unit distance code order so that all juxta- 
posed MINTERMs and MAXTERMS (that is, those separated by any single 
map line or edge) are logically adjacent. This leads to the following important 
conclusion: 


Fourth-order K-maps whose two-variable axes are both laid out in unit 


distance code order must be continuous about both sets of axes (hor- 
izontal and vertical). 


(a) (b) 


Fig. 3-19. Two commonly used K-map formats for functions of four variables. 
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Therefore, just as a third-order K-map forms an imaginary cylinder about 
its single variable axis, a fourth-order K-map with unit distance coded axes 
will form an imaginary toroid (doughnut-shaped figure), the result of trying 
to form two cylinders about perpendicular axes. Thus, cells (0, 8) and (8, 
10) and (1, 9) in Fig. 3-19 are examples of logically adjacent pairs while cells 
(0, 1, 4, 5) and (3, 7, 11, 15) and (0, 2, 8, 10) are examples of logically adjacent 
groups of four. 

An inspection of the two K-map formats of Fig. 3-19 reveals that domains 
for variables A, B, C, and D or their complements each cover eight adjacent 
MINTERM positions (cells). For example, domain A covers cells 8 through 
15 while domain C covers cells 0, 1, 4, 5, 8, 9, 12, and 13. Also revealed is 
the fact that the intersection of any two domains covers four adjacent MIN- 
TERM positions, the intersection of any three domains covers two adjacent 
MINTERM positions, and the intersection of any four domains covers but 
one MINTERM position. 

To illustrate the domain/adjacency relationship inherent in the K-maps 
of Fig. 3-19, consider the following possible SOP terms, where use of the 
MINTERM code is implied: 


A:B-C Covers the intersection of domains A, B, and C, or adjacent 
l MINTERMs 10 and 11. 


B-D Covers the intersection of the B and D domains or adjacent 
MINTERMs Mo, M2, Mg, and 1110. 

A-B-C-D_ Covers MINTERM m3. 

A Covers the A domain or adjacent MINTERMS mo through 


"7. 


The domain/adjacency relationship is equally valid for possible POS 
terms in MAXTERM code, as is demonstrated by the following examples: 


A+B Covers the intersection of domains A and B or adjacent 
MAXTERMS M. 8 through M 11% 

B+c+D Covers the intersection of domains B, C, and D or ad- 
jacent MAXTERMS M; and M33. 

B Covers the B domain or adjacent MAXTERMs Mo 


through M3 and Msg through Mi. 
A+B+C+D Covers MAXTERM Mo. 


Let us now apply what we have just learned by extracting both the SOP 
and POS CANONICAL forms from the following minimum function: 


F(A,B,C,D) = ABD + BC + CD + ABCD (3-25) 


Each of the terms in this expression is shown looped in the K-map of Fig. 
3-20(a) and by the appropriate shaded areas in Fig. 3-20(b). Notice that the 


term ABD represents the two adjacent MINTERMs mo and mz and that 
BC and CD cover adjacent MINTERMs m(2, 3, 10, 11) and m@, 7, 11, 15), 
respectively, and ABCD is the MINTERM m2. The CANONICAL SOP 


and POS expressions are read directly from the K-map and are 
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ABD covers m (0, 2) 


BC covers m (2, 3, 10, 11) 


CD covers m (3, 7, 11, 15) 


ABCD covers m (12) 


Fig. 3-20. (a) K-map and (b) shaded logic map for the function of Eq. (3-25). 


F = X m(0, 2,3,7, 10, 11, 12, 15) CANONICAL SOP 
= ABCD + ABCD + ABCD + ABCD + ABCD 
+ ABCD + ABCD + ABCD 


and 


F = [| Md, 4, 5, 6, 8, 9, 13, 14) CANONICAL POS 
=(A+Bt+C+D\(A+B+C+D\(A+B+C+D) 
-(A+B+C+D\(A+B4+C+D\(A+B4+C+D) 
-(A+B+C+D)\(A4+B+C+D) 


Of course, one can generate these CANONICAL forms from an expan- 
sion of the minimum expression given by Eq. (3-25). To do this, it is nec- 
essary to recognize which boundaries (if any) have been crossed. For 


— ot h 


example, ABD crosses the C/C boundary and can, therefore, be written 
as ABD (C + C), generating MINTERMs mp and m2. Also, CD crosses 
both the A/A and B/B boundaries and, accordingly, is written as 
(A + AXB + B)CD, which generates MINTERMs m3, m7, m1, and ms, 
and similarly for BC. 

But the important point is that MINTERM or MAXTERM formulation 
is by far more easily determined from the K-map than by function expansion. 
Furthermore, it must be remembered that once one CANONICAL form has 
been determined, the other follows immediately by the process of elimi- 
nation. That is, the 1’s generate the CANONICAL SOP terms and the 0’s 
produce the CANONICAL POS terms so that the code numbers (cells) not 
covered by one CANONICAL form become the code numbers of the other. 
Algebraically, this means that 


Ysop ae Ypos (3-26) 
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for the CANONICAL forms of any function regardless of the complexity 
of that function. As will be demonstrated in the next section, the algebraic 
equivalence between the SOP and POS forms extends to reduced forms as 
well, the one exception being the case of incompletely specified functions 
discussed in Sect. 3-6. 
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Use of a Karnaugh map offers a simple and reliable method of reducing 
(often minimizing) logic expressions. In fact this is the most important aspect 
of a K-map. In the discussion that follows we will show how reduced func- 
tions can be read in either of two ways, depending on whether it is the 1’s 
that are read or the 0’s, and review the simple rules and procedures which 
must be followed in function reduction by mapping. 

As was indicated in the previous section, each line or edge of a K-map 
forms the boundary between two domains. As a result, MINTERMs or 
MAXTERMs which are separated by a line or edge are logically adjacent 
and can be combined to form a reduced logic function. Examples of adja- 
cency groupings and function reduction are shown in Fig. 3-21. Single ad- 
jacency pairs called diads are given in Figs. 3-21(a), (b), and (c), and a 
grouping of four adjacencies, called a quad, is presented in Fig. 3-21(d). For 


2nd order AB AB a) 
(a) K-map | jil j Looped out as (A + A)B = B 
(SOP) A domain A domain 
4th order ABCD ABCD MON = 
(b) K-map | Vil | Looped out as A(B + B)CD = ACD 
(SOP) B domain B domain 
srdorder-  A+BFC A+B+C - = > 
(c) K-map LU |L] Looped outasA+B+(CC)=A+B 
(POS) C domain C domain 
ABD Ano |Z domain 
sen oreer Looped out as 
(d) K-map a ae a = 
(SOP) (A + AJBC(D + D) = BC 
ABCD ABCD | A domain 
D domain D domain 


Fig. 3-21. Examples of adjacency groupings and function reduction. (a) and (b) 
Reduction of MINTERM adjacency pairs (diads). (c) Reduction of a MAXTERM 


adjacency pair (diad). (d) Reduction of a group of four adjacent MINTERMs 
(quad). 
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each example the loop-out (reduced) function is indicated to the right. Im- 
plied is the application of the factoring law and the OR law (X + X = 1) 
to the SOP terms, and the application of the distributive law and the AND 
law (X - X = 0) to the POS terms. So for every boundary that is crossed 
in looping out MINTERM or MAXTERM adjacencies, a reduction of one 
variable will result. In this way 2” adjacencies (n = 0, 1, 2,3, .. .) can be 


mapped (looped) out to produce an (N — n) variable term of an N variable 
function. 


3.5.1 Function Reduction and the Loop-out Protocol 


Fig. 3-22. Minimum cover 
following the loopout 
protocol which avoids the 
redundant quad shown by 
the dashed loop. 


There is no single loop-out procedure which we consider to be a ‘‘must’”’ 
procedure for logic function reduction tasks. However, to ensure reduction 
of a given function to its simplest form avoiding possible costly redundancies, 
we recommend that the largest 2” group of logically adjacent MINTERMs 
or MAXTERMs be looped out in the order of increasing n (n = 0, 1, 2, 3, 
.. .) according to the following protocol: 


Loop-out Protocol 


1. Monads (n = 0). Single MINTERMs or MAXTERMs which have no 
logic adjacencies should be looped out first. 

2. Diads (n = 1). Groups of two logically adjacent MINTERMs or MAX- 
TERMs which cannot be grouped in any other way to form larger 2” 
groups should be looped out following the monads. A reduction of one 
variable for each diad will result. 

3. Quads (n = 2). Any group of four logically adjacent MINTERMs or 
MAXTERMs which cannot be grouped in any other way to form a larger 
2” group should be looped out following the diads. A reduction of two 
variables for each quad will result. 

4. Octads (n = 3). Any group of eight logically adjacent MINTERMs or 
MAXTERMs which cannot be further combined to form a hexadecad 
(sixteen adjacencies) should be looped out next. A reduction of three 
variables per octad will result. 

As an example of the type of pitfalls which can result from failure to 
follow the loop-out protocol, consider the function represented in the map 
of Fig. 3-22. Instinctively, one might be tempted to first loop out the quad 
m(5, 7, 13, 15) because it is so conspicuous. However, to do so immediately 
creates a redundancy since all MINTERMs of the quad are covered by the 
four diads required to cover MINTERMs m3, m4, mo, and m,4—the quad 
is not needed and, therefore, is redundant. 

Though not explicitly stated, it should be clear that groups of MIN- 
TERMs or MAXTERMs other than 2” (e.g., three, five, six, seven) are 
forbidden since such groups are not continuously adjacent. Examples of 
improper groupings are illustrated in Fig. 3-23. The diagonal loops shown 
will later be used to identify XOR patterns which occur often in the design 
of certain devices but which do not represent logically adjacent groups. 

Just as CANONICAL forms can be read from a K-map in two ways (SOP 
and POS), so also can a function be read from a K-map in either minimum 
SOP form or minimum POS form. Let us illustrate by minimizing the function 


f = > m00, 2 3, 4, 6) (3-27) 
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Fig. 3-23. Examples of improper groupings of MINTERMs or MAXTERMS. 


in both SOP and POS form. To accomplish this, we first map the function 
by using MINTERM code as shown in Fig. 3-24. Then noting that the 1’s 
are mapped out as a diad and a quad, while the 0’s are looped out as two 
diads, we read the two minimum forms directly as follows: 


Reading 1’s f= AB +C Minimum SOP cover 
Reading s sf = (A + C)(B+C) Minimum POS cover 


Two separate maps were used in Fig. 3-24 to illustrate clearly minimum SOP 
and POS loop cover. Had we wished to do so, however, a single K-map 
could have been used to obtain both minimum SOP and POS cover. If the 
reader wishes to use only a single map for both types of cover, it is advisable 
to use a two-color system or one in which continuous and dashed loops are 
used. 

As a second example, consider the partially reduced function 


Y=(A+B+D)\(B+O\(4A+C+D\(A+B+C+D) (3-28) 


To map this function, one simply maps 0’s in MAXTERM code, as shown 
in Fig. 3-25(a). Remember that K-maps are formatted in MINTERM code 
so that the A domain in MAXTERM code is the A domain on the K-map 
and the C domain in MAXTERM code is the C domain on the K-map, and 


(B + C) 


(a) (b) 
Fig. 3-24. K-map for Eq. (3-27). (a) SOP cover. (b) POS cover. 
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3.5.2 Prime Implicants 


Fig. 3-25. K-maps for Equation (3-28). (a) POS cover for equation as given. (b) 
Minimum SOP cover. (c) Minimum POS cover. 


so on. For example, the POS term (A + B + D) is the diad M(5, 7), and 
the term (B + C) is the quad M(2, 3, 10, 11), all cells of which take 0’s. 

The minimum SOP and minimum POS cover are now read from Figs. 3- 
25(b) and (c), respectively, yielding 


Y= ABC + CD + BC Minimum SOP cover 
Y=(B+C+DX(A+OB+0) Minimum POS cover 


Notice that in mapping out the 0’s we begin with M33 since it has only one 
adjacency (Ms) and proceed to map out the remaining two MAXTERMs as 
quads. Had we not done so, we might have been tempted to add the re- 
dundant POS diad M(5, 7) which appeared in Eq. (3-28). Similar reasoning 
applies to ms and the looping of 1’s, where m(12, 14) would have been the 
redundant SOP diad. 


Groups of 2” adjacent MINTERMs or MAXTERMs which are sufficiently 
large that they cannot be combined with other 2” adjacent groups in any way 
to produce terms of fewer variables are called PRIME IMPLICANTSs (PIs). 
The loop-out protocol described in the previous section offers a procedure 
for achieving minimum cover by systematically extracting PIs in the order 
of increasing n (n = 0,1, 2,3,...). 

But the task of achieving minimum cover following the loop-out protocol 
(or any procedure for that matter) is not quite as straightforward as we have 
led the reader to believe. Difficulties can arise when optional and redundant 
groupings of adjacent MINTERMs or MAXTERMs are present. To deal 
with these problems, it will be helpful to identify the following three subsets 
of Pls: 


ESSENTIAL PRIME IMPLICANTs (EPIs). Single-way PIs, which must 
be used to achieve minimum cover. 
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OPTIONAL PRIME IMPLICANTs (OPIs). Optional-way PIs, which are 
used for alternative minimum cover. 

REDUNDANT PRIME IMPLICANTs (RPIs). Superfluous PIs, which 
cannot be used if minimum cover is to result. 


Any grouping of 2” adjacencies is an IMPLICANT, including a single MIN- 
TERM or MAXTERM, but it may not be a PI. For example, a solitary quad 
EPI contains eight REDUNDANT IMPLICANTSs (RIs), four monads and 
four diads, none of which are PIs. 

To illustrate a simple mapping problem with optional coverage, consider 
the function 


f(A,B,C,D) = > m(0, 2, 4, 5, 7, 10, 11, 14, 15) (3-29) 


which is mapped in Fig. 3-26 by using the format of Fig. 3-19(b). Noting first 
the MINTERM adjacencies which form diads (no SOP monads exist) and 
then those which form the single quad, the 1’s are mapped out to yield the 
two optional minimum SOP expressions 


f = ABD + ABC + BCD + AC 
and eee oe a (3-30) 
f =ACD + ABD + BCD + AC 


which correspond to the respective maps in Figs. 3-26(a) and (b). Observe 
that the quad AC is the only EPI common to both expressions and that there 
are six OPIs, three for each K-map in Fig. 3-26. Of course, once one alter- 
native minimum cover has been selected, none of the remaining OPIs can 
be used for minimum cover in that expression. Referring to Eqs. (3-30), we 
see that the OPI diads given in one expression become RPI diads of the 
other. 

The minimum POS representation for Eq. (3-29) does not have optional 
cover as is evident from an inspection of Fig. 3-26. Following the loop-out 
protocol, we read the 0’s as the monad Mg, the diad M(1, 3) since M3 has 


(a) (b) 
Fig. 3-26. Optional minimum cover for Eq. (3-29). 
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but one adjacency, and the quad M(8, 9, 12, 13) to yield the minimum POS 
cover 


f=(A+B+C+D\(AGT+B+D\(A4+0 (3-31) 


which obviously contains only EPIs. Had we not followed the loop-out pro- 
tocol, we might have been tempted to include the RPI diad M(1, 9) read as 
(B + C + D). Observe that the minimum POS cover given by Eq. (3-31) 
is simpler than the minimum SOP cover represented by Eqs. (3-30). That 
is, the POS expression involves the ANDing of three ORed terms, whereas 
the SOP forms require the ORing of four ANDed terms. 


3.6 INCOMPLETELY SPECIFIED FUNCTIONS (DON'T CARES) 


In the design of logic circuits nonessential MINTERMs or MAXTERMs 
may be introduced so as to simplify the circuit. Such nonessential MIN- 
TERMs or MAXTERMsS are called don’t cares (take them or leave them) 
which we represent by the symbol 


od = MIN/MAX = don’t care 


Thus, the don’t care can be taken as logic 0 or logic 1, take your choice. 

Other commonly used symbols for don’t cares include X, (—), and d. We 

will reserve the symbol X for use as an irrelevant input and use ¢ to represent 

a nonessential MINTERM or MAXTERM in the output function. The sym- 

bol $ may be thought of as a logic 0 with a logic 1 superimposed on it. 
Don’t cares can arise under the following two conditions: 


1. When certain combinations of input logic variables never occur, the out- 
put function for such combinations are nonessential and are assigned 
don’t cares. 

2. When all combinations of input logic variables occur but certain com- 
binations of these variables are nonessential, the output function for such 
combinations are assigned don’t cares. 


_ As an example of the second condition, any complete set of 8421 binary- 
coded decimal (BCD) numbers represents decimals 0 through 9 with the 
result that there are six combinations of 1’s and 0’s, equivalent to decimals 
10 through 15, which are never used. That is, we “‘don’t care” about them 
and, accordingly, will assign the symbol ¢ to their MINTERMs (or MAX- 
TERM s) in a fourth-order K-map. A reader who is unfamiliar with the BCD 
number system, should refer to Fig. 3-3 where the binary numbers equivalent 
to decimal 0 through 9 become the 8421 BCD numbers, the remaining six 
being unused or irrelevant. 

In looping out a K-map with ’s, one should make use of the don’t cares 
if, and only if, their use results in greater simplification of the function. This 
is important since to use don’t cares unnecessarily would be to create RPIs 
in the output expression. This leads to design redundancies which, on a large 
scale, can be costly. 

To illustrate the use of don’t cares, consider the three-variable function 
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f(A,B,C) = X m0,1,5,7) + (2,4) 
Ne iia lel 


N oa 
Essential Nonessential (3-32) 
MINTERMs MINTERMs 


(don’t cares) 


written in CANONICAL SOP form showing essential MINTERMs and non- 
essential MINTERMs (don’t cares). Without regard to how this function 
came about, let us map it in MINTERM code and then reduce it to minimum 
form following the loop-out protocol. The K-maps representing minimum 
SOP cover and minimum POS cover are presented in Fig. 3-27. For the SOP 
cover in Fig. 3-27(a), the diad m(5, 7) is looped out first since m7 has only 
one adjacency (ms). This leaves MINTERMs mo and m; to be looped out 
as a quad by using the don’t care in cell 4 (4). Notice that it is not necessary 
to use 2 and that diad m(0, 1) is made redundant due to the presence of 
b4. Similarly, for the POS cover given in Fig. 3-27(b), the 0’s are mapped 
out in MAXTERM code as diads M(2, 3) and M(4, 6) thereby utilizing both 
don’t cares. The resulting SOP and POS expressions representing minimum 
cover are 


f=AC+B SOP 
and | a (3-33) 
f =(A + BXA+C©) POS 


Observe that algebraically fpos Æ fsop, a direct result of the existence and 
shared use of don’t cares in obtaining SOP and POS cover. Still, the two 
expressions of Eqs. (3-33) are logically equivalent since they will yield the 
same output logic level (0 or 1) for any given set of input conditions exclusive 
of that corresponding to don’t care þ4 = 100. 

Had we chosen not to use the two don’t cares in Eq. (3-32), the extent 
of function reduction would have been significantly less as in evident from 
the result 


fsor = AC + AB 


ee ee (3-34) 
feros = (A + B + CXA +B+C) 


(A + B) 


(a) (b) 
Fig. 3-27. K-maps for Eq. (3-32). (a) Minimum SOP cover. (b) Minimum POS 
cover. 
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In this case the diad m(0, 1) is used in place of the quad m(0, 1, 4, 5) in the 
SOP expression, and the monads M3 and M, are looped out instead of the 
diads in the POS expression. Thus, the results expressed by Eqs. (3-33) are 
preferred over those of Eqs. (3-34) because Eqs. (3-33) are simpler. 

Consider, as a second example, the following four-variable function in 
CANONICAL POS form showing the ESSENTIAL and nonessential MAX- 
TERMs: 


Y(A, B, C, D) = [| MO, 1, 4, 6, 8, 14, 15) - (2, 3, 9) 
aaa m 
Essential Nonessential (3-35) 
MAXTERMs MAXTERMs 
(don’t cares) 


In Fig. 3-28 we map the 0’s and o’s in MAXTERM code and subsequently 
reduce the function to its simplest POS and SOP forms following the loop- 
out protocol described earlier. The resulting POS and SOP expressions, 
representing minimum cover for Eq. (3-35), are 


Yos = (A + B + C\(B + CYA + D) 


SS ete = (3-36) 
Ysorp = ABC + ABD + BC 
Again we notice that while these expressions are logically equivalent, they 
are also algebraically unequal due to the shared use of don’t cares in the 
minimization process. 

Let us review the procedure used in obtaining the results given by Eqs. 
(3-36). In Fig. 3-28(a), showing POS cover, the diad M(14, 15) is looped out 
first as an EPI since Mıs has but one adjacency (M14). Next, MAXTERM 
Ms is combined with MAXTERMs Mo, Mı, and oo, to form the quad EPI 
(B + C), thereby eliminating the need to use the diad M(0, 8). The remaining 


(b) 
Fig. 3-28. K-maps for the function of Eq. (3-35). (a) Minimum POS cover. (b) 
Minimum SOP cover. 
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essential MAXTERMs, M, and Mg, are looped out as a quad by using 2 
together with Mo as shown. Notice that the don’t care 3 is left unused, that 
there are no OPIs present, and that the quad M(0, 1, 2, 3) is an RPI. 

The minimum SOP cover given in Eqs. (3-36) is found in similar fashion. 
Referring to the K-map in Fig. 3-28(b), we see that the MINTERM m2 has 
only one adjacency, m3, with which it is looped out to give the diad EPI 
ABC. This forces use of diad grouping m(5, 7) and avoids the use of the RPI 
diad m(5, 13). The remaining two MINTERMs, mio and m1, are looped out 
with 2 and 3 to form the quad BC. Again notice that one don’t care (ọpọ) 
remains unused. 


The Gate/Input Tally. A quantity called the gate/input tally is used as a mea- 
sure of the complexity of a logic expression or logic circuit. If there are no 
fan-in limitations, the gate/input tally (exclusive of INVERTERs) can be 
obtained directly from an SOP expression. The gate tally is obtained by 
counting the number of Boolean PRODUCT-terms (p-terms) and by adding 
one to this count for their Boolean SUM (hence, p-terms + 1). The input 
tally is determined by counting all p-term variables and by adding to that 
count the number of p-terms to be ORed. Similarly, if no fan-in limitations 
exist, the gate/input tally can be obtained directly from a POS expression. 
In this case the gate tally is determined by counting the number of Boolean 
SUM-terms (s-terms) and by adding one to that count for their BOOLEAN 
PRODUCT (hence, s-terms + 1). The input tally is obtained by counting 
all s-term variables and by adding to that count the number of s-terms to be 
ANDed. If the ACTIVATION LEVELs for the inputs are known, then IN- 
VERTERs can be included in the gate/input tally for either an SOP or POS 
expression. To do this, one counts the number of unique complemented 
inputs arriving ACTIVE HIGH (or unique uncomplemented inputs arriving 
ACTIVE LOW) and adds this count to both the gate and input tally for the 
expression. 

As an example of the use of the gate/input tally, consider the expressions 
in Eqs. (3-33). The gate/input tally for the SOP expression is 2/4 while that 
for the POS expression is 3/6, both tallies being exclusive of INVERTERs. 
The SOP expression is seen to be the simpler of the two. 
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Frequently, logic design problems require minimization of multiple-output 
functions all of which are functions of the same input variables. This is 
generally regarded as a tedious task to accomplish without the aid of a com- 
puter, and for this reason computer programs have been written to obtain 
the optimum cover for multioutput functions. In this section we will describe 
a simple search method which will illustrate one process used for multiple 
output minimization. Our treatment will be limited to systems of three out- 
puts or fewer, each output being a function of four variables or less. 
Consider the four-input/three-output system illustrated by the block dia- 
gram in Fig. 3-29. Let us suppose that the object is to minimize each of the 
three functions in such a way as to retain as many shared terms between 
them as possible, thus optimizing the combinational logic of this system. 
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Combinational 


logic 
circuit 


Fig. 3-29. Block diagram for a 
four-input, three-output 
combinational logic system. : 


U Q w > 


The procedure we recommend is given in four steps: 


Step 1. Map each function to obtain the CANONICAL SOP or POS 
forms. If the CANONICAL forms.are already known, skip to 
step 2. 

Step 2. AND the CANONICAL SOP forms or OR the CANONICAL 
POS forms in some systematic way (for example, fı - f2, f2: 
f3, f3 + fa,..., or fı + fo, fo + fs, fs + fa, . . .) and map 
each ANDed or ORed expression separately, looping out all 
shared PIs (common terms). 


The MINTERM ANDing rules are given by 


Cae Ge (3-37) 
Mi; °> Mj 0 (i Æ j) 


and the MAXTERM ORing rules are 


M; + M: = M; 
M: + M;=1 (i # j) 


(3-38) 


where Eqs. (3-37) and (3-38) are duals of each other. 


Step 3. Make a table of the results of step 2 giving all shared PIs in literal 
form. 

Step 4. Map the original functions, if they have not been mapped pre- 
viously, then immediately loop out (in the appropriate maps) the 
shared PIs given in step 3. Finally, loop out the remaining EPIs 
following the loop-out protocol with one possible exception. If 
the adjacencies of the shared PIs are part of a larger 2” grouping 
of adjacencies, use the larger grouping but only if it leads to a 
simpler form. 


A shortened version of the foregoing optimization procedure may also 
work effectively, especially if the functions are relatively simple. To do this 
one loops out minimum cover for each function while, at the same time, 
comparing them for common terms to be used later in implementing the 
system. This process may involve the sacrifice of absolute minimum cover 
for any given function so as to yield the common terms necessary for an 
optimized system. An example would be the use of two diads instead of a 
quad because one of the diads is common to two other output functions. 
Decisions of this type are best made on K-maps and are, of course, discre- 
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tionary and applicable to either version (long or short) of the optimization 
procedure. 

To illustrate the simplicity of the four-step procedure given, let us find 
a set of functions that will optimally cover the three output expressions given 
below, each a function of three variables A, B, and C. 


fi: = Xm, 3, 4, 5, 6) 
fo = Xm, 2, 4, 6, 7) (3-39) 
fz = Xm, 3, 4, 5, 6) 


Since the expressions given by Eqs. (3-39) are already in CANONICAL 
SOP form, we may skip to step 2 and continue through step 4: the ANDed 
output functions, each with their respective K-map and minimum cover, are 
shown in Fig. 3-30. The minimum cover for each ANDed K-map indicates 
the common terms which must be included in the optimized expressions. 
Next, we construct a table of shared PIs for each of the ANDed forms and 
transfer these shared terms onto the K-maps for the original functions, as 
in Fig. 3-31. Notice that the diad AC is common to all three ANDed func- 
tions, a conclusion we would have arrived at had we chosen to include the 
ANDed function fı - f2: f3 = m(4, 6) in Fig. 3-31. 

By looping out the shared PIs first in Fig. 3-31 then all remaining EPIs 
next, there results the optimal expressions 


fı = ABC + AC + AB + BC 
f2 = ABC + AC + AB + BC (3-40) 
fs = ABC + ABC + AC + AB 


Here it is observed that the diad m(1, 3) in the f3 map is avoided so that 
the expression for f3 can be completely generated from the terms in fı and 
f2, the optimal solution to this problem. The optimum gate/input tally is 
10/28 for this system of three functions. 

When the original output functions contain don’t cares, then, for optimal 
multifunction cover, one proceeds as done earlier but with the following 
additional ANDing and ORing rules: i 
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fof, = 2m (4, 6) 


(a) 


f, f, = Im(1, 4, 6) f}: f, = Xm(3, 4, 5, 6) 


(b) (c) 
Fig. 3-30. ANDed functions, their K-maps and minimum cover for Eq. (3-39). 
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ANDed Functions Shared Prime Implicants 


naa AA d 


01 11 10 


f,-f AC 
f,-f, ABC, AC 
f,-f, ABC, AC, AB 


BC ‘oo ey | 
01 11 #10 


Fig. 3-31. Table of ret PIs and the K-maps for the original ae showing 
optimal cover. 


d: bi = 9: (3-41) 


and their dual 
M; + Q; = M; 
bd: + di = Q; (3-42) 
M; + 6; = 6; + 6; = 1 (i Æj) 


The use of the ANDing rules of Eqs. (3-41) may be demonstrated by 
finding the optimal cover for the functions 


= X m(0, 3, 7, 8, 9, 10, 14) + (1, 5, 11, 12, 15) 


(3-43) 
fo = Dm, 4, 7, 8, 9, 11, 13, 15) + (3, 5, 12) 


Beginning with steps 2 and 3, we find the ANDed function and its minimum 
cover as shown in Fig. 3-32. Observe that neither don’t care ($5 or 32) is 
used in looping out the minimum cover for the ANDed function. 

Now we proceed to step 4 where we map the original functions as shown 
in Fig. 3-33. In this case, the optimal cover is achieved by avoiding the 
shared diad m(8, 9) in favor of the quads m(0, 1, 8, 9) and m(8, 9, 12, 13) 
for fı and f2, respectively. Thus, only the shared PI, quad CD, is preserved 
in the optimization process. Looping out the EPIs shown in each map yields 
the optimal SOP results 


f, = CD + AD + BC 


a = _ (3-44) 
f2 = CD + ABC + BC + AC 
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f, f, = m(3, 7, 8, 9, 11, 15) + o(5, 12) 


ANDed Function Shared PIs 
fy f | ABC, CD 


Fig. 3-33. K-maps for Eqs. (3-43) showing optimal SOP cover. 


where each expression represents, in this case, minimum cover. Notice that 
minimum cover for fı can also be achieved by use of the quads m(1, 3, 5, 
7) and m(10, 11, 14, 15), but their use would preclude the use of the shared 
PI, CD, and optimum cover would not result. The optimum gate/input tally 
for this system of two functions is 8/20. 

The simple search method just outlined becomes quite tedious when ap- 
plied to multiple-output systems more complicated than those just described. 
For example, a four-input/four-output SOP optimization problem would re- 
quire ten ANDed fourth-order K-maps, including one for each of six ANDed 
pairs (fı - f2, f2: f3, f3: fa, fa: fı, f2: fa, f3- fı), and a map for 
each of four ANDed triplets (fı - f2 © f3, f2 f3: fa, fo: fa: fi, fa: fi 
- f2). An eleventh map could also be constructed for fı - f2 + fa - f4, but 
such ‘‘end’’ maps are not usually necessary since sufficient information to 
complete the optimization most likely already exists. Two points should be 
made at this time. First, the table of ANDed functions versus shared PIs 
becomes a very important part of such a search process due to the obvious 
complexity of the problem—it becomes a matter of good ‘‘bookkeeping.”’ 
Second, complex systems are best optimized either by the shortened version 
described earlier, or better perhaps, by computer methods. Quite obviously, 
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if a guaranteed optimum solution is required for a complex system, a com- 
puter optimization program must be used. 

Optimum cover, as used here, means the least number of gates required 
for implementation. Since this includes INVERTERs, a knowledge of the 
input ACTIVATION LEVELs is necessary. For alternative designs re- 
quiring an equal number of gates, optimum coverage could be determined 
by practical considerations such as fan-in limitations. 


3.8 ENTERED VARIABLE MAP REDUCTION 


Conspicuously absent in the foregoing discussion on mapping and function 
reduction was the treatment of function reduction in K-maps of lesser order 
than the number of variables of the function. An example of this would be 
the function reduction of five or more variables in a fourth-order K-map. In 
this section we will address these problems by presenting the subject of 
entered variable (EV) mapping, which is a ‘‘logical’’ and very useful ex- 
tension of the conventional methods (using 1’s and 0’s) developed earlier. 

Properly used, an EV K-map can significantly facilitate the function re- 
duction process. But function reduction is not the only use to which EV K- 
maps can be put advantageously. Frequently, the specifications of a logic 
design problem lends itself quite naturally to EV map representation from 
which useful information can be obtained directly. Many examples of this 
will be provided in subsequent chapters. In fact, EV mapping will be seen 
as the most common form of graphical representation used in this text. 

In addition, there is another way in which EV mapping finds significant 
usage. Up to now we have looped out of K-maps minimum cover in either 
pure SOP or pure POS form. Occasionally, it is highly advantageous to map 
out EV functions so as to produce hybrid (mixed) forms of representation. 
Such EV functions may represent subsystems, the mixed form of which is 
required to be preserved in the overall expression. To ‘‘purify’’ the Boolean 
form as an intermediate step only for the purpose of using conventional 
mapping methods would be, in this case, an unnecessary, time-consuming, 
and even error-prone process. In Chapter 4 we will have several opportu- 
nities to demonstrate these and other useful features of EV mapping. 


3.8.1 Origin of Map Entered Variables 


Simply stated, map entered variables (MEVs) originate when a conventional 
N‘-order K-map is compressed to one of lesser order. It will be recalled 
that conventional K-maps are constructed by using the logic variables (lit- 
erals or mnemonics) as logic axes with 1’s and 0’s entered in the appropriate 
cells. But if a function of N variables is compressed into a K-map of order 
n < N, then terms of (N — n) variables must be entered into the appropriate 
cells of the n’-order K-map. In effect, each cell of the nth-order map now 
becomes a submap of the (N — n)® order, hence maps within maps. 

To illustrate the map compression process and the MEVs that result, 
consider the three-variable function 


f(A,B,C) = >, mQ, 5, 6, 7) (3-45) 
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which we have placed on a truth table and mapped into a third-order K- 
map, as shown in Fig. 3-34. The truth table is divided into four two-MIN- 
TERM sections, each represented by a first-order submap in variable C 
placed at the right of each section. The submaps are read as 0, C, C, and 
1, respectively, for code pairs (0, 1), (2, 3), (4, 5), and (6, 7). That the four 
submaps collectively form the third-order K-map of Fig. 3-34(b) is easily 
seen by comparing the submap cells with those having the same MINTERM 
code decimals as in the third-order map. 

The three-variable function of Eq. (3-45) is now compressed into a sec- 
ond-order truth table and K-map simply by entering the four submap func- 
tions of Fig. 3-34(a) into the appropriate table positions and map cells pro- 
vided in Fig. 3-35. Truth tables of the type shown in Fig. 3-35(a) are called, 
not surprisingly, EV truth tables. The cell numbers for the second-order map 
of Fig. 3-35(b) are given at the extreme left of the EV truth table of Fig. 3- 
34(a) and are the decimal equivalents of the AB logic coordinates. Note that 
the single literal entries here represent diads, not monads. 

The reduced SOP and POS functions can now be read directly from the 
EV K-map of Fig. 3-35(b) by following the loop-out protocol given earlier. 
However, to do so one must understand that in this map 1 = C + C and 
0 = C: C, since C is the only map entered variable. In Fig. 3-36 we present 
the K-maps showing minimum SOP cover and minimum POS cover which 
have been looped out in agreement with the logic adjacency laws [Eqs. (3- 
15) and (3-16) given in Sect. 3.3]. In the SOP map the logic 1 (meaning C 
+ C) is covered since it is used to loop out both the C and C terms in 
MINTERM code. Similarly, the logic 0 (meaning C - C) is covered since it 


0 0 0:0 0 
0 

1 0 0:1 0 

2 O 1:0 1 
1 

3 0 1:1 0 

4 1 0:0 0 
2 l 

5 1 0:1 1 

6 1 1:0 1 
3 i 

7 1 1:1 1 

(a) (b) 


Fig. 3-34. (a) Truth table and submaps, (b) standard K-map for Eq. (3-45). 


3 / Function Representation and Reduction 


(a) (b) 
Fig. 3-35. Entered variable representation of the function given by Eq. (3-45). (a) 
Second-order EV truth table. (b) Second-order EV K-map showing the submaps 
for each cell. 


(A + C) 


(B + C) 


(b) 
Fig. 3-36. Entered variable K-map minimization of the function given by Eq. (3- 
45). (a) Minimum SOP cover. (b) Minimum POS cover. 


is used to loop out both the C and C POS terms in MAXTERM code. The 
resulting minimum SOP and POS expressions are given by 


f =AC + BC SOP (3-46) 
= (A + CXB + C) POS 


As an exercise the reader should verify Eqs. (3-46) by looping out the min- 
imum SOP and POS cover from the conventional third-order K-map of Fig. 
3-34(b). 

To illustrate map compression further, let us take the four-variable (N 
= 4) function 


Y(A, B, C, D) = [| M(0, 1, 6, 8, 9, 11, 14, 15) (3-47) 


and compress it into a third-order (n = 3) K-map. Recalling that submaps 
of order (N — n) are entered into the cells of the mth order map, we can 
(and should) bypass the truth table stage and proceed directly to the K- 
maps. Shown in Fig. 3-37 are the standard fourth-order map and third-order 
EV map which derive from the function given by Eq. (3-47). The EV map 
of Fig. 3-37(b) is constructed by entering first-order (N — n = 1) submap 
functions into each cell as indicated. For example, the submap for MAX- 
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(a) (b) 
Fig. 3-37. K-map representation of the function given by Eq. (3-47). (a) Standard 
K-map. (b) Third-order EV K-map showing sample submaps. 


TERMs Mo and M, requires that a logic 0 (meaning D - D) be entered in 
cell 0, the submap for MINTERMs mz, and m; requires that a logic 1 (meaning 
D + D) be placed in cell 1, the submap for Mg and m; requires that the EV 
(D) be entered in cell 3, the submap for mio and M1, requires that the EV 
(D) be entered in cell 5, and so on. Collectively, the eight first-order sub- 
maps, represented by the third-order EV map, form the fourth-order map, 
as is evident by comparing the submap cells with those of the same coded 
cell numbers in the fourth-order map given by Fig.3-37(a). 

Let us now loop out the minimum cover for the function represented by 
the third-order EV map of Fig. 3-37(b). In Figs. 3-38(a) and (b) are given 
the K-maps representing minimum SOP and POS cover, respectively. The 
results, looped out as shown, are 


Y = BCD + ACD + BC SOP (3-48) 
=(B+C+D)\A+C+D\(B+C) POS | 


where the terms of both forms are written in the order required by the loop- 
out protocol. Observe that the logic 1 in cell 1 of Fig. 3-38(a) is covered by 
the two SOP diads ACD and BCD and that the logic 0 in cell 7 of Fig. 3- 
38(b) is covered by the diads B + C + DandA + C + D. Itis easily shown 
that minimum cover for the fourth-order map of Fig. 3-37(a) yields the same 
results given by Eqs. (3-48). 

So as to make a rather important point, we carry the function reduction 
process one step further. We compress the four variable function of Eq. (3- 
47) into a second-order K-map by entering into its four cells the reduced 
functions (in variables C and D) from submaps of the second order as in- 
dicated in Fig. 3-39. Here, it is seen that the SOP and POS maps are identical 
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(B + C) 
(A+C+D) 
(a) SOP cover (b) POS cover 


Fig. 3-38. Third-order EV K-maps for the four-variable function represented by 
Eq. (3-47) showing minimum SOP and POS cover. 


but are looped out differently in agreement with the MINTERM and MAX- 
TERM codes. Note that the EV subfunctions in Fig. 3-39 could have been 
obtained from first-order submaps derived from the third-order EV K-maps 
in Fig. 3-38. 

The reduced SOP and POS cover for the K-maps of Fig. 3-39 is 


Y = BCD + ABC + ABD + BC SOP 


iCD + + ABD + B- B (3-49) 
=(B+C+D\(A+B+C(A+B+D\(B+C) POS 


Comparing Eqs. (3-49) with those of Eqs. (3-48) clearly indicates that Eqs. 
(3-49) are not minimum forms, but they are greatly reduced relative to the 
CANONICAL expression of Eq. (3-47). It is true that absolute minimum 
SOP and POS cover could have been read from the second-order EV K- 
maps of Fig. 3-39 had we recognized from the submaps that the diad ACD 
covers the terms ABD and ABC for the SOP map and that the diad A + 


D 


(a) (b) Cell 3 
Fig. 3-39. Second-order EV K-maps and second-order submaps for the four- 


variable function given by Eq. (3-47). (a) Reduced SOP cover. (b) Reduced POS 
cover. 
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(B+C+D) 


ACD A 0 1 


| ™_ 


(C +D)(C +D) 


(A+C+D) 
(a) (b) 
Fig. 3-40. Second-order EV K-maps containing CANONICAL subfunctions of 
Eq. (3-47). (a) Minimum SOP cover. (b) Minimum POS cover. 


C + D covers the terms A + B + D and A + B + C for the POS map. 
Here, we have chosen to utilize the simplicity of the reduced entries rather 
than reading the CANONICAL data in the submaps, but at the sacrifice of 
absolute minimum cover. Apparently, by looping out reduced EV functions 
in a compressed map, there results a tendency to depart increasingly from 
absolute minimum form with increasing compression, that is, with increasing 
submap order (N — n). As we shall see next, the EV mapping methods can, 
in fact, be used to obtain an absolute minimum form, provided we make the 
effort to alter the form of the EV terms. 

Instead of entering reduced EV functions into the second-order map cells, 
as was done in Fig. 3-39, we can enter MINTERMs (or MAXTERMs) into 
the appropriate cells. Reading the submaps in Fig. 3-39, one obtains the 
second-order EV maps shown in Fig. 3-40 and the minimum functions of 
Eqs. (3-47). Notice that once the loop-out process has been completed, the 
subfunctions must be reduced to obtain the minimum terms BC and B + C 
in the SOP and POS maps, respectively, a procedure that must be followed 
if an absolute minimum form is to be obtained. With a little practice, the 
reader can use the submaps of Fig. 3-39 to accomplish the same results as 
in Fig. 3-40 but without the need to reenter CANONICAL data—the sub- 
maps already represent CANONICAL data. 

The point to be made here is that it is not always desirable to require a 
guaranteed absolute minimum function. A greatly reduced function may suf- 
fice for the particular design problem and may be obtained with minimum 
effort. However, if it is necessary to obtain a guaranteed absolute minimum 
function from an EV K-map, then it may be necessary that all entries be in 
CANONICAL MINTERM or MAXTERM form. In this case the use of 
submaps can advantageously reduce the work required. 


3.9 PRACTICAL EV MAPPING CONSIDERATIONS 


At this time we need to clarify a few points which ostensibly emerge from 
the previous section. First, we ask, ‘“‘Why would one want to compress the 
four-variable function of Eq. (3-47) by two orders into a second-order map, 
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as in Fig. 3-39 or Fig. 3-40?” The answer is that one probably would never 
do this. In fact, given a four-variable function in CANONICAL or reduced 
form, it is common practice to loop out minimum cover from a fourth-order 
map, or perhaps occasionally a third-order map, but not one of second order. 
However, there does arise the occasion when the design specifications of a 
problem lead quite naturally to a multiorder compression. For example, a 
four-variable function might naturally be represented in a second-order EV 
truth table as a result of the design specifications. In this case transferring 
the information from a second-order truth table to a second-order K-map 
for function reduction is the simplest and most reasonable approach to take. 
We will provide many examples of the use of multiorder compression meth- 
ods in the remaining chapters. 

A second point of clarification needs to be made with regard to the subject 
of EV mapping and the requirement for a guaranteed absolute minimum. 
The power and utility of the EV map method lies in the simplicity with which 
reduced forms can be obtained. To use the EV method to achieve absolute 
minimum form for complex functions when there are other more efficient 
means available (e.g., computer methods) would be improper. Likewise, it 
would be improper to use computer methods to obtain function minima 
which are more easily obtained with pencil and paper. Therefore, the fol- 
lowing statement can be made: 


Unless there is a compelling reason to do otherwise, all subfunctions 
entered into EV K-maps should be reduced or minimized forms with 
the goal of achieving reduced cover, not necessarily absolute minimum 
cover. 


Map compressions of one order often lead to absolute minimum cover even 
when reduced subfunction entries are used. But for most EV K-maps ab- 
solute minimum cover is not guaranteed, even if the loop-out protocol is 
strictly followed. 

Also, there is the question of how the loop-out protocol is affected by 
the presence of entered variables, if at all. Actually, the loop-out protocol, 
as given in Sect. 3.5, remains in effect but extended in the following way: 


In looping out EV K-maps, first loop out all EVs following the loop- 
out protocol outlined in Sect. 3-5; then loop out the I’s for SOP rep- 
resentation or the 0’s for POS representation as a ‘‘clean-up’’ oper- 
ation, also following the loop-out protocol. 


Thus, the loop-out protocol may be thought of as being applied twice for 
EV K-maps, first to EVs and then to the 1’s or 0’s. The reason for doing 
this is simply to avoid possible redundant cover which is the reason for using 
the loop-out protocol in the first place. As will be shown in the following 
discussion, it happens occasionally that a logic 1 (or logic 0) will be covered 
by using it to loop out EV adjacencies. Only when the 1’s or 0’s are not 
completely covered will one want to loop them out as a clean-up operation. 
To do otherwise would create redundant cover, a condition to be avoided. 


3.9 / Practical EV Mapping Considerations 143 


144 


A useful observation emerges from the map compression process de- 
scribed earlier. As we have already seen, each cell of the compressed nth- 
order map represents a submap of order (N — n) for an N > n variable 
function. Furthermore, it is also observed that each submap covers 27” 
possible MINTERMs (or MAXTERMs). This leads us to conclude that any 
compressed n® order K-map, representing a function of N > n variables, 
has a MAP KEY defined by 


MAP KEY = 207” N>n (3-50) 


The MAP KEY has the special property that when it is multiplied by a cell 
code number of the compressed n“-order map, there results the code number 
of the first MINTERM or MAXTERM possible for that cell. For future 
reference we will call the statement of Eq. (3-50) the MAP-KEY relation and 
express it in the following way: 


Code number of the first 
MINTERM or MAXTERM | (3-51) 
possible for that 

compressed map cell 


Compressed map 
Cell number 


(MAP KEY) = 


As an example of the use of Eq. (3-51), let us refer back to Fig. 3-39. 
Here, it is easily seen that the MAP KEY for this second-order EV map is 
24-2? = 4. Therefore, according to the MAP KEY relation, cell 1 of the 
second-order EV map must cover code numbers 4, 5, 6, and 7 just as cell 
3 must cover code numbers 12, 13, 14, and 15, and so on. With a little practice 
the MAP KEY relation will prove to be of considerable value in making 
reduced submap entries into EV maps directly from the CANONICAL forms 
or the reverse. | 

We will further illustrate the EV mapping method and the use of the MAP 
KEY relation by considering the following four variable function containing 
don’t cares: 


T(A,B,C,D) = > mG, 4, 6, 7, 11, 14) + (0, 2, 15) (3-52) 


Let us compress this function into a third-order EV map and then find its 
minimized SOP and POS forms. To do this we must first enter the reduced 
function from submaps of order 4 — 3 = 1 into each cell of the third-order 
EV map which has a MAP KEY of 2*~3 = 2. Thus we are, in effect, counting 
by 2’s (the MAP KEY). Next we construct on paper or in our minds eight 
first-order submaps containing the six essential MINTERMs and the three 
nonessential MINTERMs (don’t cares) represented by Eq. (3-52). The re- 
sulting SOP and POS EV K-maps are shown in Fig. 3-41 together with five 
sample submaps to illustrate their SOP and POS interpretation. Don’t care 
submap entries are treated as entered variables and are assigned logic values 
(bp = 0 or ẹ = 1) as needed. For example, the subfunction in cell 0 is 
interpreted as 6D = D (ẹọ = 1) for minimum SOP cover but is $D = 0 (6 
= 0) for minimum POS cover. Similarly, the subfunction in cell 1 is inter- 
preted as bp + D = 1 (b = 1) for minimum SOP cover, but is taken as p 
+ D = D(¢$ = 0) for minimum POS cover. 
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(a) 


(b) 
Fig. 3-41. Third-order EV K-maps and sample submaps for the function given by 
Eq. (3-52). (a) Minimum SOP cover. (b) Minimum POS cover. 


Following the loop-out protocol and remembering that 1 = D + D and 
0 = D- D for the maps of Fig. 3-41, there results the minimum SOP and 
POS cover 


Tsop = AD + CD + BC 


oe (3-53) 
Tros = (B F D\(C + DXA J C) 


It is important to understand that algebraically Tsop ¥ Tpos but that logically 
both expression yield the same results for any given set of input logic levels 
consistent with Eq. (3-52). This algebraic inequality results directly from the 
fact that the don’t cares are interpreted differently in generating the minimum 
SOP and minimum POS cover. Consequently, it is understandable that the 
SOP and POS K-maps of Fig. 3-41 are not congruent but that they are log- 
ically equivalent. 

The EV K-map methods described here can also be used for partially 
reduced functions. Take, for example, the partially reduced four-variable 
function 


S = ABC + ACD + BCD + ABCD + ABD (3-54) 


This function can be compressed into a third-order EV map simply by se- 
lecting an EV, say, D as before, and entering the reduced terms (in D) into 
the appropriate cells. The results are given in Fig. 3-42, where the 1’s and 
0’s are interpreted as D + D andD- D, respectively. Observe that the term. 
ABC places a logic 1 in cell 5 and that the term ACD is mapped as D for 
“all that is A and C,” and so on. The logic 1 in cell 1 results from the 
intersection of the two diads, ACD and ABD. 
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Fig. 3-42. Third-order EV K- 
map for the partially reduced 
function of Eq. (3-54) showing 
minimum SOP and POS cover. 


Looping out the minimum SOP and POS cover we obtain 


S= BD + cD 7 (3-55) 
= (C+ DXB + D) 


and note that the 1’s are covered by two SOP quads, as are the 0’s covered 
by two POS quads (see dashed loops). These minimized functions could 
have been looped out of conventional fourth-order map. As to which method 
is easier, is a matter of personal preference or, perhaps, familiarity with the 
EV map methods. However, it must be born in mind that the EV map method 
with reduced subfunction entries does not, in general, yield a guaranteed 
absolute minimum function whereas conventional mapping (when practical 
to use) will, provided that the loop-out protocol is obeyed. 

The CANONICAL SOP and POS forms are easily obtained from Fig. 3- 
42 by reversing the submapping process and by applying the MAP KEY 
relation. For example, noting that the MAP KEY for this map is 2, we see 
that the D in cell 0 can be accounted for only if MINTERM m, exists but 
not mo. Similarly, the D term in cell 3 results only if MINTERM meg exists 
but not m7. The 1’s represent the existance of both MINTERMs covered 
by a cell, and the 0’s represent the existance of both MAXTERMs (or the 
absence of both MINTERMs) covered by a cell. In this way, taking the cells 
of the EV map in sequence one at a time, we can obtain directly the CA- 
NONICAL forms: 


S = >) m(, 2, 3, 6, 9, 10, 11, 14) 3-56 
= [[ MO, 4, 5, 7, 8, 12, 13, 15) 


These CANONICAL forms could have been obtained from the partially 
reduced function of Eq. (3-54) but only by Boolean expansion, a more tedious 
task. Remember that once one CANONICAL form is obtained the other 
follows immediately—the code numbers absent in one CANONICAL form 
become the code numbers of the other. 


3.10 FUNCTION REDUCTION OF FIVE OR MORE VARIABLES 


146 


Perhaps the most powerful application of the EV mapping method is the 
reduction of functions having five to eight variables. Beyond eight variables 
the EV method could become too tedious to be of value, given the computer 
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methods available. We will give a few examples of function reduction 
through six variables, and then indicate how one would proceed in cases 
where seven or eight variables are present. 

Consider the following five-variable function 


f(A,B,C,D,E) = X m(0, 1, 2, 3, 8, 9, 10, 11, 14, 20, 21, 22, 25) (3-57) 


To compress this function into a fourth-order EV map requires that submaps 
of order 5 — 4 = 1 be entered into each cell of the EV map which has a 
MAP KEY of 2°~* = 2. The results are shown in Fig. 3-43 together with 
four sample submaps. 

By following the loop-out protocol, by using the MAP KEY relation, and 
by noting that the 1’s and 0’s represent E + E and E - E, respectively, we 
find | 


f = ABCE + ABDE + BCDE + ABCD + AC 
=(A+B+E(A+D+E(B+C+E\(A+B+C) (38-58) 
-(A+B+C\(A+C+D) 


which, in this case, represent minimum SOP and POS cover, the former 
being simpler than the latter. Since minimum POS cover is not shown in 
Fig. 3-43, it will be instructive for the reader to verify the POS expression. 
Notice that the EV terms are looped out first followed by the 1’s or 0’s, all 
in agreement with the extended loop-out protocol given in Sect. 3-9. 

The five-variable function of Eq. (3-57) can be minimized by conventional 
means. This requires the use of two fourth-order maps, one for A and one 
for A, A being called the map heading variable. In effect, this is a three- 
dimensional mapping problem, where one map is imagined to be placed on 
top of the other in what is called the stack format. By using this method and 
the loop-out protocol, a guaranteed absolute minimum function can be 
achieved, but only at the expense of considerable work. This is demonstrated 
by Example 3.14(b) in Sect. 3.13. 


Cell 12 Cell 14 


Fig. 3-43. Fourth-order EV K-map, sample submaps and minimum SOP cover for 
the function given by Eq. (3-57). 
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As another example, let us compress the six-variable function 


Y(A,B,C,D,E,F) = >, m(0,2,4,6,8, 10, 12, 14, 16, 20, 23, 32, 34, 36, 
38,40, 42,44, 45,46, 49, 51,57, 59, 60,61, 62, 63) 


(3-59) 


into a fourth-order EV map, a second-order compression. In this case, we 
must enter submaps of order 6 — 4 = 2 into each cell of the compressed 
EV map which has a MAP KEY of 2°~* = 4. The results are shown in Fig. 
3-44, along with four sample submaps. Note that minimum subfunction forms 
have been read from the submaps and have been placed in the appropriate 
cells of the fourth-order EV map. The entries in cells 4 and 5 are, of course, 
given in CANONICAL form since no adjacencies exist for their SOP rep- 
resentation. Cell 5 could have been represented as E © F or E ® F, but such 
forms would not be helpful in the search for minimum cover. 

___ Again following the loop-out protocol and noting that in this map 1 = 
EF + EF + EF + EF = (E + E) = (F + F), the absolute minimum SOP 
cover indicated in Fig. 3-44 is read as 


Y = ABCDEF + ACEF + ABDF + ACDE (3-60) 
+ BF + ABCD 


The EF subfunction in cell 5 is looped out as a monad (it has no logic ad- 
jacencies) to yield the first term, the only MINTERM in Eq. (3-60). The 
second term results from looping out the subfunction EF in cells 4 and 5 
with the subfunctions F in cells 0 and 1 to form a quad. Had we not noticed 


Fig. 3-44. Fourth-order EV K-map, four sample submaps, and minimum SOP 
cover for the six-variable function of Eq. (3-59). 
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[A+B+C+D+(EF)] 


(B+C+F) (A+B+C+D) 


that the EF terms in cells 4 and 5 were contained in the F terms of cells 0 
and 1, we would have looped out the term EF as the diad ABCEF, an 
increase of one input. The term BF results from looping out the subfunction 
F as a hexadecad from cells 0, 1, 2, 3, 8, 9, 10, and 11. The logic 1 quad in 
cell 15 is looped out last as a ‘‘clean-up’’ term to cover the remaining logic 
adjacencies contained in that cell. Thus, the procedure is one of first applying 
the loop-out protocol to the EVs and then applying it to the 1’s as a clean- 
up stage. Such a procedure helps to eliminate possible redundant coverage. 

The absolute minimum result given by Eq. (3-60) could have been ob- 
tained by looping out SOP cover by conventional means. The conventional 
approach would require four fourth-order K-maps, one each for 
AB, AB, AB and AB, assuming that the variables A and B are chosen as the 
map heading variables. But this task is a formidable one since these maps 
must be looped out as a three-dimensional problem. Our point is that the 
minimum form of Eq. (3-60) is easily obtained from reduced EV subfunctions 
providing one takes the time to learn the EV mapping method. Another 
example of six-variable EV map reduction is provided by Example 3-16 in 
Sect. 3.13. 

Representing the function of Eq. (3-59) in reduced or minimum POS form 
requires some special consideration. Presented in Fig. 3-45 is the POS map 
which is congruent with the SOP map except for the EQV subfunction of 
cell 5 which is now given in POS form. Following the loop-out protocol, 
first for the EVs and proceeding to the logic 0’s for the clean-up terms, and 
recognizing that for this POS map 0 = (E + F(E + FXE + FXE + F) = 
EE = FF, one possible reduced POS result is given by the following expres- 
sion: 


(A+B+F) 


(B+D+F) 
[A+B+ (E+ F)(E + F)] 


(A+B+C) 


Fig. 3-45. Second-order compression of the function given by Eq. (3-59) showing 
reduced POS cover with hybrid subfunctions. 


3.10 / Function Reduction of Five or More Variables 149 


150 


Y=(A+B+C+D+E-F(A+B+D+F) 
(A+B+(E+F\)(E+F)\(B+D+F) 
(B+C+F\(A+B+F\(B+E+F) 
-(A+B+C+D\(A+B+C) 

=(A+B+C+D+E\(A+B+C+D+F) 
(A+B+D+F\(A+Bt+E+F) 
(A+B+E+F\(B+D+F\(B+C+F) 
(A+B+F\(B+E+F) 
-(A+B+C+D)(A+B+C) 


(3-61) 


The first expression for Y in Eqs. (3-61) is a hybrid form since it contains 
both POS and SOP terms. It is obtained by reading the cell groupings as 
indicated in Fig. 3-45. The hybrid term (A + B + C + D + EF) is the 
result of looping out cell 4 as an “‘island’’ and represents two POS diads, 
one in E and the other in F, according to the distributive law [Eq. (2-13)]. 
The second hybrid term [A + B + (E + F\E + F)] is looped out of cells 
4, 5, 6, and 7, and represents two POS quads, one in (E + F) and the other 
in (E + F), after applying Eq. (2-13). That these four cells contain the term 
(E + F) (E + F) is evident when one compares the submaps for cells 4 and 
5 and acknowledges that cells 6 and 7 contain the four MAXTERMs needed 
to cover any adjacencies. | 

Also noteworthy is the fact that the subfunction (E + F) is contained in 
cells 0, 1, 2, 3, 8, 9, 10, and 11, leading to the octad (B + E + F). This is 
obvious when one compares the submaps for cells 1 and 11. Further, the 
octad terms, (A + B + F)and(B + D + F), result from the need to cover 
F in cells 3 and 10, respectively. Finally, the octad (A + B + ©) is a clean- 
up term covering all remaining adjacencies between cells 6 and 7. The re- 
mainder of the terms follow straightforwardly. 

The hybrid terms in the first expression of Eqs. (3-61) can be expanded 
to POS form by using the distributive law as was indicated. When this is 
done the second expression of Eqs. (3-61) results and is seen to be a reduced 
POS function of 11 PRIME IMPLICANTSs. Further study of the K-map in 
Fig. 3-45 will be necessary to determine whether or not it is an absolute 
minimum form. 

A little reflection on the adjacency groupings in Fig. 3-45 reveals that 
other reduced forms are possible, including those more closely approaching 
the absolute minimum cover. For example, an inspection of the submaps 
for cells 4, 5, 12, and 13 indicates that all four contain the POS subfunction 
(E + F) and can be looped out as the quad (B + C + E + F). Further- 
more, cells 0 through 7 all contain an (E + F) term, leading to the octad (A 
+ E + F), that, with the foregoing quad, completes the cover of cell 5. 
Since an (E + F) POS term yet remains in cell 4 (refer to its submap), one 
need only loop out this term in cells 0, 2, 4, and 6 to achieve complete cover 
for cell 4. Combining these results with those given previously leads us to 
the absolute minimum POS cover given by 
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Y=(A+Bt+D+F\B+C+E+F(A+E+F) 
-(A+D+F\(B+C+F(B+D+F (3-62) 
-(B+E+ F(A+B+C+D)\(A+B+C) 


Now we have an expression of nine ESSENTIAL PRIME IMPLICANTs 
(EPIs) which cannot be reduced further. Thus, many reduced expressions 
can be derived from the K-map of Fig. 3-45, but only one is an absolute 
minimum form. 

The third-order compression of a seven-variable function into a fourth- 
order K-map requires that submap functions of order 7 — 4 = 3 be entered 
into each cell of the compressed map having a MAP KEY of 27-4 = 8. 
Also, by Eq. (3-51), it follows that 8 x (cell number of the 4th-order map) 
gives the code number of the first MINTERM or MAXTERM possible in 
any given cell. To illustrate, consider the subfunction 


Y(A,B,C,D,E,F,G) = >)m(89, 90, 91, 93, 95) (3-63) 


which could represent a portion of a much larger function. The third-order 
submap for Eq. (3-63) is shown in Fig. 3-46, where the cells are numbered 
appropriately from 88 to 95. Looping out the minimum SOP and POS terms 
for this subfunction gives the results 


Yu = EF +G SOP (3-64) 
= (E + GXF + G) POS 


which can now be entered into cell 11 (since 8 x 11 = 88) of the compressed 
fourth-order SOP or POS map with axes AB and CD. The process just de- 
scribed would continue until all the minimized subfunctions from the third- 


order submaps are entered into the appropriate cells of the compressed K- 
map which covers MINTERM (or MAXTERM) code numbers from 0 to (8 
x 16) — 1 = 127. At this point a reduced function could be looped out 
following the loop-out protocol, beginning first with the EVs and proceeding 
to the 1’s or 0’s as clean-up terms for the SOP or POS maps. The results 
almost certainly would not be absolute minimum expressions. 


Fig. 3-46. Third-order submap 
for the subfunction given by Eq. 
(3-63). 
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The fourth-order compression of an eight-variable function into a fourth- 
order EV map follows in a similar fashion. In this case, reduced submap 
functions of order 8 — 4 = 4 must be entered into the compressed map 
having a MAP KEY at 28-4 = 16. Thus, each cell of the compressed EV 
map would represent the minimum (or reduced) subfunction obtained from 
a fourth-order submap. 

We leave it as an exercise for the reader to show that the CANONICAL 
POS subfunction 


Y(A,B,C,D,E,F,G,H) = [| M(49, 50, 51, 54, 57, 58, 59, 60, 62) (3-65) 
yields the minimum SOP and POS subfunctions given by 


Y = FGH + EFG + FH (3-66) 
= (E + F + H\(F + A(G + HB) 


which must be entered into cell 3 of the appropriate compressed fourth-order 
map (with axes AB, CD) covering MINTERM (or MAXTERM) code num- 
bers from 0 to 255. Also, the reader should verify that this subfunction must 
be represented in a submap having cells numbered from 48 to 63. 

Completion of an eight-variable reduction problem would require that 
the minimized subfunctions from 16 fourth-order submaps be entered into 
the appropriate cells of the compressed EV map. Then by following the 
loop-out protocol, a greatly reduced function could be read quite easily from 
the map. This is really not a difficult task when one considers the alternatives 
short of a computer solution. For example, to minimize such a function by 
conventional mapping methods would require that 16 fourth-order maps be 
read simultaneously, a nearly impossible three-dimensional problem. A 
seven-variable minimization would require that 8 fourth-order maps be read 
simultaneously, also a task too difficult to be practical. Entering CANON- 
ICAL EV data for seven or eight variables into the 16 cells of a compressed 
map is still an unreasonable approach to the function reduction problem. 
Thus, considering its simplicity, the EV map reduction method with reduced 
or minimized EV subfunctions can be a powerful tool provided that it is 
properly understood and properly used. We will reflect further on the use 
aspect of the EV mapping method in the next section. 


PERSPECTIVE ON MAP COMPRESSION AND MINIMIZATION 


The EV mapping method just discussed is of great value in logic design 
provided that we are satisfied to accept reduced expressions that are not 
necessarily in absolute minimum form. An absolute minimum result is guar- 
anteed only if an exhaustive MINTERM (or MAXTERM) adjacency search 
method is used. But for complex multiinput/multioutput systems, such ex- 
haustive search methods require the use of computers. Even then, an op- 
timum solution may not be possible. The problem is that the exhaustive 
search method may not converge in a reasonable period of time to give an 
optimum solution for a complex system—a computer has limited memory 
capability and speed. 
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There are tabular methods which will achieve an optimum solution for 
relatively simple systems and which can be programmed for a digital com- 
puter. One, the Quine-McCluskey (Q-M) tabular reduction method, uses an 
exhaustive search procedure to determine all possible combinations of log- 
ically adjacent cell entries, and then uses this information in a systematic 
way to obtain an optimum solution. The Q-M method can also be used to 
optimize multiple-output systems. Section 3.7 describes a similar but less 
formal approach to the multiple-output optimization problem, an approach 
that does not guarantee an optimum solution. Used without the aid of a 
computer, the Q-M method is tedious and, in most cases, unwarranted given 
the advantages that the EV method offers. The EV (pencil-and-paper) 
method, described in the previous sections, is useful in obtaining minimized 
or near minimized solutions to single-output or multioutput systems of up 
to eight input variables. With some skill the EV method can even be used 
to obtain greatly reduced functions of up to 12 variables but with little chance 
of achieving optimum results. 

If computer optimized solutions are required for complex multiinput/ 
multioutput systems, it is not necessary to write software programs for the 
Quine-McCluskey method because a variety of excellent computer optimi- 
zation programs are available that will suffice, and will do so in much less 
computer time than is possible by using the Q-M algorithm. Some of these 
programs will accept entered variables and will yield optimum two-level 
solutions in either SOP and POS form for single- or multioutput functions 
or many variables. Thus, beyond its historical significance as the first sys- 
tematic, exhaustive search, minimization algorithm, the Q-M method is of 
little practical importance. 

Computer optimization of logic functions has limitations also. It is an 
established fact that the generalized optimal solution for an n-variable func- 
tion is impossible. The only reason why a 12-variable function, for example, 
can be minimized is because the computer in which the minimized algorithm 
is applied has sufficient memory and speed to accomplish the task. The 
minimization of a 20-variable function might not be possible in the same 
computer considering the fact that 27° MINTERMS would have to be ex- 
haustively searched for logic adjacencies. The Annotated References at the 
end of this chapter contain the references for the Q-M method and useful 
computer optimization programs. 

The EV mapping method is particularly useful for up to three or four 
orders of map compression. However, with increasing compression order 
beyond third order, the gap usually widens between the reduced forms ob- 
tained and the absolute minimum result—a sacrifice that one must be pre- 
pared to make if the simple EV method is to be used. For this reason, we 
set as a practical upper limit four orders of compression and strongly rec- 
ommend the use minimized or reduced subfunction K-map entries. It is 
possible to extend this limit, but to do so would necessitate the use of sub- 
maps within the fourth-order submaps, a task which is seemingly manageable 
but somewhat tedious nevertheless. 

Proper SOP and POS interpretation of subfunctions containing don’t 
cares 1s essential if the EV method is to be correctly applied. This was 
demonstrated in Fig. 3-41 for the case of a first-order map compression. To 
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_ E+F (o=0) ae EF (=0) 
O+E+F= PEETERS EF+EF=E@F (¢=1) 


=(E+F)(E+F) 


(a) (b) 


(c) (d) 
Fig. 3-47. Second-order submaps containing don’t cares and their interpretations 
for second-order map compressions. 


gain a better perspective of this type of EV problem, consider the four sec- 
ond-order submaps in Fig. 3-47 which are typical of those that might be 
encountered in second-order map compressions, say, from sixth to fourth 
order. Included with each submap are the subfunction and their minimum 
forms for values ọ = 0 and ọ = 1. The accent here is on simplicity and the 
option to interpret the (b - X)- and (6 + X)-type terms as needed to produce 
minimum SOP or POS cover. Once minimized, such subfunctions will not 
reveal their CANONICAL origin—all don’t care information is lost. It is 
important to remember that a don’t care (¢) entry is treated just like an 
entered variable, one that becomes a logic 0 or logic 1 as needed. 

To maintain a reasonable level of simplicity, an important feature of the 
EV method, submaps (of any order) containing don’t cares should usually 
be looped out in minimum or reduced form. Such subfunctions will, of 
course, be exclusive of all (p - X)- and (6 + X)-type terms, even though 
don’t cares may have been used in their formation. As a result of using these 
reduced subfunctions, the chance is lessened that the final reduced expres- 
sions will be an absolute minimum form. An absolute minimum result by 
the EV method can be guaranteed only if all subfunctions are represented 
in CANONICAL form and if they are looped out to yield minimum cover. 

As a final thought on the use of submaps, we offer the following sug- 
gestion: 
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If there is any doubt as to whether or not one subfunction is contained 
in another for adjacency grouping purposes, refer to the submaps of 


those subfunctions. A brief comparison of the adjacent submaps will 
usually yield the answer immediately. 


Remember that the use of CANONICAL subfunctions offers the surest 
means of obtaining an absolute minimum cover, if an absolute minimum is 
required. Since conventional submaps (those containing 1’s, 0’s, and ¢’s) 
represent CANONICAL data, they can be used for this purpose. Example 
3-15 in Sect. 3.13 illustrates the use of conventional submaps in achieving 
absolute minimum results. Although these submaps are of second order, it 
is easy to see how fourth-order conventional submaps could be used in the 
same manner. In fact, a five-variable subfunction could be represented in a 
fourth-order submap with a reasonable expectation of achieving minimum 
cover. Thus, a nine-variable function, compressed into a fourth-order K- 
map, could be minimized in this way. 


3.12 MULTILEVEL LOGIC MINIMIZATION 


The function reduction and minimization methods discussed to this point 
apply mainly to two-level (two-stage) logic networks. Two-level logic implies 
the ORing of ANDed terms or the ANDing of ORed terms of a function 
without regard to fan-in limitations (limiting number of gate inputs) or the 
presence of INVERTERs required to provide the physical realization of the 
complemented (or uncomplemented) variables. The term level also refers 
to the propagation delay associated with a gate. Thus, a two-level imple- 
mentation of a function implies two gate path delays, one through the input 
stage and one through the output stage of a logic circuit. In this section we 
will consider minimization methods that yield multiple-level logic circuits 
of minimized gate count. 


3.12.1 Minimization by Factoring 


INVERTERs provide the physical realization of the complemented (or un- 
complemented) variables depending on the input sources and the type of 
gates that are used. It is possible to eliminate the need for these INVERTERs 
and, at the same time, reduce the fan-in requirements of the gates by using 
a technique called factoring. We illustrate this technique with the following 
simple example. 

Consider the minimum SOP function 


F = ABC + AD + BD + CD 


which requires a gate/input tally (excluding INVERTERS») of 5/13. This in- 
cludes four ANDing operations with a maximum of three inputs per gate, 
and one ORing operation requiring four inputs. Also, if all inputs are assumed 
to arrive ACTIVE HIGH, then two INVERTERs are required, thereby mak- 
ing a total gate/input tally of 7/15. Now, let us assume that all gates have a 
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fan-in limitation of three inputs and that it is desirable to eliminate the need 
to use LOGIC LEVEL CONVERTERs (INVERTERs) to generate the com- 
plements of the B and C variables. To do this we need to factor the foregoing 
function as follows: 


F = ABC + AD + BD + CD 
= AB(B + ©) + AD + (B+ OD 
= AB(BC) + AD + (BC)D 
where the ABC term is factored as ABC = AB(B + C) = AB(BC). The 
result is a NAND gate/input tally of 5/12 requiring no INVERTERS. It is 
left as an exercise for the reader to verify this result. 

The technique of function minimization by factoring can be extended to 
multioutput systems of the type considered in Sect. 3.7. This is accomplished 
by matching up factored terms within the same function and between dif- 
ferent functions of an optimized system. We illustrate the technique with 
the following multioutput system. 


Consider the set of three optimized functions which are factored as in- 
dicated: 


fı = AB + AC + AB = A(B + ©) + AB = A(BC) + AB 
f2 = ABC + BC + AB = B(A + C) + AB = B(AC) + AB 
fs = BC + ABC + BC = C(B + ©) + B(A + C) = CBO) + BAC) 


Here, two terms are factored as ABC + BC = B(AC + © = B(A + ©) 


= B(AC) and BC = C(B + C) = C(BC). Then, assuming that all inputs 
arrive ACTIVE HIGH, we see that the initial expressions require a gate/ 


input tally of 12/25 which includes three INVERTERs. Also, the initial 


expressions require a fan-in of three inputs for two of the ANDing operations 
and three inputs for all three of the ORing operations. In contrast, the fac- 
tored expressions require a gate/input tally of 10/19, including one IN- 
VERTER, and have fan-in requirements that are now reduced to two inputs 


for all gates. 
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Combining entered variable subfunctions offers a special and very useful 


form of function reduction and minimization which we regard as an important 


extension of the standard EV mapping methods presented in Sects. 3.8, 3.9, 
and 3.10. If true minimum cover (gatewise) is to be obtained from a K-map, 
XOR-type patterns must be considered along with those that yield two-level 
logic (AND and OR functions). In this section we will consider various types 
of XOR patterns, XOR minimization, and the multilevel logic that results. 


The XOR Patterns. There are four types of XOR patterns that can occur in 
EV K-maps. They are 


1. Diagonal patterns. 
2. Adjacent patterns. 
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3. Offset patterns. 
4. Associative patterns. 


In the discussion that follows, each of these EV patterns will be considered, 
and typical examples will be given to illustrate their character. 

We are already familiar with one type of diagonal pattern—that given in 
the conventional, second-order K-map of Fig. 3-14. Here, the 1’s and 0’s 
represent MINTERMs and MAXTERMs, respectively, resulting in SOP and 
hybrid POS expressions of the type given by Eqs. (2-6) and (2-7). The com- 
plement of the K-map in Fig. 3-14 is the K-map for the EQUIVALENCE 
(EQV) function which results in an SOP expression of the type given by Eq. 
(2-8). The reader should become reacquainted with Eqs. (2-6), (2-8), and (2- 
32) because they will be helpful in reading the XOR cover in second- and 
third-order EV K-maps,.as we shall demonstrate. 

Presented in Fig. 3-48 are simple examples of diagonal and adjacent EV 
patterns represented in terms of the multivariable subfunctions X and Y. 
Here, it can be seen that the diagonal XOR patterns are formed from like 
terms in diagonal cells while the adjacent XOR patterns are formed by com- 
bining a term in one cell with its complement in an adjacent cell. With this 
information in mind, the reader should now learn how to read these patterns 
directly in XOR form. For example, in Fig. 3-48(a) the diagonal pattern is 
read in MINTERM code as A ® B = AB + AB for “all that is X,” hence 
X(A © B). Likewise, the adjacent pattern is read as A © Y = AY + AY for 
‘all that is B,” or B(A © Y). In Fig. 3-48(b) one reads the diagonal pattern 
in MAXTERM code as A © B [= (A + B)(A + B)] for ‘‘all that is Y,” and 
the adjacent pattern is read as A © X [= (A + X)(A + X)] for “all that is 
B,” with a combined POS result of (Y + A ® BXB + A © X). Remember 
that Eqs. (2-32) are always applicable, permitting A © Y = A @ Y = 
A®YorA®B=AOB=A OB, and the like. 

In Fig. 3-49 are shown examples of diagonal and adjacent patterns in a 
third-order EV map. In this case, we disregard the empty cells 2 and 5 
so as to center our attention on the patterns which are looped out in 
both MINTERM and MAXTERM code. The diagonal pattern is read in 
MINTERM code as A ® C (= AC + AC) for “all that is B and Y,” that is, 


B(A@Y) B + AOX 


F = X(A®B) + B(AOY) SOP G = (Y + A®B)(B + AOX) POS 


(a) (b) 
Fig. 3-48. Second-order EV K-maps showing diagonal and adjacent XOR 
patterns and the pseudo SOP and POS expressions obtained from them. 
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Adjacent 
pattern 


Or 


AB(COX@Y) SOP 
A+B+COxX@Y POS 


AX(C OB) SOP BY(A ®C) SOP ; 
Offset Diagonal 


or or 
A+X+C@B pos | Patten B+Y+AOcC pos | Pattem 


Fig. 3-49. Third-order EV K-map showing typical diagonal, adjacent, and offset 
type XOR patterns and the pseudo SOP and POS expressions derived from them. 


BY(A © C), and in MAXTERM code is read as AO C[= (A + CXA + C)] 
for ‘‘all that is B or Y,” meaning B + Y + A O C. The adjacent pattern 
between X 9 Y and its complement is read in MINTERM code as C © (X 
® Y) [= CX ® Y) + C(X & Y)] for “all that is A and B,” or AB(COX® 
Y), but in MAXTERM code is read as CO X ® Y[= (C + Z\(C + Z), 
where Z = X 9 Y] for ‘‘all that is A + B,” hence A + B+ COXO@Y. 

The Boolean expressions derived from the XOR patterns in Figs. 3-48 
and 3-49 have been labeled SOP or POS. Actually, these are really pseudo- 
SOP and -POS forms. Just as the XOR and OR operations are called EX- 
CLUSIVE OR and INCLUSIVE OR, respectively, so also can the AND 
and EQV operations be called EXCLUSIVE AND and INCLUSIVE AND, 
respectively. Thus, XOR is to OR as AND is to EQV, and the use of the 
terms pseudo-SOP and pseudo-POS is justified. We will occasionally refer 
to expressions containing the XOR or EQV functions simply as SOP or POS 
but with this understanding. More accurately, such expressions should be 
labeled as hybrid forms since they are not explicitly represented in either 
SOP or POS form. 

Offset patterns are formed by combining like terms which exist in non- 
diagonal cells removed from one another by only one cell, a change of two 
axis code bits. Figure 3-49 gives one example in terms of the multivariable 
subfunction X. This pattern is read in MINTERM code as C © B (= BC + 
BC) for “‘all that is A AND X,” or AX(C © B). In MAXTERM code this 
same pattern would be read as C ® B [= (B + C)(B + C)] for ‘‘all that is 
A OR X,” meaning A + X + COB. Offset patterns can exist only in third- 
and fourth-order K-maps. 

Associative-type XOR patterns offer one of the best examples of the 
multilevel logic advantage over two-level logic, and considerable savings in 
hardware can be realized by the use of such patterns. Typical associative 
patterns are presented in Figs. 3-50 and 3-51. They are formed between 
XORed (or EQVed) terms and like terms in adjacent cells, similar to the 
familiar loop-out patterns for ORed (or ANDed) subfunctions. In fact, the 
XOR and EQV operator symbols may be treated as though they were the 


E = AXY + XY + AX 
(b) 
Fig. 3-50. Comparison of multilevel and two-level cover for a function E. (a) 


Simple associative pattern in a first-order K-map looped out in MINTERM code. 
(b) Two-level EV cover and (c) conventional cover for the function E. 


F = (AX) ® (BY) + AB G= [KO(A+Y)]B H = (CX) ®(ABY) 
(a) (b) (c) 
Fig. 3-51. More complex associative patterns. (a) Pattern with residual cover 


looped out in MINTERM code. (b) Pattern with residual cover looped out in 
MAXTERM code. (c) Pattern looped out in MINTERM code. 


OR and AND operator symbols, respectively, for the purpose of looping 
out pseudo-SOP and -POS cover, but the XOR or EQV operators must be 
preserved. Take, for example, the simple associative pattern shown 1n the 
first-order map of Fig. 3-50(a), a second-order compression. It is read as 
X ® (AY), similar to the SOP form X + AY that would have resulted had 
the XOR operator been replaced by the OR operator. The two-level minimum 
forms for this function are represented in Figs. 3-50(b) and (c). Notice that 
the associative pattern of Fig. 3-50(a) is not easily recognized from the con- 
ventional cover in Fig. 3-50(c), a characteristic of most XOR-type patterns 
but especially the associative pattern. 

The three associative patterns given in Fig. 3-51 are worthy of a few 
additional comments. First, let it be made clear that a given associative 
pattern can involve any 2” adjacent cells containing the XORed (or EQVed) 
variable(s). For example, in Figs. 3-51(b) and (c) are associative patterns 
which require the use of both two- and four-cell associations to form the 
XOR logic minima as indicated by the loops. Second, notice that in Figs. 
3-51(a) and (b) the logic 1 and logic 0 contain residual terms which must be 
looped out as clean-up operations. Again, we point to the striking similarity 
between conventional EV mapping and the associative XOR patterns. 

That the associative patterns represent a significant savings in the number 
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of gates required to implement the functions they represent is easily dem- 
onstrated. The multilevel (XOR) representation of the function E in Fig. 3- 
50(a) would require a gate/input tally of 2/4, meaning two gates (exclusive 
of any INVERTERs) having a total of four inputs. To implement the function 
E in the minimum two-level logic representation of Figs. 3-50(b) or (c) would 
require a gate/input tally of 4/10, a significant increase over the multilevel 
representation. Similarly, the gate/input tally for function G in Fig. 3-51(b) 
is 3/6, but would be 4/11 in minimum POS form or 4/12 in minimum SOP 
form. The two-level gate/input tallies were obtained from Fig. 3-51(b) by 
appropriately expanding the XOR term [X © Y = (X + Y(X + Y) = 
XY + XY] and by looping out the resulting two-level minima Gpos = (A 
+X + Y(X + Y\(A + X)B and Gsop = ABXY + BXY + AX, respec- 
tively. 

The four types of XOR patterns may be combined in a variety of ways. 
One example of compound XOR patterns is shown in Fig. 3-52, where use 
is again made of an associative pattern, but now in combination with di- 
agonal, adjacent, and offset patterns. Here, the last three patterns are nested 
with respect to the associative pattern. The combined patterns of cells 1, 2, 
5, and 6 can be easily understood by the reader if they are viewed as being 
composed of two parts. Thus, taking cells 1 and 5, the adjacent pattern is 
BC(A ® X), while for cells 2 and 6, we read BC(A ® X). Combining and 
factoring then yields (A © X)(B © C) as indicated in Fig. 3-52(a). The gate/ 
input tally for minimum multilevel cover is 6/13, compared to a two-level 
SOP minimum tally of 7/31. We leave it for the reader to prove the validity 
of these gate/input tallies. 

Although we have not specifically mentioned it previously, the multilevel 
minimum may represent an even greater savings in the hardware needed for 
implementation when account is taken of the INVERTER requirements. 
Generally speaking, the number of INVERTERs required for a given func- 
tion increases in proportion to the number of inputs indicated by the gate/ 
input tally. For example, in the case of Fig. 3-52, assuming all inputs arrive 
as A, B, C, X, and Y from positive logic sources, two INVERTERs would 
be required for the multilevel representation, whereas five INVERTERs 


K = [(A@X)(B @C)] ® [YC(A ® B)] 


(a) (b) 
Fig. 3-52. (a) EV K-map illustrating compound XOR type patterns for a function 
K. (b) Representation of the function K in a map of lesser compression showing 
loss of pattern recognition. 
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would be required for the two-level form. The proof of this is left for the 
reader. 

The four associative XOR patterns presented in Figs. 3-51 and 3-52 could 
have been illustrated by using conventional mapping methods—that is, with 
1’s and 0’s. However, this would have been a most difficult and tedious task. 
To demonstrate, the reader is invited to prove any of the associative patterns 
of Fig. 3-51 by conventional means. In fact, representing the functions of 
Figs. 3-51 and 3-52 by maps of lesser or greater compression than second 
order would certainly complicate the task of recognizing XOR-type patterns. 
This is demonstrated by Fig. 3-52(b) where it can be seen that a compression 
of only one order greatly obscures the patterns needed to loop out a mul- 
tilevel minimum. Apparently, there exists an optimum compression for the 
XOR pattern recognition of a given function, and in most cases this is second 
order. 


Why Multilevel Logic Minimization? XOR minimum functions, particularly 
those of the type shown in Figs. 3-48 through 3-52(a), have some practical 
applications which are limited mainly to multioutput arithmetic circuits. This 
is so, at least in part, because the algorithms for most arithmetic manipu- 
lations of binary numbers involve addition operations, and the XOR oper- 
ation is fundamental to the addition process as is later indicated in Sect. 4.4. 
Also, there exists the possibility of improving the optimization of a given 
multioutput arithmetic circuit by using XOR logic. This follows from the 
discussion given in Sect. 3-7. But there are other factors of which account 
must be taken. 

An XOR gate is usually thought of as a two-unit time delay device. If a 
single-level gate (in, say, the TTL logic family) is viewed as having a prop- 
agation time delay of one unit, then the XOR gate, implemented according 
to Fig. 2-30 or Fig. 2-32 in TTL logic, is a device having two units of path 
delay. For better or worse, modern terminology has tagged circuits of this 
type as two-level circuits, meaning those having two units of time delay— 
whether the time units are equal or not. An important exception to this is 
the use of the MOS family XOR (or EQV) IC gates which have time delays 
only slightly larger than one unit. Thus, such MOS XOR or EQV gates will 
have propagation time delays only slightly larger than, say, MOS family 
NAND or NOR gates. Furthermore, a MOS XOR-type gate will occupy 
about the same IC chip real estate (on the average) as a MOS NAND or 
NOR gate. Examples of MOS XOR and EQV gates are shown in Figs. 2- 
36 and 2-39. 

What this discussion is leading up to is the fact that XOR-minimized 
designs usually represent multilevel circuits with higher time delays than 
conventional designs with single-level gates (NAND, NOR, AND, and OR). 
For such XOR designs one must be prepared to weigh the advantages of 
any reduced real estate requirements against the disadvantages of reduced 
circuit speed. However, these disadvantages are apparently becoming much 
less important with the advancement of new IC technology. This means that 
circuit design considerations need no longer be limited to two-level logic 
but, in fact, should now be extended to include XOR logic when significant 
savings in the gate/input tally can be realized. In Chapter 4 that follows, we 
will have the opportunity to explore the various approaches to combinational 
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logic design, including multilevel logic minimization, and make some inter- 
esting comparisons. 


3.13 WORKED EXERCISES 


EXAMPLE 3-1 


SOLUTION 


EXAMPLE 3-2 


162 


SOLUTION 


In tabulating, mapping, and minimizing Boolean expressions, one can en- 
counter a variety of subtle difficulties. Consider that there are SOP and POS 
representations in CANONICAL or reduced form, that the CANONICAL 
forms may contain don’t cares, and that these expressions may be minimized 
in two-level or multilevel form by using K-maps of various orders of 
compression and format. Add to these the subtleties of the loop-out process 
itself and suddenly the subject matter no longer seems simple, and it is not. 
In this section we cover many of these subtle difficulties by using worked 
exercises, but at the same time we provide a chapter overview and study 
guide. 


Place the following three-variable CANONICAL POS function in a truth 
table and represent it in a third-order K-map: 


f(A,B,C)=(A+B+Cl(A+BH+C\(A+BH+0O0 
-(A+B+O4+B+0) (3-67) 


The truth table in Fig. 3-53 is constructed by placing a logic 0 in the f column 
for each MAXTERM represented by the function in Eq. (3-67) and by using 
the MAXTERM code table given in Fig. 3-5. The absence of a MAXTERM 
is a MINTERM, which, accordingly, is assigned logic 1. The K-map is a 
graphical representation of the CANONICAL truth table and is constructed 
directly from the truth table as shown in Fig. 3-53(b). 


BC B 
A m i 
00 0 0 0 
0 0 1 1 
01 0 0 
0 1 1 1 Aji 
100 0 
101 0 | j 
110 1 C 
1 1 1 0 


(a) (b) 
Fig. 3-53. Conventional truth table and K-map for the three variable function of 
Eq. (3-67). 


Place the following four-variable CANONICAL SOP function in a truth table 
and represent it in a fourth-order K-map. 


f(4,B,C,D) = >, m(0, 1, 3, 5, 6, 8, 9, 10, 13) (3-68) 


The procedure is similar to that followed in Example 3-1 except that, in this 
case, a logic 1 is placed in the f column and K-map cell for each MINTERM 
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EXAMPLE 3-3 


SOLUTION 


A 


B 
0 
0 
0 
0 
1 
1 
1 
1 


ooocnooeooo 
= m OO ee OO A 
mMOoROROROC| D 
OD pei pad C eet Ce pad 
Ne a ol 
Ser OL 


(a) (b) 


Fig. 3-54. (a) Truth table and (b) K-map for the four variable function given by 
Eq. (3-68). 


present in Eq. (3-68), as required by the MINTERM code table of Fig. 3-3. 
The absence of a MINTERM is a MAXTERM and is assigned logic 0. The 
results are shown in Fig. 3-54. 


Convert the reduced SOP function given in this example to CANONICAL 
SOP and POS form by using a fourth-order K-map. Represent the CANON- 
ICAL expressions by using both literal and coded notation. 


f(A,B,C,D) = ABCD + AD + BCD + ABC 
+ ABCD + BCD + ABD (3-69) 


The MINTERMs covered by each term in Eq. (3-69) are represented by 
logic 1’s in the fourth-order K-map of Fig. 3-55. For example, all that is 
AD, covers MINTERMs mg, Mio, 12, and my while all that is A BC, covers 
MINTERMs mz and m3, and so on. The CANONICAL expressions are read 
directly from the K-map and are given as follows: 
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EXAMPLE 3-4 


SOLUTION 


0 0 o0 
0 0 1 
0 1 0 
o 1 1 
X10 1 0 0 
1 0 1 
1 1 0 

11X 
1 1 1 
(a) 
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A4 


f = > m(0, 2, 3, 5, 6, 8, 10, 12, 14, 15) 
= ABCD + ABCD + ABCD + ABCD + ABCD + ABCD 
+ ABCD + ABCD + ABCD + ABCD 
f = [[ Md, 4, 7, 9, 11, 13) 
=(A+B+C+D)\(A+Bt+C+D\(A+B+C+D) 
-(A+B+C+D):-A+B4+C+D\(A+B+C+D) 


Notice that the missing coded SOP terms form the coded POS expression, 
and vice versa. 


By using the tabular minimization procedure given in Sect. 3.3, minimize 
the following CANONICAL function in both SOP and POS form. 


f = ABC + ABC + ABC + ABC + ABC (3-70) 


In agreement with the MINTERM code table given in Fig. 3-3, a truth table 
is constructed for Eq. (3-70), as shown in Fig. 3-56(a). From this table MIN- 
TERM and MAXTERM adjacencies are identified by placing an X in the 
appropriate position, thus forming the first-level IMPLICANTs, that is, 
groups of 2! = 2 adjacencies. For example, the MINTERMs ABC and 
ABC in Eq. (3-70) are logically adjacent and are represented by ABX, mean- 
ing ABC + ABC = ABX, where X = C + C = 1. In binary MINTERM 
code this result is represented by 00X. Similarly, the MAXTERMs (A + 
B+C)and(A +B + C) are logically adjacent, meaning that (A + B + 
CXA + B + C) = X +B + C, where X = AA = 0. In binary MAXTERM 
code this result is expressed as X10. | 
Continuing this process for the second-level IMPLICANTSs (i.e., 27 = 

adjacencies) yields the final results shown in Fig. 3-56(b), which cannot be 
further reduced. Notice that the SOP and POS results are algebraically equal. 


00X 


0X1 
XOX 


<] B+AC SOP 


10X a = 
“] (B+C)(A+B) POS 


(b) 


Fig. 3-56. Tabular minimization of Eq. (3-70) by the stepwise collapse of its truth 
tables. 
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EXAMPLE 3-5 


SOLUTION 


EXAMPLE 3-6 


SOLUTION 


Minimize the function given by Eq. (3-67) in both SOP and POS form by 
using third-order K-maps. Identify all OPIs present in both forms. 


K-maps for both SOP and POS cover are shown in Fig. 3-57. The EPIs are 

identified by solid line loops, while the OPIs are indicated by dashed line 

loops. | 
The results, read directly off the the K-maps, are 


f = ABC + AC SOP 


= (B+0 
=(A+C\(A+C)4 _ POS 
| (A + B) 


where the two POS OPIs have been placed in braces. Remember that once 
one OPI is selected, the other becomes an RPI for that expression. We leave 
it to the reader to prove that the SOP and POS forms are algebraically equal. 


Fig. 3-57. K-maps for Eq. (3-67). (a) Minimum SOP cover. (b) Minimum POS 
cover with OPTIONAL PRIME IMPLICANTS indicated by dashed loops. 


Minimize the function of Eq. (3-68) in both SOP and POS form by using 
fourth-order K-maps having the format given in Fig. 3-19(b). Identify all 
OPIs for the two minimum expressions. 


The K-maps for both SOP and POS cover are shown in Fig. 3-58. Reading © 
the maps, we obtain the results 


f = ABCD + ABD + ABD + BC + CD SOP 
=~(A+B+C+D)\(B+C+D)\(B+C+D) 
(A+B+D)) — _ 
ms ew TARCE) POS 
(A+B+C) 


where the POS terms (A + B + D) and (A + B + C) are OPIs for the 
minimum POS cover. No OPIs exist for the minimum SOP cover. Note that 
the terms in the minimum cover expressions are written in the order of 2” 
adjacencies, where n = 0, 1, 2, 3, ..., in accordance with the loop-out 
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EXAMPLE 3-7 


SOLUTION 


EXAMPLE 3-8 
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SOLUTION 


Fig. 3-58. K-maps for Eq. (3-68). (a) Minimum SOP cover. (b) Minimum POS 
cover showing OPIs as dashed loops. 


protocol. Must the SOP and POS results given here be algebraically equal? 
Explain. 


Represent the function given in the truth table of Fig. 3-59 in CANONICAL 
SOP and POS form by using coded and literal notation. 


> 


pai at CTD SO et CO Sx] 


D Om m m- O-O O s 


0 
0 
0 
0 
1 
1 
1 
1 


m 0D Ore O moO 


Fig. 3-59. Truth table for 
Example 3-7. 


Reading the truth table in MINTERM code and MAXTERM code, we obtain 


f = > mG, 4, 5) + (1, 2) 
= ABC + ABC + ABC + (ABC + ABC) 
f = [] MO, 6, 7) - $0, 2) 
=(A+B+C\(A+B+C(A+B+C) 
-o(A+B+C\(A+B+C)] 


SOP 


POS 


Minimize the function represented in the truth table of Fig. 3-59 in both SOP 
and POS form by using third-order K-maps having the format given in Fig. 
3-15(b). Identify any OPIs that are present. 


The K-maps for SOP and POS cover are shown in Fig. 3-60. The EPIs are 


represented by solid line loops while the OPIs are identified by dashed line 
loops. 
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EXAMPLE 3-9 


SOLUTION 


pr A A 
c 11 o o1' 11 10) 


(a) SOP cover (b) POS cover 
Fig. 3-60. K-maps for the function represented in Figure 3-59 showing minimum 
SOP and POS cover with OPIs indicated by dashed loops. 


Reading the maps, we obtain 


f= AB + {42} SOP 
r= {4th aD POS 


where the OPIs have been placed in braces. As an exercise the reader should 
prove that these SOP and POS expressions are not algebraically equal but 
they are logically equivalent. 


The output functions for the four-input/two-output logic system shown in 
Fig. 3-61 are given by the CANONICAL expressions 


f1(A,B,C,D) = [[ M(112, 3, 4,5 9, 10) (6, 11, 13) 
= E m0,7,8, 12, 14, 15) + 66, 11, 13) 

f2(A,B,C,D) = JJ M@,5)9, 10, 11, 15)- 6, 4, 13, 14) 
= > m(0, 1,6,7,8, 12) + G, 4, 13, 14) 


(3-71) 


(3-72) 


Find the optimum cover (SOP or POS) for this system and implement it in 
NAND/INV or NOR/INV logic. 


A(H) 
f (A) 
BHD Combinational Fig. 3-61. Block diagram for a 
C(H) logic four-input/two-output 
f,(H) combinational logic system 
D(H) 2 


represented by Eqs. (3-71) and 
(3-72). 


Following the procedure given in Sect. 3.7, we find the optimal POS cover 
and the optimal SOP cover, and then compare the two to determine which 
(if either) is the more minimum. 
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1. Optimal POS Cover 
ORing of the CANONICAL POS forms of Eqs. (3-71) and (3- 72) gives, 
by inspection, the results 


fi + fo = TL MQ, 3, 4, 5, 9, 10, 11) - (13) 


where use has been made of the ORing rules given by Eqs. (3-38) and (3- 
42). The K-map for the ORed function, the resultant table of shared POS 
PIs, and the K-maps for the individual functions fı and f2 are given in Fig. 
3-62. 


Shared PIs 


A+B+C 
A+C+D 
B+C 


(b) 
Fig. 3-62. Optimal POS cover for the two-output system of Figure 3-61. (a) K- 
map and shared PIs for the ORed function. (b) K-maps for the individual 
functions fı and fz showing optimal POS cover for the two-output system. 


The final step involves looping out the individual functions by following 
the loop-out protocol in such a manner as to incorporate as many shared 
PIs as necessary to achieve optimum cover for the two outputs. Reading 
the K-maps for fı and f2, we find the optimal POS cover to be 
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fi: =(A+B+C\(B+ CXC +D) 
fo =(A+B+C\(B+O\(4 + D) 


Notice that the shared PI diad (A + C + D) is covered by the quad 
(C + D) in the expression for f, and that the optimum coverage for both 
fı and f2 is, in this case, that of the individual minimum forms. As we shall 
see next, optimum cover and minimum cover will not be the same for the 
SOP results. 


2. Optimal SOP Cover 


ANDing the CANONICAL SOP forms of Eqs. (3-71) and (3-72) by using 
the ANDing rules given by Eqs. (3-37) and (3-41), gives us the results 


fı- fo = dX mO, 6, 7, 8, 12, 14) + (13) 


The K-map for the ANDed functions, the resulting table of shared SOP PIs, 
and the K-maps for the individual functions are presented in Fig. 3-63. 


Shared PIs 
ABD 
BCD 
ABC 


| 
5 


ia 


e LE 


(b) 
Fig. 3-63. Optimal SOP cover for the four-input/two-output system represented by 
Figure 3-61. (a) K-map and table of shared PIs for the ANDed function. (b) K- 
maps for the individual functions showing optimal SOP cover for the two-output 
system. 
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EXAMPLE 3-10 


Following the loop-out protocol but including the shared PIs so as to 
produce optimum SOP cover, we read the K-maps for fı and f2 to give 


fı = ABD + BCD + BC 
f2 = ABD + BCD + ABC + ABC 
Notice that neither expression by itself is an absolute minimum function, 
but when taken together, the two functions represent optimum SOP cover 
for the system. 
By inspection of the optimal POS and SOP results, it is easily seen that 
six NOR gates and four INVERTERs are required for the POS cover, while 


seven NAND gates and four INVERTERs are needed for SOP cover. Thus, 
the POS design is simpler and yields the circuit presented in Fig. 3-64. 


A(H) —| DO 


Fig. 3-64. Optimum NOR logic circuit for the output functions represented by 
Eqs. (3-71) and (3-72). 


A four-variable function is compressed by one order and is represented by 
the EV truth table in Fig. 3-65. Give this function in CANONICAL SOP 
and POS form by using only coded notation. 


00 0 0 

00 1 1 

01 0 S 

0 1 1 1 

100 0 

101 {58S 

110 1 Fig. 3-65. EV truth table for 
111 S Example 

3-10. 


SOLUTION The truth table of Fig. 3-65 is read just as one would read a K-map with 
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MAP KEY = 24-3 = 2. In MINTERM code, term 1 is read as 0010 + 0011 
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EXAMPLE 3-11 


SOLUTION 


EXAMPLE 3-12 


= m, + m3, term 2 is read as 0101 = ms (visualize a first-order K-map in 
S to get the least significant bit (LSB)), and term 5 is read as 1010 = myo, 
and so on. In MAXTERM code terms 0, 2, and 5 are read as (Mo - Mı), 
M4, and M11, respectively. Proceeding in this manner the results are 


f(A,B,C,S) = > mQ, 3, 5, 6, 7, 10, 12, 13, 15) 
= [[ MO, 1, 4, 8, 9, 11, 14) 


Minimize the function of Example 3-10 in both SOP and POS form by using 
a third-order K-map. 


Shown in Fig. 3-66 are the compressed K-maps representing SOP and POS 
cover for the function of Fig. 3-65. 


(a) SOP cover (b) POS cover 


Fig. 3-66. Minimum SOP and POS cover for the function represented in Figure 3- 
65. 


Following a procedure similar to that used for Figs. 3-44, and 3-45, we 
apply the loop-out protocol twice, first, to the entered variables and, then, 
to the 1’s and 0’s as ‘“‘clean-up’’ operations. From Fig. 3-66 the results are 
read directly as 

f(A,B,C,S) = BCS + BS + ABC + AC SOP 
=(A+B+C+S\(A+B+S\(A+C+S)(B+C) POS 
which can be shown to be algebraically equal. 


A four-variable function containing don’t cares is shown in the compressed 
third-order SOP K-map of Fig. 3-67. 


Cell 4 Cell 6 
Fig. 3-67. Compressed SOP K-map for Example 3-12 showing sample first-order 
submaps. 
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SOLUTION 


EXAMPLE 3-13 
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a. 


b. 


a. 


Represent the function in CANONICAL SOP and POS form by using 
coded notation. 

Find the minimum SOP and POS cover for the function by following the 
loop-out protocol as applied in Example 3-11. 


Noting that the MAP KEY is 247? = 2, we may write directly the CA- 
NONICAL forms by making use of first-order submaps for D and by 
applying the MINTERM and MAXTERM codes. Thus, cell 0 represents 
(mo + mı), cell 2 represents ms or M4, cell 3 represents ms or M7, cell 
4 represents (bmg + mg) or OMg, and so on. Proceeding in this manner, 
we find the results 


f(A,B,C.D) = >, m(0, 1, 5, 6, 9, 10, 11) + (2, 3, 8, 13) 
= [| M(4, 7, 12, 14, 15) - 6(2, 3, 8, 13) 


. Since don’t care terms are present in the EV map of Fig. 3-67, the POS 


interpretation may not be the same as the SOP interpretation. For this 
reason both maps should be constructed as shown in Fig. 3-68. 


(a) SOP map (b) POS map 


Fig. 3-68. Minimum SOP cover (a) and minimum POS cover (b) for the function 
given by Figure 3-67. 


Reading these maps, we obtain 


f =ACD+CD+B l SOP 
f=(B+C+D(B+C+D(4A+B) POS 


which are found to be algebraically unequal but logically equivalent. Notice 
that the 1’s in the SOP map are looped out as the octad B by using the don’t 
care term in cell 4 of Fig. 3-67 as 6 + D = 1 ($ = 1), and that the 0 in the 
POS map is looped out as the quad A + B by using the don’t care term in 
cell 6 of Fig. 3-67 as 6D = 0(b6 = 0). © 


A four-variable function f(A,B,C,D) is compressed into the truth table given 
in Fig. 3-69. This table represents a second-order compression in variables 
C and D. 


a. Represent the function f in a second-order K-map, and express f in 


b. 


CANONICAL SOP and POS form by using coded notation. 
By proper interpretations of the don’t care subfunctions, loop out the 
minimum SOP and POS cover from the second-order K-map. 
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SOLUTION 


C-D 


C- ($ + D) 

(b6 + C + D) Fig. 3-69. Compressed truth 
table for a function of four 
variables. 


a. The simplest means of obtaining the CANONICAL forms from Fig. 3- 
69 is to use a second-order K-map. Shown in Fig. 3-70 is the second- 


order compressed K-map for this function together with its submaps for ` 
a MAP KEY of 247? = 4. 


By reading the submaps directly, we obtain the CANONICAL forms 
f = [[ MO, 1, 2, 4, 5, 12, 13, 14, 15) - o(7, 8) 
= > m(3, 6, 9, 10, 11) + (7, 8) 


Notice that the subfunctions in cells 1 and 2 can also be written in equiv- 
alent SOP form as (6C + CD) and (6CD + C + D), respectively. 


Fig. 3-70. Second-order compressed K-map and its submaps for the four variable 
function given in the EV truth table of Figure 3-69. 


b. Given in Fig. 3-71 are the compressed second-order K-maps showing 
both POS and SOP cover. Notice that minimum POS and SOP cover 
results from these K-maps by taking 67 = 1 to give C-(67 + D) = Cin 
cell 1, and by taking dg = 1 to give (6g + C + D) = 1 in cell 2. Thus, 


in this case, the SOP and POS K-maps, required for minimum cover, are 
congruent. 


By following the loop-out protocol, first for the EV terms then for the 


0’s (POS cover) and 1’s (SOP) cover, we obtain the minimum POS and SOP 
forms as follows: 


f(A,B,C,D) = (A+ B+ DXA + CXA +B) POS 
f(A,B,C,D) = ABC + BCD + AB SOP 
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EXAMPLE 3-14 
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SOLUTION 


POS cover 


(a) (b) 
Fig. 3-71. Minimum POS and SOP cover for the function represented in Figure 3- 
69. 


That these results are absolute minimum expressions may be shown by loop- 
ing out minimum cover with the aid of the submaps provided in Fig. 3-70, 
or by looping out the CANONICAL data (given earlier) in fourth-order K- 
maps. Note that the p-terms BCD and ACD are OPIs for the SOP expression. 


A five-variable function is given by the CANONICAL form 
f(A,B,C,D,E) = > mG, 9, 10, 12, 13, 16, 17, 24, 25, 26,27, 29,31) (3-73) 


a. Use a fourth-order EV K-map to minimize this function in both SOP and 
POS form. 

b. Minimize this function with conventional mapping methods by using two 
fourth-order K-maps, one for A and one for A. 


a. A compression of one order requires that the MAP KEY be 2. Therefore, 
each cell of the fourth-order EV map represents a first-order submap 
covering two possible MINTERM or MAXTERM positions. Keeping this 
in mind, we construct the fourth-order K-maps for SOP and POS cover, 
as shown in Fig. 3-72. 

To avoid possible redundancy, the loop-out protocol is applied first 
to the EVs and then to the 1’s and 0’s for SOP and POS cover, respec- 
tively. The results, read directly off the maps in Fig. 3-72, are 


(a) SOP cover (b) POS cover 


Fig. 3-72. Minimum SOP and POS cover for the five-variable function given by 
Eq. (3-73). | 


f = ABCDE + BCDE + BDE + ABE + ABCD + ACD 
=(A+C+D+E(A+B+D+E(A+C+84) 
-(A+B+E(A+B+D)\(A+C+4+D) 
-(A+B+D)\(B+C) 


where for the POS result it is seen that (B + D + E) is an OPI for the 
(A + B + E) term. 

b. To use the conventional mapping method, two fourth-order maps must 
be constructed, one for the map heading variable and the other for its 
complement. Although any of the five variables can be selected as the 
map heading variable, it is usually much easier to use the most significant 
bit for that purpose. Hence, in this case, we would construct one map 
for A = 0 (A map) and the other for A = 1 (A map). This permits all 
possible MINTERMs (or MAXTERMs), 0 through 15, to be placed in 
the A map with the remaining, 16 through 31, assigned to the A map. 


There are two possible formats which can be used to carry out this con- 
ventional minimization. The first is the stack format, shown in Fig. 3-73(a), 


Fig. 3-73. Conventional K-map 
formats for minimizing the 
(b) Planar format function given by Eq. (3-73). 
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SOLUTION 


where the maps are viewed as being placed one above the other to produce 
a two-layer, three-dimensional array of cells. The other is the planar format 
presented in Fig. 3-73(b). This latter format features one three-variable axis 
unfolded in such manner as to permit the A and A maps to be placed in 
juxtaposition to one another with adjacency cells located horizontally across 
the A/A boundary. Notice that the C domain is split into two parts, the cost 
that one must pay to use the planar format. The SOP cover, leading to the 
same results as in part (a), is given by both map formats of Fig. 3-73. 


Compress the function of Eq. (3-68) in Example 3-2 into a second-order K- 
map by using reduced (not CANONICAL) EV subfunctions, and obtain an 
absolute minimum SOP and POS cover. Compare the results with those 
obtained in Example 3-6. 


The procedure to be followed here differs significantly from that followed 
in Example 3-13 since, in this case, the second-order EV maps are used with 
the aid of second-order submaps to obtain the absolute minimum expres- 
sions. Without the use of uncompressed submaps, or CANONICAL 
subfunctions, an absolute minimum cover cannot be guaranteed as was in- 
dicated in Sect. 3-9. The result in Example 3-13 turned out to be an absolute 
minimum expression only because the reduced subfunctions were such as 
to permit it by direct reading. 

Required for this problem is a second-order compression with a MAP 
KEY of 2*~? = 4. In Fig. 3-74 is shown the second-order EV maps for SOP 
and POS cover together with the second-order submaps. 


(A +B+C+D) 


(a) SOP cover . (b) POS cover 
Fig. 3-74. Second-order EV K-maps and submaps for Eq. (3-68) showing 
minimum SOP and POS cover. 


Reading the EV maps with the aid of the submaps, we obtain the min- 
imum SOP and POS cover 


f = ABCD + ABD + ABD + BC + CD 
=(A+B+C+D\(B+C+D)\(B4+C+D) 
-(A+B+D)\(A4+C4+D) 
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as in Example 3-6. Notice how easy it is to read a reduced EV subfunction 
when accompanied by a submap. Thus, the SOP term CD is readily observed 
to be present in each of the four submaps of Fig. 3-74. Similarly, CD, read 
as a POS term in Fig. 3-74, is easily seen to contain both the (C + D) and 
(C + D) terms by a cursory inspection of the submaps. 


EXAMPLE 3-16 A six-variable function is represented by the CANONICAL POS expression 


f(A,B,C,D,E,F) = [| MG, 3, 4, 6, 7, 9, 10, 11, 12, 13, 14, 
15, 20, 22, 24, 32, 33, 34, 35, 39, (3-74) 
41, 43, 44, 45, 46, 47, 48, 49, 56, 57) 


a. Use a fourth-order EV map with reduced subfunctions to minimize this 
function in both POS and SOP form and comment on which is the simpler. 

b. Demonstrate how one would arrive at these results by using conventional 
mapping methods. 


SOLUTION a. Following the procedure outlined in Sect. 3-10 and noting that the MAP 
KEY is 4; we construct in MAXTERM code the fourth-order EV maps 
shown in Fig. 3-75. Although the SOP and POS maps are congruent, © 
separate maps are used here for the sake of clarity. 

The minimum cover indicated in the K-maps is easily obtained, for 
the most part, by direct inspection of each map. However, the use of 
second-order submaps is helpful to deduce some of the less obvious ad- 
jacencies. Reading the K-maps, we find the minimum results to be 


feos =(B+ C+D+E+PFAt+B+D+E(A+C+D+F) 
-(A+B+C+E(B+D+E+F\(B4+D+ F) 
-(A+B+C+D)\(B+C+D) 


(A+C+D+F) Bey oe 
C (A+B+C+E) 
CD 
AB 00 01 11 10 
| ti i ¢ 
oo] F Jol} |E (B+C+D+E+F) 
rat aA so 


i B 
1 ED) |a E 
A 13 15 
(A+B +D +E) 
: OFRE 
(A+B+C +D) j oj AuR 10 Fig. 3-75. Fourth-order EV K- 


(B+D+E+F) E maps showing minimum POS 
(B+C +D) D (B+D +F) and SOP cover for the six- 
variable function represented by 
(a) POS cover Eq. (3-74). 
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(b) SOP cover 
Fig. 3-75 (contd.). 


and 
fsop = ABCDF + BCDEF + CDEF + ACDF + ACDF 
+ BDE + ABF + ABD + BCD 


Both expressions are written in accordance with the loop-out protocol, 
applied first to the EV subfunctions and then to the 1’s and 0’s as clean- 
up operations. Note that the POS form is the simpler of the two since it 
requires the ANDing of eight ORed terms, whereas the SOP expression 
requires the ORing of nine ANDed terms. 

b. Conventional minimization of Eq. (3-74) requires the use of four fourth- 
order K-maps, each representing two variables called the map heading 
variables. The map heading variables are usually taken to be the two 
most significant bits so that the cells of the fourth-order K-maps can be 
numbered in the conventional manner from 0 through 63 while, at the 
same time, retaining the familiar adjacency patterns for each map. 


In Fig. 3-76 are presented the two conventional formats which can be 
used to minimize the six-variable function given by Eq. (3-74). To use the 
stack format, the maps are viewed as being placed one above (or below) the 
other in the map heading order AB, AB, AB, and AB, to produce a four- 
layer three-dimensional array of cells—somewhat like space chess. The 
planar format requires the use of two three-variable axes, each unfolded in 
such a manner as to permit the maps of the stack format to be placed in 
juxtaposition to one another with adjacent cells located, in this case, ver- 
tically across the A/A boundary and horizontally across the D/D boundary. 
So, while the A, B, D, and E domains remain intact, the domains for C and 
F are split into two parts, the penalty one must pay to use this format. 
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E E 
EF ee | EF peer 
00 01 11 10 0O 01 11 10 


00 01 [11 10 | 


(b) Planar format 


Fig. 3-76. Stack and planar formats for the conventional minimization of the six- 
variable function of Eq. (3-74). 


EXAMPLE 3-17 A three-variable function is represented by the CANONICAL expression 


Y(A,B,C) = > m(1, 3, 4, 5, 6) (3-75) 
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SOLUTION 


a. 


b. 


a. 


Minimize the function of Eq. (3-75) in SOP and POS form by using a 
second-order K-map with A (the MSB) as the entered variable. 

Repeat (a) by using a first-order K-map with A and B as the entered 
variables. 


The simplest approach to the solution of this problem is to construct a 
CANONICAL truth table and read from it the map entries in variable 
A. This is done in Fig. 3-77, where we show four first-order submaps in 
A taken from the truth table, one each for BC = 00, 01, 10, and 11, as 
indicated by the arrows to the right of the truth table. Notice that the 
minimum SOP expression has OPIs, whereas the simpler POS form does 
not. 


Y=(A+B+C)(A+C) 


(b) (c) 


Fig. 3-77. Tabular representation and second-order EV K-maps in variable A for 
the function given by Eq. (3-75). (a) CANONICAL truth table. (b) Minimum SOP 
cover showing the four submaps and two OPIs. (c) Minimum POS cover. 


b. The second-order compression of Eq. (3-75) can be obtained from the 


CANONICAL truth table of Fig. 3-77(a) or from the first-order compres- 
sion of Fig. 3-77(b). The results are given in Fig. 3-78 together with the 
minimum SOP and POS cover. Use of the CANONICAL truth table 
requires the construction of two second-order submaps, one for C = 0 
and the other for C = 1, as shown. 


Fig. 3-78. Second-order 
compression in variables A and 
B showing submaps and 
minimum SOP and POS cover. 


Y=AC+AC+BC 
=(A+B+C\(A+C) 
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EXAMPLE 3-18 


SOLUTION 


Given in Fig. 3-79 1s a five-variable function represented in a third-order K- 
map. 


a. 
b. 


C. 


a. 


Keeping in mind the various XOR-type patterns discussed in Sect. 3.12.2, 
find the gate-minimum cover for this function. 

Determine the gate/input tally for the minimum cover of part (a) if im- 
plementation is limited to gates having three inputs, a fan-in of three. 
Compare the results of part (b) with the gate/input tally for minimum two- 
level logic cover obtained from a third-order EV K-map. 


Fig. 3-79. Second-order 
compression of a five-variable 
function showing an XOR 
subfunction entry. 


The gate-minimum cover for the function of Fig. 3-79 is shown in Fig. 
3-80(a) and is read as 


F = (CX) ® (BY) + ot + A(B ® C) 
E BY) +) ay 


which includes two OPIs. Inclusion of one of the OPIs is necessary to 
remove the residual term in the X + Y entry of cell 4. As an exercise 
the reader should show by use of submaps that inclusion of both X and 
Y (of cell 4) in the associative pattern does not cover all the terms con- 
tained in the cell. Thus, when looping out associative XOR patterns (or 
any EV patterns for that matter), it is important to check for any residual 
terms that might exist. If present, they must be looped out as a clean-up 
stage. Notice that the 1’s in Fig. 3-80(a) are looped out as an offset pattern 
to give the A(B ® C) term. 


. By count, the gate/input tally for the results of part (a) is 1 16, including 


two XOR gates and five three-input NAND gates (four for ANDing and 
one for ORing). 


(b) 


Fig. 3-80. (a) Gate minimum cover and (b) two-level minimum cover for the 
function given by Figure 3-79. 
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SOLUTION 


c. The minimum cover for two-level logic is shown in Fig. 3-80(b) and is 
read as 
F = CXY + BXY + ACX + ABY + ABC + ABC 


Given a fan-in of three limitation, the gate/input tally for two-level imple- 
mentation would be 9/26, significantly larger than the multilevel result. If 
account must be taken of the INVERTERs required for any given set of 
input conditions, the gate/input tally differential would certainly rise. 


The operators (+) and ® connecting any two terms of an expression can be 
interchanged if, and only if, the two terms meet the requirement of corollary 
I [Eqs. (2-34) given in Sect. 2.9.6]. Similarly, the operators (-) and © con- 
necting any two terms of an expression can be interchanged providing the 
two terms meet the requirements of corollary II [Eqs. (2-35)]. 


a. Interchange the operators of the CANONICAL expressions 


f(A,B,C,D) = >) m(0, 2, 3, 4, 6) 


(3-76) 
= [[ Md, 5, 7) 


b. Map Eqs. (3-76) in second-order K-maps and loop out the most minimum 
cover which will permit interchange of the operators connecting the prod- 
uct and sum terms. 


a. Since any CANONICAL expression must necessarily satisfy either cor- 
ollary I or corollary II (refer to Sect. 2.9.6), there results 


f(A,B,C,D) = > m(0, 2, 3, 4, 6) 
= > XOR(0, 2, 3, 4, 6) 
= (ABC) ® (ABC) © (ABC) ® (ABC) ® (ABC) 
and 
f(A,B,C,D) = [J Md, 5, 7) 
= [| EQVG, 5, 7) 
=(A+B+Q0A+B+4+QO04+B+0O) 
Observe that the corollaries are satisfied in each case since 
(ABC)(ABC) = = 0 and (ABC)(ABC) = = 0, and so on, and since (A : B 
+C)+(A+B+O= land (A + B + C) + (A +B + C) = 
b. The second-order K-maps for Eqs. (3-76) are given in Fig. 3-81. tie 


minimum permissible cover to sasiy, corollaries I and II is read from 
each map to be 


fsop = C + ABC 
C ® ABC 


since C(ABC) = 0 
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ABC 


(a) (b) 


Fig. 3-81. K-maps for Eqs. (3-76) showing the minimum SOP cover (a) and 
minimum POS cover (b) which will satisfy Corollaries I and IT given by Eqs. (2- 
34) and (2-35), respectively. 


and freos = (A + CXA + B + ©) 
=(A+Q)0(A+B+0O) 


since (A + C) + (A + B + C) = 1. Notice that in each case the most 
minimum cover will not satisfy the corollaries. That is, fsop = C + 
AB does not satisfy corollary I, nor does fpos = (A + C)(B + C) satisfy 
corollary II. So in this case, operator interchange is not permissible for 
minimum cover. 


ANNOTATED REFERENCES 


Most of the references cited in the Annotated References of Chapter 2 
provide adequate coverage of logic function representation and manipulation 
and will not be cited here. 

Only two texts are known to describe and make significant use of the 
entered variable map method of function reduction. These are the texts of 
Fletcher and Comer. 


Fletcher, W. I., An Engineering Approach to Digital Design, Prentice Hall, Engle- 
wood Cliffs, N.J., 1980. 


Comer, D. J., Digital Logic and State Machine Design, Holt, Rinehart and Winston, 
New York, 1984. 


There are no known references on XOR entered variable map patterns. 

Conventional (1’s and 0’s) mapping and function reduction methods are 
covered adequately by most of the references given in the Annotated Ref- 
erences of Chapter 2. 

The Quine-McCluskey tabular minimization method and the entered vari- 
able map method are reviewed in Chapter 3 of the text by Unger. Also, in 
Chapter 7 on software tools, Unger provides a short review of logic min- 
imization methods generally. Some useful references are given at the end 
of Chapters 3 and 7. 
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Unger, S. H., The Essence of Logic Circuits, Prentice Hall, Englewood Cliffs, N.J., 


1989. 


An excellent software tool for minimizing Boolean functions, called 


BOOZER (for BOOlean ZEro-one Reduction), 


is available. The basic 


BOOZER algorithm is described in Chapter 3 of Fletcher. The algorithm 
has been extended to include map entered variables and can handle up to 
16 functions of 16 variables when used on modern mini- and mainframe 
computers. For information contact M. L. Manwaring, Dept. of Electrical 
and Computer Engineering, Washington State University, Pullman, Wash. 


99164-2752. 


A popular software tool for minimizing Boolean functions, called Es- 
presso, is available through the University of California, Berkeley, 1986 
VLSI tools distribution. It supports advanced algorithms for minimization 
of two-level, multiple-output Boolean functions but does not accept MEVs. 
The algorithms are described in an article by Rudell. 


Rudell, R., 


*‘Espresso-MV: Algorithms for Multiple-Valued Logic Minimization,” 


Proc. Int. Circ. Conf., May 1985. 
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Expand each of the following expressions into CA- 
NONICAL (literal) form by using the appropriate 
Boolean laws: 


(a) e(a,b) =a +b 
(b) f(x,y) = x + xy 


(c) (A,B,C) = ABC + ABC + AB + BC 
+ ABC 

(d) h(X,Y,Z) = (X + ZX + Y + Z + Z) 
VEDETA 


Expand each of the following expressions into CA- 
NONICAL code form by using the appropriate 
Boolean laws: 


(a) E(A,B,C,D) = [A + (BC)\(B + D) 


-(A +C+D) 
-(A+B+C+D)(B+D) 


(b) F(w,x,y,z) = wxyz + wxz + xyz+ wxyz + xyz 


+ wxyz + wxyz 


(a+ b+c+d) 
‘(b+ +d) 
‘at+b+d+e) 
-(b+d+te) 


VWXYZ + XZ + WXYZ 
+ VWXYZ + VWXY 


+ VWXYZ + VWXYZ 


(c) G(a,b,c,d,e) = 


(d) H(V,W,X,Y,Z) = 


3.3 


3.4 


Place each of the following functions in a CANON- 
ICAL truth table and in a conventional (1’s and 0’s) 
K-map: 


(a) O(A,B,C) = (A+B+C(A+B+C) 
-(A+B+C\(A4+B+0C) 
-(A+B+C) 

(b) R(u,v,w,x) = > m(0, 2, 3, 7, 8, 9, 10, 11, 13) 


(© S(a,b,c,d) = (a + b) [a + (b: o] 


‘(b+ co(atb+c) 

YZ + WXY + WXYZ 

+ XYZ + WYZ + WXYZ 
+ XYZ 


(d) T(W,X,Y,Z) = 


Place each of the following functions in a CANON- 
ICAL truth table and in a conventional (1’s and 0’s) 


K-map: 
(a) W(A,B,C) = ABC + ABC + ABC 


+ ABC + ABC 
(b) X(A,B,C,D) = J] M(0, 5, 8, 9, 11, 12, 15) 
(© ¥(A,B,C) = AB + BC + A(B®C) + AC 
(d) Z(A,B,C,D) = (B + C + D) 
-(A+C+D) 
. (B + C + D) (A +B) 
.(A +B +D) 
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3.5 


3.6 


3.7 


3.8 


3.9 


3.10 


Minimize the following functions in both SOP and 


POS form by using the method of tabular minimi- 
zation: 


(a) f(w,x,y) = > m0, 1, 3, 5, 7) 
(b) g(a,b,c) = [[ MQ, 3, 4, © 
(c) F(W,X,Y,Z) = > m(0, 2, 4, 5, 6, 8, 10, 11, 13, 
14) 
(d) G(A,B,C,D) = [| MG, 2, 3, 5, 7, 9, 11, 12, 14) 
Minimize the following functions in both SOP and 
POS form by using third-order K-maps. For each, 
determine which form is the simpler. 
(a) f(a,b,c) = & md, 2, 4, 5, 6) 
(b) e(x,y,z) = I] MO, 1, 2, 6, 7) 
(© h(A,B,C) = ABC + ABC + ABC + ABC 
+ ABC 
(d) (X,Y,Z) = (X + Y + Z) (X + Y + 2) 
“(X¥+ Y+2)(X%+ V+ Z) 
Minimize the following functions in both SOP and 


POS form by using fourth-order K-maps. List the 
EPIs and OPIs in each case. 


(a) W(A,B,C,D) = [[ MQ, 2, 3, 4, 5, 7, 10, 11, 12, 
14, 15) 

(b) X(A,B,C,D) = > m(0, 4, 5, 7, 8, 9, 13, 15) 

(© Y(A,B,C,D) = |] M(0, 2, 4, 5, 8, 9, 10, 12, 15) 

(d) Z(A,B,C,D) = > m(2, 3, 8, 9, 10, 11, 12, 13, 
14, 15) 


Minimize the functions QO, R, S, and T of Problem 
3 in both SOP and POS form by using conventional 
(1’s and 0’s) K-maps and the loop-out protocol. 


Minimize the functions W, X, Y, and Z of Problem 
4 in both SOP and POS form by using conventional 
(1’s and 0’s) K-maps and the loop-out protocol. 


Reduce the following functions to their simplest 
SOP and POS forms by using conventional (1’s and 
0’s) K-maps with and without the use of the don’t 
cares. Indicate with the gate/input tally which of the 
forms (SOP or POS) is the simpler in each case. 
(a) e(X,Y,Z) = È m(Q, 1, 2, 7) + 6G, 5) 

(b) f(X,Y,Z) = Į] MG, 4, © - (0, 2) 


(ce) g(A,B,C,D) = > m(4, 5,7, 12, 14, 15) + (63, 
8, 10) 


(d) h(A,B,C,D) = [[ MO, 1, 2, 5,7, 9) - (4, 6, 10) 


3.11 Reduce the following functions to their simplest 


SOP and POS forms by using conventional (1’s and 


3.13 


3.14 


0s) K-maps. Indicate with the gate/input tally 
which of the forms (SOP or POS) is the simpler in 
each case. 


(a) P(a,b,c,d) = > m6, 11, 12, 13, 14) + (0, 1, 


2, 3, 4, 5) 
(b) O(A,B,C,D) = [] MOO, 3, 6, 11, 13, 15) - 65, 
8, 10, 14) 
(© R(W,X,Y,Z) = > m(0, 4, 6, 8, 9, 10, 11, 14, 15) 
+ (1, 5) 


(d) T(w,x,y,z) = [] MG, 2, 3, 9, 10, 14) - (11, 13) 


Given the following set of three functions, find 

fı - fo, fo- fa, fo © fis fi + f2, f2 + fz, and 

f3 + fı. Present your answers in CANONICAL 
and minimum form. 


fı(a,b,c,d) _ > m(O, \ f 5, 7, 8, 10, 14, 15) 
f2(a,b,c,d) = >, m0, 2, 4, 5, 6, 7, 8, 10, 12) 
f3(a,b,c,d) = >, m(0, 1, 2, 3, 4, 6, 8, 9, 10, 11) 


Find the optimum cover (either SOP or POS) for the 
following four-input/two-output logic system. Base 
your choice on the gate/input tally including IN- 
VERTERs. Assume the inputs and outputs are all 
ACTIVE HIGH. 


A(H) 
f, (H) 
B(H) Combinational 
C(H) logic 
f (H) 
D(H) 
fı = $ m(0, 2, 4, 5, 9, 10, 11, 13, 15) 
fo = © mQ, 5, 10, 11, 12, 13, 14, 15) 


Find the optimum SOP cover for the following four- 
input/two-output logic system. Give the gate/input 
tally for this optimum cover. 


fi(A,B,C,D) = > m(1, 7, 8, 10, 14, 15) 
+ $(2, 5, 6) 
f2(A,B,C,D) = ES m6, p" 8, 11, 14, 15) 


+ $2, 3, 10) iii 


3.15 Find the optimum cover (either SOP or POS) for the 3.20 Minimize in both SOP and POS the functions of 


system of three functions given in Problem 12. Base Problem 19 by using conventional (1’s and 0’s) K- 
your choice on the gate/input tally excluding IN- maps. 
VERTERSs. 
S 3.21 Compress the functions W, X, Y, and Z of Problem 
3.16 Find the optimum cover (either SOP or POS) for the 4 into second-order EV K-maps and extract mini- 
following four-input/two-output logic system and mum SOP and POS cover for each. 


implement in either NAND/INV or NOR/INV logic. 
Base your choice on the gate/input tally including 
INVERTERS. Assume ACTIVE HIGH inputs. 


3.22 Compress the functions e, f, g, and h of Problem 
10 into second-order EV K-maps and extract min- 
imum SOP and POS cover for each. 


i s 3.23 Compress the functions P, Q, R, and T of Problem 
A(H, 


11 into third-order EV K-maps and extract mini- 
B(H) Combinational f,@) mum SOP and POS cover for each. 
C(L) logic 3.24 Compress the functions E, F, G, and H in Problem 
f, (L) 2 into third-order EV K-maps and extract minimum 
D(L) SOP and POS cover for each. 
3.25 Compress the functions e, f, g, and h in Problem 1 
fi = IT MO, 3, 4, 11, 12, 13, 15) - (2, 5, 6) into first-order EV K-maps and extract minimum 


SOP and POS cover for each. 
f2 = Il MOO, Le 9, 12, 13) ý (2, 3, 4, 10) 
3.26 Write the CANONICAL SOP and POS forms for 


3.17 Compress the functions f, g, h, and i in Problem 6 the K-map that follows by using MINTERM and 
into second-order EV K-maps and extract minimum MAXTERM codes; then loop out minimum SOP 
SOP and POS cover for each. and POS cover. 


3.18 Compress the functions W, X, Y, and Z in Problem 
7 into third-order EV K-maps and extract minimum 
SOP and POS cover for each. 


3.19 Compress the following five-variable functions into 
a fourth-order EV K-maps and extract minimum 
SOP and POS cover for each: 


(a) q(A,B,C,D,E) = [J M(0, 1, 2, 5, 14, 16, 17, 18, 
19, 21, 26, 27, 30) 


(b) r(A,B,C,D,E) = ABCE + ACDE + BCDE 3.27 Write the CANONICAL SOP and POS forms for 
+ ABCE + ABDE the K-map that follows by using MINTERM and 
+ ABCDE + BCDE MAXTERM codes; then extract minimum SOP and 
+ ABDE + ABCD POS cover. | 
+ ABCDE 


(c) s(A,B,C,D,E) = > m(0, 2, 4, 5, 7, 10, 13, 15, 
21, 23, 24, 25, 28, 29, 30) 


(d) ((A,B,C,D,E) = (A+ B+ D+ E) 
-(B+C+D+E) 
-(A+B+E) _ 
-(A+C+D+E) 
-(B+C+D) 
: (B+C+D +E) 


arate +D+E) 3.28 Write the CANONICAL SOP and POS forms for 
(B+C+D+E) the K-map that follows by using MINTERM and 


(A, +B+C) (B+C+D) MAXTERM codes; then loop out minimum SOP 
186 ‘(B+C+D+E) and POS cover. 


3.29 Compress the following fourth-order K-map into a 
second-order EV K-map and loop out minimum 
SOP and POS cover. 


3.30 Compress the following functions into fourth-order 


K-maps and loop out minimum SOP and POS forms. 
Indicate which form is the simpler in each case. 


(a) e(A,B,C,D,E) = > m(2, 10, 11, 14, 15, 21, 26, 
27, 28, 30, 31) + (1, 6, 
16, 17) 


(b) f(A,B,C,D,E,F) = > m(4, 6, 10, 11, 14, 15, 20, 
22, 26, 27, 30, 31, 36, 
38, 39, 52, 54, 56, 57, 
60, 61) 


(c) g(A,B,C,D,E,F) = [[ MO, 1, 5, 7, 9, 15, 16, 
18, 21, 24, 29, 31, 35, 
37, 39, 40, 45, 49, 50, 
56, 58, 60, 61, 63) 
(d) h(A,B,C,D,E) = [| M(0, 4, 7, 8, 12, 16, 20, 24, 
27, 28) - b(1, 3,5, 11, 14, 
21, 25, 31) 

3.31 Use a fourth-order K-map to find the minimum SOP 
and POS cover for the following subfunctions and 
give their cell location in the fourth-order map. 

(a) P(A,B,C,D,E,F,G) = >, m(33, 34, 36, 38) 
+ (32, 39) 
(b) QO(a,b,c,d,e,f,g,h) = > m(114, 116, 118, 122, 
124, 126) 


Problems 


(©) R(A,B,C,D,E,F,G) = [| M(105, 107, 108, 109, 
110) 


(d) S(a,b,c,d,e,f,g,h) = [| M(176, 181, 182, 183, 
184, 189, 191) 
- 6(177, 185, 190) 


3.32 Reduce the following function to its simplest form 
(SOP or POS) in a fourth-order EV K-map. 


Y(A,B,C,D,E,F,G) = >) m(4, 5, 10, 12, 13, 14, 15, 
20, 21, 26, 28, 29, 30, 
31, 33, 35, 37, 39, 40, 
42, 44, 45, 46, 47, 49, 
51, 53, 55, 56, 58, 60, 
61, 62, 63, 64, 65, 68, 
69, 70, 71, 74, 75, 76, 
77, 78, 79, 80, 81, 84, 
85, 90, 91, 94, 95, 96, 
97, 100, 101, 102, 103, 
106, 107, 108, 109, 110, 
111, 112, 113, 115, 116, 
117, 119, 121, 122, 123, 
125, 126, 127) 


3.33 Compress the function below into a first-order K- 
map of axis A and loop out a gate-minimum cover 
by using XOR-type patterns. Use the gate/input 
tally to compare this result with those for the two- 
level minimum results (SOP and POS). 


E = AXY + AXY + AY 
3.34 Use XOR type patterns to loop out a gate-minimum 


cover from each of the second-order EV K-maps 
that follow. Indicate the gate/input tally for each. 
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3.35 Compress the following functions into second-order 


K-maps and loop out a gate-minimum cover by 
using XOR-type patterns. Use the gate/input tally 
to compare the result for each with those obtained 
for the two-level minimum SOP and POS results. 


(a) W(A,B,C,D) = > m(3, 6, 9, 12) 


(b) X(A,B,C,D) = [[ MQ, 3, 4, 5, 7, 8, 9, 11, 14, 
15) 


(© Y(A,B,C,D) = > m(1, 2, 4, 7, 11, 13, 14) 
(d) Z(A,B,C,D) = |] M(0, 3, 4, 6, 10, 11, 13) 


3.36 Compress the following function into a second- 


order EV K-map of axes A and B, and loop out a 
gate-minimum cover by using XOR-type patterns. 
Use the gate/input tally to compare this result with 
those for the two-level minimum results (SOP and 
POS). 


F(A,B,C,D) = [| M(0, 1, 2, 3, 8, 11, 12, 13) 
- (4, 5, 6, 7) 


3.37 Use XOR-type patterns to loop out a gate-minimum 


3.38 Find the minimum two-level SOP and POS cover 


cover from each of the third-order EV K-maps 
shown. Indicate the gate/input tally for each. 


and the CANONICAL forms for each of the func- 
tions F and G in Problem 37. 


3.39 From the EV truth table that follows, construct the 
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EV K-map and loop out a gate-minimum cover by 


3.40 


3.41 


using XOR-type patterns. Determine the gate/input 
tally for this result and compare it with that obtained 
for the two-level result. 


ae O åO O 
m = © åO m m O O 
= ŒD = O e O e © 
A Oi onoo 


From the EV truth table that follows, construct the 
EV K-map and loop out a gate-minimum cover by 
using XOR-type patterns. (Hint: Look for com- 
pound associative XOR patterns.) Determine the 
gate/input tally for this result and compare it with 
that obtained for the two-level result. 


0 
0 
0 
0 
1 
1 
1 
1 


m e O O m =e O © 
m Oo m O = OF m= © 


A computer program has been written which will 
yield a minimum solution to a combinational logic 
function, but only in SOP form. It accepts the data 
in either conventional (1’s or 0’s) form or in two- 
level EV form—it does not recognize the XOR and 
EQV operators. 

Given the function G in the K-map of Fig. 3- 
51(b), show the minimum two-level result that 
would be obtained from the computer and the final 
step necessary to obtain the desired minimum POS 
result. Give the minimum POS result and its gate/ 
input tally. Plan to enter the data into the program 
from the second-order K-map. Also, briefly outline 
the procedure used to obtain the POS result. 
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CHAPTER 4 


Combinational 
Logic Design 


4.1 


INTRODUCTION 


The short discussion on the synthesis of MIXED LOGIC circuits in Sect. 
2.7 was actually a short discussion of very simple combinational logic de- 
sign. There, the object was to implement certain logic expressions, for ex- 
ample, those of the XOR function, using discrete gates. Indeed, it is the 
purpose of combinational logic design to build larger more sophisticated logic 
circuits by using the most adaptable and versatile building blocks available. 
The choice of discrete gates as the building blocks is not always a good one 
owing to the complex nature of the circuits that must be designed and to 
the fact that there are integrated circuit (IC) packages available which are 
much more adaptable. This chapter deals with the design of basic combi- 
national logic circuits from both a gate perspective and a modular perspec- 
tive. It is our plan to develop certain manageable packages, or building 
blocks as we call them, and demonstrate their use in constructing larger 
combinational logic systems. 

Before proceeding to a detailed discussion of combinational logic design, 
it will be worthwhile to characterize combinational logic circuits in more 
general terms and classify them according to established practice. 

Shown in Fig. 4-1 are the block diagrams with complete and abridged 
I/O notation for a generalized combinational logic circuit having n inputs 
and m outputs. Use will be made of the abridged notation throughout the 
remainder of this text whenever it is necessary to simplify the circuit draw- 
ings. 

Not shown in Fig. 4-1 are the propagation delay times associated with 
each output signal. Except for occasional passing mention, these time delays 
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4.1.1 


Combinational 


logic 
circuit 


(a) 


The Building Blocks 


Yo 
Y. 
f: Combinational 
2 Lu1-Ip logic Ym-17 Yo 
circuit 
Ym —1 


(b) 


Fig. 4-1. Generalized combinational logic circuit symbols. (a) Complete 
input/output notation. (b) Abridged I/O notation. 


will be neglected until the end of this chapter, where full consideration will 
be given to them. 

Also conspicuously absent in Fig. 4-1 are any feedback loops connecting 
outputs to inputs. This means that the outputs do not depend on any previous 
output conditions and, consequently, depend only on the present state of 
the inputs. Logic circuits of this type, that is, those without feedback, are 
appropriately called combinational logic circuits. These are the subject of 
this chapter. 


Now that we have given a general characterization of combinational logic 
circuits, let us develop some understanding of how they are used and of 
what kinds of building blocks they are constructed. Those that are familiar 
with the design and operation of digital systems know that the digital designer 
must be able to create combinational circuits which will perform a large 
variety of tasks. Typical examples of these tasks are 


Data manipulation (arithmetically or logically) 

Data code conversion 

Data selection from various sources 

Data routing from source to various destinations 

Data error detection 

Data busing from one part of a digital system to another part 


To implement circuits that will perform tasks of the type listed, the logic 
designer can draw upon an impressive and growing list of combinational 
logic devices which are commercially available in the form of IC packages 
called chips. Shown in Fig. 4-2 is a listing of some of the more common 
combinational logic chips. It is the object of this chapter to develop the logic 
equivalent of these devices and demonstrate how they can be used as man- 
ageable and versatile building blocks for large-scale circuit design. 


4.1.2 Classification of IC Chips 
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IC chips for devices of the type listed in Fig. 4.2 can be classified as small- 
scale integrated (SSI) circuits, medium-scale integrated (MST) circuits, large- 
scale integrated (LSI) circuits, very-large-scale integrated (VLSI) circuits, 
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Arithmetic-Type Circuits Multipurpose Circuits 


ADDERs DECODERs and ENCODERs 
SUBTRACTORs CODE CONVERTERS 
MULTIPLIERs MULTIPLEXERSs and 
DIVIDERs DEMULTIPLEXERS 


COMPARATORs Asynchronous SHIFTERS 
PARITY GENERATORS and Arithmetic and logic units (ALUs) 
Error detectors Read-only memories (ROMs) 


Programmable logic arrays 
(PLAs and PALs) 


Fig. 4-2. Partial list of available combinational logic IC devices. 


and wafer-scale integrated (WSJ) circuits. It has become customary to assign 
one of the preceding acronyms to a given IC circuit on the basis of number 
of equivalent fundamental gates (meaning AND, OR, INVERTER or 
NAND, NOR, INVERTER) that are required to implement it. By one con- 
vention, we may associate the acronyms with the following gate count: 


SSI circuits—up to 12 gates 

MSI circuits—13 to 99 gates 

LSI circuits—100 to 1,000 gates 

VLSI circuits—greater than 1,000 gates 


and WSI chips might have equivalent gates numbering in the millions. This 
classification system, although attractive in appearance, is of questionable 
value, since it reveals nothing of the true complexity of the IC relative to 
the digital system within which it operates. 

A more useful classification system should take into account the true 
complexity of the IC. As an example, an LSI chip might be a moderately 
complex microprocessor or some other type of application-specific inte- 
grated circuit (ASIC), or a VLSI chip might function as a WSI device. We 
are not advocating a new set of acronyms but merely suggesting that there 
are better ways to classify ICs other than to use discrete gate count (or, 
even worse, transistor count) as a measure of their operational complexity. 
In any case, the reader should exercise caution when evaluating the com- 
plexity of a chip based on some count system. 


4.2 BINARY WORDS: NOMENCLATURE AND PHYSICAL REALIZATION 


Except for that part of Chapter 2 dealing with the electrical equivalent of 
logic functions (i.e., physical logic gates), we have worked mainly with logic 
1’s and 0’s and with single independent logic functions. This was necessary 
in order to cover the important background material of Chapters 2 and 3 in 
the most efficient and effective manner possible. Now we must move on to 
the design of building blocks of the type listed in Fig. 4-2. To do this will 
require that we be able to manipulate functionally arrays of binary digits 
using electrical circuits, a seemingly formidable task. However, with a work- 
able nomenclature and a perspective of how binary digit arrays are physically 
realized, the task should be reduced to a simple exercise in communication. 
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4.2.1 
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Nomenclature 


The logic level (1 or 0) assigned to a logic variable of a digital circuit is called 
a binary digit, abbreviated as bit. A linear array of juxtaposed bits which 
represents a number or which conveys an item of information is called a 
binary WORD, or simply WORD. A WORD of 4 bits is sometimes called a 
nibble or nybble, and, more commonly, a WORD of 8 bits is termed a byte. 
A 16-bit WORD is, therefore, one of 2 bytes, and a 32-bit WORD is one of 
4 bytes, and so on. In general, the total number of bits in a WORD is equal 
to some power of 2. 

In natural binary code, bits are positioned in a binary WORD array ac- 
cording to their positional weight in polynomial notation. For example, the 
binary number 1010 would be represented by the polynomial 


N = (1 x 23) + © x 27) + (1 x2!) + (0 X 2°) 
=(1x8+0x44+0x*2)+ 0x 1I=8 +0+24+ 0 = 10v 
Or if a radix point is indicated as in 10111.110, the polynomial representation 
would be 
No = (1 x 24) + © x 27) 4+ (1 x 27) + 1 Xx 2!) + aA x 2°) 
+ (1 x 27t) + (1 x 277) + (0 x 273) 
=16+0+44+24+1+4+3+4+ 4 = 23.754 


The bit of highest positional weight (usually the extreme left bit) is called 
the most significant bit (MSB) while the bit of lowest positional weight (usu- 
ally the bit on the extreme right) is called the least significant bit (LSB). 
The following is a byte of information: 


128 64 32 16 8 4 2 1 
1 0 1 1010 0 
i f 

MSB LSB 


This WORD is shown with the bits in descending positional weight from left 
to right and has a decimal value of 128 + 32 + 16 + 4 = 170o. Unless 
otherwise indicated, all WORDS will be written by using this bit format, 
whether in literal form (e.g., A BC .. .) or in logic level form (e.g., 011 
010...) 

To denote positional weight in literal form, we will use subscript notation 
such as (B3 x 23) = (B2 x 27) + (Bı x 25) oP (Bo x 2°) F (Bı x 2-7) 
+ (B_2 X 277) + (B_3 X 273) + ---. Here, it is understood that B; is the 
MSB and that the positional weight decreases with decreasing subscript 
number. Thus, this binary WORD is represented as B3 B2 Bı Bo B-1 B-2 
e oka 

A linear array of n bits can be arranged to form 2” different binary 
WORDS. When these WORDS are taken to represent numerals, letters, 
symbols, or a different sequence of these WORDS, a code is said to exist. 
Two examples of a three-bit binary code are 000, 001, 010, 011, 100, 101, 
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110, 111 and 000, 001, 011, 010, 110, 111, 101, 100—-both corresponding to 
decimals 0, 1, 2, 3, 4, 5, 6, 7. These codes are commonly referred to as 
natural binary code and Gray code, respectively. There are a variety of 
binary codes several of which are given in Sect. 4.7.1, written in 4-bit binary. 
During our discussions in this chapter, we will have cause to become familiar 
with a few of the more frequently used codes. More important, we will learn 
how to design circuits that will perform electronic tasks equivalent to con- 
verting these codes from one to another. 


The Word ACTIVE Revisited. Before proceeding it will be instructive to re- 
view the use of the word ACTIVE as it is used in this text. Recall that the 
bits of a WORD are the logic levels assumed by an array of elements (e.g., 
leads) of a physical circuit. An element is called ACTIVE when it assumes 
the logic 1 value and is called INACTIVE (or NOT ACTIVE) when it as- 
sumes the logic 0 value. Therefore, an element that is ACTIVE HIGH is 
one for which HV = 1(H). Conversely, an element that is ACTIVE LOW 
is one for which LV = 1(Z). Thus, an ACTIVE HIGH element is also 
INACTIVE LOW, and vice versa. For a review of this subject matter the 
reader is referred to Sect. 2.2. 


4.2.2 Physical Realization of Binary WORDs 


Element 


ACTIVE HIGH outputs 


Y, (H) 


Voltage level HV 


Logic level 


1(H) 


We already know that each output of an operating logic circuit is either at 
high voltage (e.g., HV = 5.1 V) or low voltage (e.g., LV = 0.02 V), both 
taken with respect to some reference potential, usually ground (zero volts). 
But voltage information by itself is not sufficient for proper logic represen- 
tation. To represent correctly a given element in MIXED LOGIC notation, 
we need to know (1) its polarization level, that is, whether the voltage of 
that element is from a positive or negative logic source, and (2) either its 
voltage level (HV or LV) or its assumed logic value (1 or 0). We illustrate 
this in Fig. 4-3 for a circuit N with and without INVERTERs on the output 
elements, assuming that the input conditions are the same for each. 
Notice that the placement of ACTIVE LOW indicator bubbles in Fig. 4- 


Inputs In -1— To Inputs h -1-7 {o 


Circuit N 


Y, (H) 
LV 
0(H) 


Circuit N 


ACTIVE LOW outputs 


Y,(H) Y,(H) YL) VA N) Yq) 
HV HV LV HV LV LV 
1(H)  1(H) 1(L) O) 1) (D) 

(a) (b) 


Fig. 4-3. Circuit N with output WORD 1011. (a) ACTIVE HIGH outputs. (b) 
ACTIVE LOW outputs. 
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3(b) requires the inversion of the voltage levels and polarization indicator 
symbols but not the logic values—a feature of the MIXED LOGIC notation. 
Thus, for either circuit of Fig. 4-3 the WORD may be written as 1011, reading 
from MSB to LSB, but with the stipulation that each element in the array 
is either ACTIVE HIGH in one case or ACTIVE LOW in the other. This 
is important to know in design work and it applies to inputs as well as outputs. 
What this means is that once a circuit is designed, any combination of AC- 
TIVE LOW and ACTIVE HIGH inputs or outputs can be established simply 
by placing INVERTERs or ACTIVE LOW indicator bubbles at those places 
where the polarization indicator symbol is reversed. Hence, there is no need 
to use MIXED LOGIC truth tables and MIXED LOGIC K-maps in designing 
logic circuits. Section 4.6 offers some good examples of the application of 
this principle. 


4.3 DESIGN PROCEDURE 


The design of a combinational logic circuit generally begins with the de- 
scription of and specifications for the device and ends with a suitable logic 


' implementation. To assist the reader in developing good design practices, 


we recommend the following six-part sequence: 


Part I. Understand the Device. Describe the function of the device; then 
clearly indicate its input/output (I/O) specifications, and construct its 
block diagram. 


Part II. State the Algorithms. Indicate all algorithms and/or binary ma- 
nipulations necessary for the design. Include a general operations for- 
mat if necessary. 


Part III. Construct a Truth Table. From Part II construct a truth table that 
details the I/O relationships. The truth table is usually presented in 
positive logic form. 


Part IV. Obtain the Output Function. Map and minimize (or reduce), or 
otherwise read directly, the information in the truth table of Part III 
to obtain the logic expressions for the outputs. 


Part V. Construct the Logic Diagram. Use either a gate or modular level 
approach (or both) to implement the logic expressions obtained in Part 
IV. Implement from output to input and take into account any required 
MIXED LOGIC I/O conditions. 

Part VI. Check the Results. Where it is reasonable to do so, check the 
final logic circuit at the functional or logic level. 


It is our plan to follow this six-part sequence where appropriate without 
specifically mentioning each step. 


4.4 ARITHMETIC CIRCUITS 
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In this section we will design digital circuits with electrical capabilities that 
can be interpreted as performing the basic arithmetic operations of binary 
numbers. These basic operations include 
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4.4.1 


The HALF ADDER 


Addition 
Subtraction 
Multiplication 
Division 


Now, the Boolean equations are uniquely defined so as to perform spe- 
cific arithmetic operations, and the 1’s and 0’s, which we have previously 
used only as logic levels, must take on a numerical significance. Thus, we 
will use the 1’s and 0’s to perform arithmetic operations. However, we must 
always keep in mind that any arithmetic circuit we design is only the elec- 
trical equivalent of the arithmetic operation it represents. It is the interpre- 
tation of the electrical circuits behavior that bridges the gap between pure 
logic and the physical world. Frequently, special algorithms must be used 
to make possible a workable physical realization for a given arithmetic op- 
eration. As we shall see, a good example of this is the division operation. 

The treatment of arithmetic circuits in this section is intended only as 
an introduction to this subject matter. Actual IC circuits performing the 
electrical equivalent of the basic arithmetic operations may be much more 
sophisticated and may even be based on different operating principles. 


The HALF ADDER is the simplest of all the arithmetic circuits. In fact, it 
may be regarded as the smallest building block for the modular design of 
such circuits. Electronically, the HALF ADDER must perform an operation 
which can be interpreted as the addition of two input bits, bit A plus bit B, 
to generate two output bits, SUM (S) and CARRY (C). The operation format 
and block diagram symbol for the HALF ADDER are presented in Fig. 4- 
4. The inputs and outputs are all assumed to be ACTIVE HIGH. 

The design of the HALF ADDER is easily accomplished by following 
the procedure outlined in Sect. 4.3. If input bits A and B take on all possible 
combinations of logic values, then the general format for the addition op- 
eration, given in Fig. 4-4(a), generates the truth table shown in Fig. 4-5(a) 
as follows: 


0 0 1 1 Augend bit A 
+0 +1 +0 L Addend bit B 
0 1 0 1 1 0 SUM A plus B 
sia! Era 
k Bit A A 
oe HA S SUM 
cs Bit B Bo 
CARRY Fig. 4-4. HALF ADDER. (a) 


Operation format. (b) Block 
diagram symbol. 


(a) (b) 


4.4 / Arithmetic Circuits 195 


A(H) 
B(H) 


C(H) 


Fig. 4-6. Implementation of 
a HALF ADDER by using 
Eqs. (4-1). 


4.4.2 The FULL ADDER 
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(a) (b) 


Fig. 4-5. (a) Truth table for a HALF ADDER. (b) K-maps for SUM and 
CARR Yout outputs of a HALF ADDER. 


In each of the four addition operations the MSB is the CARRY bit, while 
the LSB is the SUM bit. Remember that for a positive logic system the 
physical interpretation of logic 0 and logic 1 is LV and HV, respectively. 

The second-order K-maps for S and C are constructed in Fig. 4-5(b). An 
XOR pattern (diagonal loop) is recognized in the K-map for output S and 
the Boolean expressions are read directly as 


S=AÐB 
and (4-1) 
C=A-B 


The logic circuit for the HALF ADDER can be implemented using Eqs. 
(4-1). When this is done we obtain the circuit shown in Fig. 4-6. Of course, 
had we desired to do so, we could have replaced the XOR gate with any 
circuit derived from Eqs. (2-6) or (2-7), as, for example, the circuit of Fig. 
2-31. However, XOR gates are readily available and are designed to be used 
in circuits of this type, among their many other uses. 

As a final step the circuit of Fig. 4-6 is functionally tested to see if it 
conforms to the requirements of a HALF ADDER. Indeed, Eqs. (4-1) are 
read directly from the circuit. 


The HALF ADDER we just designed has severe limitations in modular 
design applications, since it cannot accept a CARRY bit from the previous 
stage called CARRYin. Hence, the HALF ADDER can be used only in 
addition operations without CARRYin requirements. 

The limitations of the HALF ADDER are easily overcome by using the 
FULL ADDER (FA) presented in Fig. 4-7. The FULL ADDER can accept 
and add the CARRYin (Cin) bit from the CARRYout (Cout) of the previous 
stage. With this feature the FULL ADDER becomes a useful device as a 
modular building block in arithmetic circuits and is used extensively for that 
purpose. 

Let us design the FULL ADDER by following the procedure given in 
Sect. 4.3. Shown in Figs. 4-7(a) and (b) are the operation format and the 
block diagram symbol for the FULL ADDER. It is required that the FULL 
ADDER function as the electrical equivalent for the binary sum of three 
input bits (bit A and plus bit B plus CARRYin) to produce two output bits 
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CARRYin 


Cin CARRYin Bit A 
A Augend 
+B Addend Bit B 


Cout S 


SUM 
CARRYout 


CARRYout 


(a) (b) 


0 
0 
0 
0 
1 
1 
1 
1 


m p O O m = © © 
— Os O m © m © 


=a 0O O mae O m m © 


(c) (d) 
Fig. 4-7. FULL ADDER. (a) Operation format. (b) Block diagram symbol. (c) 
Truth Table. (d) Karnaugh maps for SUM and CARR Yout. 


(SUM and CARRYout). The truth table given in Fig. 4-7(c) is the logic 
interpretation for the function of the FULL ADDER. It is generated by the 
operation format [Fig. 4-7(a)] when the three inputs take on all possible 
combinations of logic values. We will assume that all inputs arrive from 
positive logic sources and that the outputs are likewise ACTIVE HIGH. 

By using a MAP KEY of 2, we can compress the truth table of Fig. 4- 
7(c) into a second-order K-map yielding the results shown in Fig. 4-7(d). 
Noting the diagonal XOR type patterns indicated be the diagonal loops in 
the EV K-maps (see Fig. 3-48), we can easily read the SUM and CARRYout 
functions as follows: 


S = Cn(A ®B) + Ch(A ® B) 
A®BO®Cn (4-2) 
Con = Cin(A P B) T (AB) 
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Cn (A@B)(H) 


Cout (H) 
Fig. 4-8. Implementation of the FULL ADDER. 


A gate-level design exclusive of XOR gates can be obtained simply by 
looping out the EVs in Fig. 4-7(d) as islands. We leave this task as an exercise 
for the reader. 

Proceeding with our gate-level approach, we use the expressions of Eqs. 
(4-2) to implement the FULL ADDER. The results, given in Fig. 4-8, easily 
show that a FULL ADDER is composed of two HALF ADDERs, a con- 
clusion that would not be obvious from an inspection of a two-level gate 
design. 

Included in Fig. 4-8 for the convenience of the reader are the intermediate 
functions written in MIXED LOGIC notation. Completion of the reading 
process yields directly the SUM and CARRYout expressions of Eqs. (4-2). 
Notice that the AND/OR logic of Fig. 4-8 can be replaced by the appropriate 
conjugate NAND gate forms without changing any of the logic functions, 
but that the intermediate polarization levels must change from (H) to (L). 
Also included in Fig. 4-8 are the P and G nodes which will be discussed 
later in Sect. 4.4.4. 


4.4.3 The n-Bit PARALLEL ADDER 
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AS we indicated in Sect. 4.4.2, the FULL ADDER is a useful device for 
modular construction of arithmetic circuits. Now it is desirable that we make 
use of this feature to design a PARALLEL ADDER (PA) of n-bits. 

An n-bit PARALLEL ADDER is defined as a (2n + 1)-input/(n + 1)- 
output combinational logic device which can add two n-bit numbers. The 
general operation format for such an ADDER is presented in Fig. 4-9(a). It 
represents the familiar addition algorithms used in conventional arithmetic. 
Notice that the subscripts are consistent with the powers of 2 to the left of 
the radix point in polynomial notation. Hence, the bits of each WORD are 
written in ascending order of positional weight from right to left. 

Figure 4-9(b) shows the ripple-carry effect which characterizes the ad- 
dition algorithm for this PARALLEL ADDER. ADDERs of this type are 
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S,(H) 


Cout PAn 1 Cin 


Sn - 1(H) 


(a) (b) 


B(H) A(H) Cin(H) 


n n 
n-bit PA 
g Fig. 4-9. An n-bit PARALLEL 
Cou(H)  S(H) ADDER. (a) Operation format. 
(b) Carry-ripple effect. (c) Block 
(c) diagram. 


sometimes called RIPPLE-CARRY ADDERs. Observe that the CARRYin 
bit for each stage is the CARRYout bit from the previous stage and that the 
CARRYout bit for the (n — 1)th stage is the final SUM bit, that is, Con = 
Cn = Sn. The block diagram representing an n-bit PA is given in Fig. 4-9(c). 

The modular design for the n-bit PARALLEL ADDER follows directly 
from Fig. 4-9. All that is required is an array of n FULL ADDERs designated 
FAo, FA;,...,FA,—1, one for each bit, connected such that the Cin input 
of each stage is taken from the Cou: output of the preceding stage. This is 
presented in Fig. 4-10, where it is assumed that all inputs arrive from positive 
logic sources. Notice that the condition of no CARRYin to the first stage is 


Bo A2 B, Ay Bo Ao 
(H) (H) (H) (H) (H) (H) 


7 2 6 Cout FA, Cin * < Co (H) 


S3 (H) Sı(H) So(H) 


Fig. 4-10. An n-bit PARALLEL ADDER implemented with FULL ADDERS. 
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B 15 ~ 12) 


4 


S (15-12) 


A({15-12) 


4 


Buyi-s) Ais) Biya) A-4) By-o A-0) 
4 4 4 4 4 4 


Co 


S (11-8) S (7-4) S (3-0) 


Fig. 4-11. A 16-bit PARALLEL ADDER composed of four 4-bit PARALLEL 
ADDERs with inputs and outputs all ACTIVE HIGH. 


satisfied by grounding the Cin input terminal of FAo or by using a HALF 
ADDER for that stage. 

An n-bit PARALLEL ADDER is more likely to be designed by using 
nim ADDER modules rather than individual FULL ADDERs. One example, 
represented in Fig. 4-11, uses four 4-bit PARALLEL ADDERS in a ripple- 
carry configuration to produce a 16-bit ADDER. Here, we use the abridged 
I/O notation (introduced in Sect. 4.1) so as to simplify the circuit drawing. 
Other examples include a 16-bit ADDER composed of two 8-bit PARALLEL 
ADDERs, or a 32-bit ADDER made up of four 8-bit ADDERs, and so on. 

It must be understood that a PARALLEL ADDER cannot correctly per- 
form the electrical equivalent of a given binary addition operation unless all 
A and B input data are presented simultaneously to the ADDER terminals. 
For example, if the input signals are pulse trains, but all pulse trains are not 
synchronized with each other, the ADDER may not function properly. To 
overcome this problem, storage registers (i.e., PIPO registers as in Fig. 5- 
98) are used to present, on command, all the A- and B-bit information to the 
ADDER at the same time. Furthermore, storage registers can also be used 
on the output of ADDERs so that the data bits resulting from the addition 
operation can be presented simultaneously to the next stage. Storage reg- 
isters belong to the general class of registers which are discussed in Sect. 
5.10.1. 

Even if the A- and B-bit information is supplied to the ADDER terminals 
at the same time, there still remains the problem of the CARRY bit that 
must ripple through the entire ADDER before the sum process is complete. 
Thus, by specifying a maximum time period between successive addition 
operations, we are forced to place a limit on the number of stages that a 
PARALLEL ADDER can have—a limitation that results from the ripple- 
carry effect. 


4.4.4 The LOOK-AHEAD-CARRY ADDER 
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The PARALLEL (or RIPPLE-CARRY) ADDER just described is satisfac- 
tory for most applications up to about 16 bits at moderate to high speeds. 
Where larger numbers of bits are to be added together at very high speeds, 
fast adder configurations must be devised. One that comes to mind imme- 
diately is a gate-level design obtained directly from the truth table and K- 
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maps for an n-bit ADDER. Such an ADDER would have no ripple-carry 
feature and would be cascadable, but would also be tedious to design. 

A clever—actually intuitive—design has been devised to make use of 
the modular approach but at the same time reduce the propagation time of 
the ripple-carry effect. This design has become known as the LOOK- 
AHEAD-CARRY (LAC) ADDER. In effect, the LAC ADDER electroni- 
cally ‘‘anticipates’’ the need for a carry and then generates and propagates 
it more directly than does the PARALLEL ADDER, as we will now dem- 
onstrate. 

One frequently encountered LAC ADDER design begins with a gener- 


alization of Eqs. (4-2). For the nth stage of a PARALLEL ADDER we may 
write i 


Sn 


An DB, DC, 


SUM of nth stage (4-3) 
Chi = (An @ B,)Cn T A,B, 


= CARRYout of nth stage 


We now show that there are only four possible combinations of An, Bn, 
and C, that can produce a CARRYout (C,,+1) of the nth stage. Following 
the format of Fig. 4-9, they are 


1 1 0 1 Ca 
0 1 1 1 An 
a F0 21. 1 +B, 
10 10 10 E  CartiSa 
eS” SS 


(A, Ð B,)C, = 1 A,B, = 1 


Therefore, Cn+ı = 1 is assured if (A, ® B,) = land C, = 1, or if A,B, = 
1. 


Next, it is desirable to expand Eqs. (4-3) for each of the n stages, be- 


ginning with the first (or 0) stage. To accomplish this task, it is convenient 
to define the two quantities 


P, = A, ® B, = CARRY PROPAGATE 


and (4-4) 
G, = A,B, = CARRY GENERATE 


which are seen to be the intermediate functions of the FULL ADDER shown 
in Fig. 4-8. By introducing these equations into Eqs. (4-3), we have 


So as Po ® Co 
st 
1% stage { C, = PoCo + Go 


Sı = PGi 
gna stage C2 = PC; + Gi 
= P PoCo + PiGo+ Gi 


(4-5) 
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So = P- C2 
3rd stage C3 = P2C2 + G2 
8 = P P,P oCo + P2P1Go + P2G; + G2 


(4-5) 
Sn = P, OC, 


n stage 4 Can+1 = PxC,+ Gn 
= PyP yp Af eno PoCo + P,Pn—1°°'P1Go + e + Gn 


To implement the LAC ADDER, we will use FULL ADDERs of the 
type shown in Fig. 4-8 which have leads from the P and G nodes. Whereas 
the S, terms are produced within the ADDERs, the C,,.; terms must be 
formed by external combinational logic. Although it may not be obvious, 
the first carry expressions in Eqs. (4-5) (Cı = PoCo + Go, C2 = PiCi + 
G, etc.) represent the ripple-carry effect ina PARALLEL ADDER. How- 
ever, it is the last carry expression for each stage of Eqs. (4-5) that must be 
implemented so as to produce the LOOK-AHEAD-CARRY configuration 
we seek. By using these last carry expressions for a 3-bit LAC ADDER, we 
obtain the modular level circuit given in Fig. 4-12. The combinational logic 
circuit below the dashed line is called the LAC GENERATE circuit. 

One interesting facet of the FULL ADDER is that it can function in an 
LAC ADDER circuit without the use of Cout. Actually, only that portion of 
the FULL ADDER that supplies the Pa, Gn, and S, functions is necessary. 
Commercial LAC ADDERs take advantage of this fact. 

The modular approach to LAC ADDER design can be taken one step 
further by using the LAC feature between m-bit LAC ADDER modules to 


LAC GENERATE 


Circuit 


S30 S2 Si So 
Fig. 4-12. Three-bit LOOK-AHEAD-CARRY ADDER implemented with FULL 
ADDERs and showing the LAC GENERATE circuit below the dashed line. 
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produce a larger ADDER, similar to that shown in Fig. 4-11 for a modular 
PARALLEL ADDER. To do this one simply expands Eqs. (4-3) in the fol- 
lowing way: 


st th 
1°" m™ stage CP Ce Gs 
Sat = Pā p Cw 
2™4 m*® stage Cm2 = PriCm + Gmi 
= PriPmoCmo + PmiGm + Gmi (4-6) 
Simn2 = = Pm D Cm2 
Cm3 = Pm2Cm + Cm 
3rd mh stage = = PoP. fC x6 + P m2P mi Gmo 


{ S mno = Po P Crò 


ai = Pie p Car 
pth m'h stage eee = yet Ofer + Gmr 
= Sn +1 


In this case there are r stages each of m bits denoted by subscripts r and 
m, respectively. It follows that this LAC ADDER will add two binary num- 
bers, each up to n = mr bits in length. 

As an example of the application of Eqs. (4-6), let us design a 12-bit LAC 
ADDER made up of 4-bit LAC modules. Such an ADDER is presented in 
Fig. 4-13, where a block diagram has been used to represent the LAC GEN- 
ERATE circuit. The outputs Pm and Gm represent the CARRY PROPA- 
GATE and CARRY GENERATE, respectively, from the mth (4th) stage of 
each of the three modules. Notice that the final carry bit (C3) is the most 
significant sum bit S12. 

The reader should not be left with the impression that the LAC ADDER 
is the panacea for all adder design ills. Indeed, the use of the LAC feature 
involves a trade-off. For large numbers of bits, an LAC ADDER design can 

/ 


Bii1-s) (11-8) By7~a) A-4) Bi3-0) A3-—o) 
(H) (H) (H) (H) (H) (H) 
4 4 4 4 4 4 


Cm2 G 1 1 Gm 
B j bÉ Gm one Cm alk Co 
C2 Gi Cı Go 


LAC GENERATE Circuit Shown in Fig. 4-12 
Fig. 4-13. A 12-bit LAC ADDER composed of three 4-bit LAC ADDER stages. 


4.4 / Arithmetic Circuits 203 


result in substantially reduced ripple delay times compared to a comparable 
PARALLEL ADDER design, but only at the expense of additional logic 
hardware. Whether the gain in reduced ripple delay times justifies the in- 
creased board or chip real estate requirements is a matter that must be 
weighed by the designer. Generally speaking, PARALLEL ADDER con- 
figurations satisfy most of the designer’s needs. This is especially true for 
IC PARALLEL ADDER packages composed of ‘‘fast’’ transistors. 


4.4.5 The CARRY-SAVE ADDER 


Addition of binary numbers is not restricted to two numbers as the reader 
might have inferred from the past discussion. Actually many binary numbers 
can be added together simultaneously. One way of accomplishing this is to 
use a type of “‘fast’? ADDER called a CARRY-SAVE ADDER. This ADDER 
is conceptually simple, but, as might be expected, it requires additional 
hardware. 

The algorithm for a CARRY-SAVE ADDER is stated as follows: 


Sum the bits exclusive of carries, then add to this result the carries 


shifted one place to the left. 


A numerical example illustrating the application of the CARRY-SAVE 
(CS) algorithm is given below. In this example four 3-bit numbers are added 
together. 


Saws 


011 Sum without carries 
+111 Carries shifted left one place 
10001 Final sum 


Shown in Fig. 4-14 is the modular design of a four 3-bit number CS ADDER 
by using a3 x 3 matrix of FULL ADDERs with a tenth ADDER added to 
provide the two most significant sum bits. The reader may find it helpful to 
trace the numerical example through the circuit. 

CARRY-SAVE ADDERs can be designed to add larger numbers of larger 
bit WORDS simply by expanding the matrix of FULL ADDERs. Thus, 
CARRY-SAVE ADDERs offer a means of speeding up the addition process 
but only at the expense of increased hardware. Problem 4.47 at the end of 
this chapter illustrates the use of the CARRY-SAVE ADDER. 


4.4.6 The FULL SUBTRACTOR 
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The electrical equivalent of the binary subtraction operation can be carried 
out by using FULL SUBTRACTOR hardware much the same as the elec- 
trical equivalent of the addition operation is accomplished with FULL 
ADDER hardware. Although this is rarely done, the design of the FULL 
SUBTRACTOR provides a good introduction to the more useful subject of 
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Cin 0(H) 


Fig. 4-14. Modular design of a 3-bit 4-number CARRY-SAVE ADDER by using 
FULL ADDERS. 


ADDER/SUBTRACTORs (devices which can serve in either capacity) and 
to the subject of DIVIDERs. 

The design of a FULL SUBTRACTOR follows in a manner similar to 
the design of a FULL ADDER with, of course, some important differences. 
The inputs now become the minuend bit A, the subtrahend bit B, and the 
previous-BORROW bit Bin (BORROWin), and the outputs become the dif- 
ference bit D and the borrow-from-next-stage bit Bout (BORROWout). 
Shown in Fig. 4-15 are the essential features of the FULL SUBTRACTOR, 
namely, the operation format (a), the block diagram symbol (b), the I/O truth 
table (c), the output bit K-maps and Boolean expressions (d), and the re- 
sulting logic circuit (e). The truth table is generated by the operation format 
when the three inputs are assigned all possible combinations of logic values 
and it is understood that D is equal to (A — B — Bin). Notice that the familiar 
XOR patterns in the K-maps yield an expression for D identical to that for 
the S bit of a FULL ADDER, and an expression for Bout which is similar 
but not equal to that for Cout. 

The logic circuit for the FULL SUBTRACTOR, shown in Fig. 4-15(e), 
is constructed directly from the Boolean expression for D and Bout. Observe 
that it is composed essentially of two HALF SUBTRACTORs (HS, and 
HS2) and that two INVERTERSs are appropriately positioned to create the 
logic incompatibilities necessary to yield the Bout expression. The fact that 
the circuits for the FULL ADDER (Fig. 4-8) and FULL SUBTRACTOR 
are identical except for the absence or presence of the two INVERTERs, 
raises the possibility of a FULL ADDER/SUBTRACTOR circuit. Indeed, 
if the two INVERTERs of Fig. 4-15(e) are replaced by CONTROLLED 
INVERTERSs (see Fig. 2-42), such a device would result. When the control 
leads for the CONTROLLED INVERTERs are held at 0(4), that is, at 
ground potential, the circuit functions as a FULL ADDER. Conversely, 
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BORROWin 
(Previous Borrow) 


-B;, BORROWin Bit A 
A Minuend DIF 
-B Subtrahend Bit B 
B out D 
DIFFERENCE 
BORROWout BORROWout 
(Borrow from Next Stage) 
(a) (b) 


B 
0 
0 
1 
1 
0 
0 
1 
1 


tet er CDC D 
=. O. Of Ore © 
=O ord —— © 


(c) (d) 


A(H) 
B(H) 


Bout = Bin A® B +AB 


Bi, A® B(H) 


Bout (H) 
(e) 
Fig. 4-15. FULL SUBTRACTOR. (a) Operation format. (b) Block diagram 
symbol. (c) I/O truth table. (d) EV K-maps for DIFFERENCE and BORRO Wout. 
(e) Boolean expressions and logic circuit for a FULL SUBTRACTOR. 


when the control leads are held at 1(H), that is, at HV, then the XOR gates 
become INVERTERs (LOGIC LEVEL CONVERTERs) and the circuit 
functions as a FULL SUBTRACTOR. In the following section we will ex- 
plore the ADDER/SUBTRACTOR concept more fully. 


4.4.7 ADDERs/SUBTRACTORs—Sign-Complement Arithmetic 


Up to this point we have established that FULL ADDERs and FULL SUB- 
TRACTORs function as the electrical analogs for their respective binary 
addition and subtraction operations. This includes various modular designs 
using these arithmetic units. However, the simplicity of the binary number 
system offers an important alternative which is simple and manageable—an 
approach that permits the use of one set of hardware to accomplish both 
addition- and subtraction-type operations. As we shall demonstrate, the bi- 
nary subtraction operation is best carried out by adding together signed 
binary numbers using arithmetic operations collectively termed sign-com- 
plement arithmetic. To use sign-complement arithmetic for this purpose, 
three requirements must be met: 


1. The MSB for the augend and addend must be designated as the sign bit 
which is either logic 0 for a positive number or logic 1 for a negative 
number. 

2. The arithmetic operation must yield the correct sum which can be read 
as either a positive or negative number independent of the most significant 
carry bit. 

3. The algorithm used for the operation must be one suitable for logic im- 
plementation. 

The use of either 1’s complement or 2’s complement arithmetic easily 
satisfies the three requirements just listed. So, we will establish useful gen- 
erating algorithms for these two sign-complement notations and show how 
they are used in signed-complement arithmetic to produce a difference op- 
eration. The algorithms which generate 1’s and 2’s complement numbers 
from binary, and which are suitable for logic implementation, are now given. 


1’s complement generating algorithm: Complement each bit of a binary 
number, N;. Let this be known as the N algorithm. 


2’s complement generating algorithm: Complement each bit of a binary 
number Nz and add 1 to the LSB. Let this be known as the (Nz plus 
1) algorithm. 


A further discussion of complement generation algorithms is given in Sect. 
4.7.1. 

The application of these complement generating algorithms to any pos- 
itive binary number yields a negative binary number represented in signed- 
complement notation. As an example, let us find the binary equivalent of 
— 1210 (negative decimal 12) by using 8-bit binary, but keeping in mind that 
the MSB is the sign bit. If the N2 and (Nz plus 1) algorithms are applied to 
Nz = 000011002, there results the following negative binary forms: 
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1’s complement of 00001100) =11411001 1 = —124 
sign bit indicating sign bit indicating 
a positive number a negative number 


and 
2’s complement of (0 0001 10 0) 


11110011 plusi 


11110100 = -12 


sign bit indicating 
a negative number 


Notice that in any positive or negative number the sign bit is an integral part 
of that number and is included in its numerical value or in any operation 
involving that number. 

One interesting facet of sign-complement generation is that the process 
is reversible. That is, when the appropriate generating algorithm is applied 
to a negative number, its positive representation results. The reader may 
wish to test this on the two examples given. 

If an independent sign bit is assigned to a binary number, there results 
the sign-magnitude representation. For example, in 8-bit binary the sign- 
magnitude representation of — 121o would be 


1 0001100 


where the MSB is the sign bit and the remaining seven bits represent the 
magnitude. In sign-magnitude arithmetic only the magnitude is manipulated, 
analogous to decimal arithmetic. 

All that remains at this point is to establish the procedures for signed- 
complement arithmetic and then proceed to the design of an ADDER/SUB- 
TRACTOR. These procedures are simply stated: 


l’s complement arithmetic. With all negative numbers in 1’s complement 
notation, add the two numbers as in standard binary addition. If there 
is a carry overflow of the MSB (sign bit), it must be carried around 
and added to the LSB of the resultant number. This is called the carry- 
end-around-and-add step. Any overflow from this step is discarded. 

2’s complement arithmetic. With all negative numbers represented in 2’s 
complement notation, add the two numbers as in standard binary ad- 
dition. If there is a carry overflow of the MSB (sign bit), it is discarded. 


Although both 1’s and 2’s complement arithmetic are used in computer 
systems, 2’s complement is the more common of the two for arithmetic 
applications. The reason for this is twofold. First, the carry-end-around-and- 
add requirement of 1’s complement arithmetic requires additional circuit 
propagation delay time to produce the electrical equivalent of a final sum. 
Second, the reader should note that the 1’s complement notation has two 
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arithmetic zeros, namely, one with logic 0’s only and one with logic 1’s only. 
Two’s complement arithmetic overcomes both of these disadvantages since 
any carry overflow is discarded and since there is but a single zero—all logic 
0’s. As we shall see, the (N2 + 1) algorithm requirement for 2’s complement 
possesses no significant problem for the implementing hardware. 

The design of an ADDER/SUBTRACTOR now follows directly by using 
the ADDER hardware developed in Sect. 4.4.3 together with the signed- 
complement generating algorithms and signed-complement arithmetic pro- 
cedures given. To illustrate, we will design two versions of a simple PAR- 
ALLEL ADDER/SUBTRACTOR. 

In Fig. 4-16 are shown the combined general operation formats, and the 
modular logic circuits for 1’s and 2’s complement versions of a 2-bit PAR- 
ALLEL ADDER/SUBTRACTOR, where the B input is chosen to represent 
either the addend or subtrahend. The two versions differ only with respect 


Ag u4+s Ag Ay Ad Addend/Minuend 
Bio4--. By By By Augend/Subtrahend 


C, Sadis Sa Si S First sum 


ws i Subtract Subtract , Carry-end-around- 
iii 2's complement | 1’s complement plus C, and-add 
Add 
a Sgeids Sg Sy So Sum/Difference 
(a) 
B,(H) A,(H) Bo(H) Ao(H) Mode B(H) A(H) B(H) A(H) Mode 
Add/Subtract Add/Subtract 
0 (H)/1(H) 0 (H)/1(H) 
Subtract 
and 


S2(H) S,/D,(H) 


(b) 


Discard 


So/Do(H) S2(H) S/D (H) Sp/Do(H) 


(c) 


Fig. 4-16. PARALLEL ADDER/SUBTRACTORs. (a) General operations format 
for binary addition and I’s and 2’s complement arithmetic. (b) Two-bit 1’s 
complement PARALLEL ADDER/SUBTRACTOR. (c) Two-bit 2’s complement 
PARALLEL ADDER/SUBTRACTOR. 
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4.4.8 MULTIPLIERs 


nxm bit 


Multiplier 


P 
Fig. 4-17. Block diagram 
symbol foran X m bit 
MULTIPLIER. 
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to the disposition of the final carryout as required by the 1’s and 2’s com- 
plement arithmetic procedures. Observe that the arithmetic mode (ADD or 
SUBTRACT) of either circuit is determined via XOR gates, again used as 
CONTROLLED INVERTERs, and that the most significant carry bit is the 
final sum bit in the ADD mode. Also, it must always be remembered that 
if the final sum bits represent a negative number they are in either 1’s or 
2’s complement notation. 

All the modular design configurations discussed regarding PARALLEL 
ADDERS also apply to PARALLEL ADDER/SUBTRACTORs. However, 
one cautionary note could be added at this time. Again, it is necessary that 
the input data be presented simultaneously to the ADDER/SUBTRACTOR. 
This could be done by placing storage registers (see Fig. 5-98) immediately 
outside of the inputs to the FULL ADDERs or PARALLEL ADDER mod- 
ules, as the case may be. Since there are ripple-carry effects involved in any 
PARALLEL ADDER-type configuration, storage registers might also be 
necessary at the output stage to route simultaneously the sum data elsewhere 
in a digital system. Much more will be said about the subject of registers 
and their applications following the treatment of flip-flops in Chapter 5. 


Ann X m bit MULTIPLIER is an (n + m)-input/(n + m)-output device 
that will perform electronically in a manner that can be interpreted as the 
binary multiplication of an n-bit WORD with an m-bit WORD. Its block 
diagram symbol 1s presented in Fig. 4-17. The design detail for such a device 
depends on the algorithm used to execute the multiplication operation and 
on the type of implementation used (gate or modular level). The algorithm 
we will use in this section is the familiar one used in decimal arithmetic. 
To illustrate the function of the MULTIPLIER, let us design a2 x 2 bit 
MULTIPLIER at the gate level. Consider the operation format in Fig. 4- 
18(a) which represents the algorithm we wish to use. Here, the multiplicand 
A of two bits is multiplied by the multiplier B, also of two bits, to produce 
the partial product bits (P;;) and carry bits (C). The P;; and C bits then add 
(just as in decimal arithmetic) to produce the final product represented by 
the four Px bits. The double subscript notation P;; is used to identify the 


A, Ao — Multiplicand bits 
X B, By — Multiplier bits 
Ci Ri fo Partial product 2x2bit 
i Multiplier 
C, Ri Po and carry bits 
P B R R — Product bits 


RRR 


(a) (b) 
Fig. 4-18. A 2 x 2 bit MULTIPLIER. (a) Operation format. (b) Block diagram 
symbol. 
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multiplicand and multiplier bits involved (Po: = BoA, Pi; = B,A1, and so 
on). The block diagram symbol for this four-input/four-output MULTI- 
PLIER is given in Fig. 4-18(b). 

When the inputs B, BoA, Ao are assigned all possible combinations of logic 
values, the operation format generates the I/O truth table for A x B = P 
displayed in Fig. 4-19(a). Since it is usually easier to convert back and forth 
from binary to decimal when generating such tables, we have included dec- 
imal values adjacent to the input and output entries. For example, 2 x 3 = 
6 is equivalent to inputs 1011 (10 x 11), yielding outputs 0110, and so forth. 

To illustrate the usefulness of the EV mapping method, the A variables 
are compressed into the second-order EV K-maps shown in Fig. 4-19(b). 
These represent second-order map compressions with a MAP KEY of 247? 
= 4. Hence, each cell of each map is a second-order submap in variables 
A; and Ag. Tick marks are placed on the vertical line of the truth table in 
Fig. 4-19(a) to indicate the proper subfunction groupings. Notice the sim- 
plicity of the K-maps and the reoccurring term BoAo. Also, observe that the 
K-map for P, produces an associative XOR pattern, a pattern that could not 


Product (P) Product (P) 
B,BoAiAo P3P2PiP (Decimal) B,B)AiA0 P3P2P Po (Decimal) 


P, = (B,Ao) ® (B941) 


P, = B, BoA, + B,A,Apo 
= By A, (Bo: Ao) 


P3 = B,BoA;Ap 
= (BoAg)BiA, 


(b) 


Fig. 4-19. (a) Truth table for a2 X 2 bit MULTIPLIER. (b) Second-order EV K- 
maps fora2 x 2 bit MULTIPLIER. 


4.4 / Arithmetic Circuits 211 


easily have been extracted from a map of higher order. The reader is referred 
to Sect. 3.12.2 for a review of XOR patterns in EV K-maps. 

There is no single correct configuration for a given gate-level design 
unless it would be that for absolute minimum cover. Therefore, we will make 
use of the XOR function for P; in our gate-level design. The result is the 
relatively simple circuit given in Fig. 4-20 which consists of only seven gates 
including an INVERTER, assuming that all inputs and outputs are ACTIVE 
HIGH. That the circuit outputs yield the Boolean expressions in Fig. 4-18 
is easily established by reading the functions input to output. Notice that 
three of the P outputs make use of the BoAo term and that as a result we 
have optimized a multiple-output circuit by inspection. 

For the purpose of comparison, we will now design the same 2 x 2 bit 
MULTIPLIER using a modular-level approach. Let us assume that we have 
access to FULL ADDERS (sometimes called arithmetic units) and a variety 
of discrete gates. Our design begins with the operation format of Fig. 4-18(a) 
which represents the algorithm we wish to apply. Recalling that the AND 
operation is the Boolean product and referring to Eqs. (4-2) for a FULL 
ADDER, we conclude that the partial product bits (P;;) carry bits (C), and 
product bits (Px) are given by 


Poo = BoAo Cı = PoiPio 
Por = BoA: C2 = CPi 
Pio = BiAo = PoiPioP 1 
Py, = BiAy (4-7) 
Po = Poo 
Pı = Poi © Pio 
P2 = Cı ® Py 
P3 = C2 


Bı(H) Bo(H) A,(H) Ao(H) 


Po (H) 


P, (H) 


L P2(H) 


Pet 


Fig. 4-20. Gate-level circuit for a2 x 2 bit MULTIPLIER. 
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BH) BŒ) AH) A (ED) 


Poo 


PŒ) 


P, (H) 


P (H) 


P, (H) 
Fig. 4-21. Modular design of a2 X 2 bit MULTIPLIER by using two FULL ADDERS. 


A brief inspection of Fig. 4-18(a) reveals that these equations meet the re- 
quirements of the operation format for a 2 x 2 bit MULTIPLIER. 

Implementation now follows directly from Eqs. (4-7) beginning at the 
output stage (P terms) and working toward the input. The result is shown 
in Fig. 4-21, where Ci = PoiPi0 iS Cam for FA, and C2 = CiPy is Cae for 
FA 2, according to Eqs. (4-2). Notice that in this particular design HALF 
ADDERs could have been used in place of the FULL ADDERs, since only 
two inputs are used on any given arithmetic unit. 

Comparing the modular design of Fig. 4-21 with the gate-level design of 
Fig. 4-20, we see some similarities and some striking differences. The input 
line pattern is identical, and the outputs Po and P; are configured the same 
if one thinks of the FULL ADDER as performing the function of the XOR 
gate. The manner in which outputs P2 and P3 are produced exposes the 
major differences between the two types of design. 

Another interesting comparison between the modular and gate-level de- 
signs is the equivalent gate count. If we take each FULL ADDER as being 
comprised of five discrete gates, then an equivalent gate count for the mod- 
ular design would come to 14. Compared to a gate count of seven for the 
gate-level approach, it is clear that the modular design, although simpler to 
build, is far from a minimum. This is typical of most all modular design 
configurations. 

Were we to extend the modular approach of Fig. 4-21 to larger binary 
WORDs, it would soon become obvious that the hardware requirements 
would increase rapidly. In fact, for ann Xx n bit MULTIPLIER the AND 
gate count would increase as n*, while the FULL ADDER count would 
increase approximately as 5n — 10 for MULTIPLIERs larger that 2 x 2 
but smaller thatn 10 x 10. For example, a4 x 4 bit MULTIPLIER would 
require 16 AND gates and 9 FULL ADDERs, and a8 x 8 bit MULTIPLIER 
would require 64 AND gates and 30 FULL ADDERs. Thus, while these 
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MULTIPLIERS are conceptually simple and fast, they have space require- 
ments which make them impractical for many applications, especially where 
space rather than speed is the primary consideration. Other algorithms can 
be used to help solve the space limitation, but only at the expense of op- 
eration time—a space/time trade-off. This trade-off is often desirable since 
with ‘‘fast’’ ICs the penalty in operation time does not seriously limit their 
application. But the savings in real estate (chip space) can be considerable. 
Such algorithms are usually implemented by synchronous sequential ma- 
chines. 

There are approaches to the modular design of a binary MULTIPLIER 
other than that illustrated in Fig. 4-21. The simplest of these is to generate 
the partial products, P;;, as in Fig. 4-21, and then use a CARRY SAVE 
ADDER to obtain the product bits. This involves the use of more FULL 
ADDERs than would be required by the method of Fig. 4-21, but the sim- 
plicity and speed of this approach more than offsets the additional hardware 
required. As an example, a4 x 4 bit binary MULTIPLIER would require 
22 FULL ADDERs (three rows of seven FAs plus a final carry FA) in a 
CARRY SAVE configuration similar to that of Fig. 4-14. The design of a 
cascadable 4 x 4 bit NBCD MULTIPLIER, required in Problem 4.47 at the 
end of this chapter, illustrates this and will not be considered further here. 
More information in this subject area can be obtained from sources cited in 
the Annotated References of this chapter. 


Ann + m-bit DIVIDER is an (n + m)-bit input/variable-bit output device 
that will perform the electrical analog of the binary operation symbolized 
by A + B = Ọ with remainder R. Here, A and B are the dividend and divisor 
WORDs, respectively, and Q is the quotient. The general block diagram 
symbol for the DIVIDER is given in Fig. 4-22. 


Remainder 


variable 


Fig. 4-22. Block diagram 
n-bit symbol for ann +> m bit 
quotient DIVIDER. 


The details of the electronic circuitry in a DIVIDER depends on the 
algorithm used to produce the division operation and on the type of circuit 
implementation used, gate level or modular level. For our treatment in this 
section we will design two simple DIVIDERs by using both gate-level and 
modular designs together with a common comparison algorithm for division. 
The algorithm for binary division which is closest to that used for decimal. 
arithmetic can be stated in the following way: 
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1. Successively subtract the subtrahend B from the minuend A by starting 
from the MSB end of A and shifting 1 bit toward the LSB after each 
subtraction stage: 

a. When the most significant (MS) BORROW for the present stage is 0, 
the minuend for the next stage (remainder from the present stage) is 
the difference of the present stage. 

b. When the MS BORROW is 1, the minuend for the next stage (re- 
mainder) is the minuend of the present stage. 

2. Complement the MS BORROW bit for each stage and let it become the 
quotient bit for that stage. 


We demonstrate this division algorithm below by dividing 10001 by 11 


(i.e., 17 + 3): 

1 0 0 0 1 ——1 0 001 1 0 1 ——>1 01 minuend A 

1 1 11 | 1 1 1 1 subtrahend 
111001 000101 cD ey ere 

is MS 

BORROW BORROW 
bit bit 

0 1 0 1 = quotient 


What results from this is that 10001 divided by 11 is a quotient of 101 (decimal 
5) with a remainder of 10 (decimal 2). The reader may recognize this algo- 
rithm as the one used in decimal arithmetic. 

Let us now design a simple DIVIDER at the gate level. Since these 
circuits are somewhat complicated, we will limit this design to a 2 + 2 bit 
DIVIDER which will adequately serve to illustrate the design procedure. 
Consider the I/O truth table in Fig. 4-23(a) which is generated by the division 
algorithm just described or, more simply, by converting back and forth be- 
tween decimal and binary. Notice that don’t cares (’s) are placed in output 


Inputs Outputs Value || Value Inputs Outputs | Value 
A; Ao By Bo | Q100R1 Ro Q R A A; Ao By Bo| G1Qo Ri Ro| Q R 
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Fig. 4-23. Design of a2 > 2 bit DIVIDER. (a) I/O truth table showing decimal 
equivalents for the dividend (A), divisor (B), quotient (Q), and remainder (R). 
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(b) 
Fig. 4-23 (contd.). (b) EV K-maps for a2 + 2 bit DIVIDER. 


states for which the outputs cannot be represented as, for example, 2 + 0, 
and so on. 

The K-maps shown in Fig. 4-23(b) are constructed from the truth table 
by using a MAP KEY of 4, hence second-order compressions in variables 
B, and Bo. Again, tick marks are located in the truth table of Fig. 4-23(a) to 
indicate the subfunction groupings. The NAND/AND implementation of this 
DIVIDER is shown in Fig. 4-24. The functions for the quotients, Q; and Qo, 
and the functions for the remainders, R, and Ro, are easily read from the 
circuit diagram using MIXED LOGIC notation. 

The modular level design of a SUBTRACTOR follows directly from the 
binary division algorithm that was stated earlier. The first requirement is 
that the subtrahend be successively subtracted from the minuend, and shifted 
from the MSB toward the LSB by one bit after each subtraction stage. This 
is easily accomplished by staging FULL SUBTRACTORs so that the sub- 
trahend bits are presented to each successive stage shifted by one bit toward 
the LSB. 

The second requirement is that the remainder R, which is the new min- 
uend for the next stage, be properly gated. Taking Bout to mean the MS 
BORROW for any given stage, the division algorithm requires that R = D 


Qo(H) R (H) Ro(H) 
Fig. 4-24. NANDIAND implementation of the 2 + 2 bit DIVIDER of Fig. 4-23. 
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(a) (b) (c) 
Fig. 4-25. Remainder for any stage of a DIVIDER. (a) EV truth table. (b) EV K- 
map. (c) Gating circuit. 


for Bout = 0, and R = A for Bour = 1, where D and A are the difference 
and minuend, respectively, for the present stage. In Fig. 4-25 are presented 
the truth table, K-map, and gating circuit for each remainder R, that is, for 
each successively new minuend. 

The third and last requirement for the modular design of a DIVIDER is 
that we take the complemented MS BORROW (Bout) of each stage as the 
quotient bit for that stage. Since Bout appears in the R gating circuit, we 
need only tap off that lead for each OQ bit. 

By attaching the gating circuit of Fig. 4-25(c) to each FULL SUB- 
TRACTOR we can construct a DIVIDER of any size, limited only by the 
number of divider units (FULL SUBTRACTORs each with a gating circuit) 
we wish to use. We illustrate the design method by constructing the simple 
3 + 2 bit DIVIDER shown in Fig. 4-26 which has two quotient (Q) bits and 


Fig. 4-26. Modular design of a 3 + 2 bit DIVIDER showing a sample division of 
111 divided by 10. 0 (H) 


R2 
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three remainder (R) bits. A larger divider can be produced by adding rows 
and columns of divider units as needed. To demonstrate its operation, 1’s 
and 0’s, representing 111 divided by 10, are appropriately placed throughout 
the circuit. The equivalent binary operation is shown to the right of Fig. 4- 
26 for comparison. Notice that with only two quotient bits, this circuit is 
incapable of performing any division operation requiring three quotient bits, 
as for example 111 + 01. 

DIVIDER circuits of the type given in Fig. 4-24 and in Fig. 4-26 can be 
classified as ‘‘fast’? DIVIDERs. This is because they are asynchronous in 
nature. However, it is characteristic of such circuits that with increasing 
WORD size the hardware requirements increase rapidly making them im- 
practical for many applications where space requirements are important. 
There are other methods of achieving the division operation with less hard- 
ware but at the expense of operation time, as expected. These methods are 
sequential in nature and fall outside the treatment of this text. 


4.5 COMPARATORS AND PARITY GENERATORS 


4.5.1 COMPARATORs 


Bn-1-Bo n-ro 


n-bit 
COMPARATOR 


> < 


(A>B) (A<B) (A=B) 


Fig. 4-27. Block diagram 
symbol for an n-bit 
COMPARATOR. 
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There are special logic circuits which perform the electrical equivalent of 
bit-pattern comparison operations. When the particular operation is one of 
comparing the magnitude of two n-bit numbers, the device is called a MAG- 
NITUDE COMPARATOR or simply COMPARATOR. When the operation 
involves generating or detecting an even or odd number of bits of the same 
logic value, the device is called a PARITY GENERATOR or PARITY DE- 
TECTOR. We will explore the details of these bit-pattern comparison op- 
erations in this section. 


The comparison operation performed by a COMPARATOR may be one 
determining which of two numbers is the larger, or it may be just an equality 
comparison, or a combination of these two operations. We will design a 
COMPARATOR of the combined type which is classified as a 2n-input/3- 
output device. This device is represented by the block diagram symbol 
shown in Fig. 4-27, where the inputs are n-bit numbers A and B and the 
outputs are variables represented by (A > B), (A < B), and (A = B). There- 
fore, this COMPARATOR is designed to perform the electrical analog of an 
operation that can determine which of two binary numbers is the larger or 
if they are equal. i 

Let us further stipulate that our design be at the gate level but with 
cascading capability so that any size COMPARATOR can be produced sim- 
ply by adding or subtracting COMPARATOR units. To do this requires that 
we establish for each of the three outputs a predictable pattern of logic terms 
which depends only on the number of cascadable units (hence input bits) 
used. This task is most easily accomplished by designing progressively larger 
COMPARATORs beginning with the simplest one possible. 

Consider first the truth table, K-maps and output logic expressions for 
the 1-bit COMPARATOR given in Fig. 4-28. Notice that the output (A = 
B) is the EQUIVALENCE (EQV) function. Also, from an inspection of the 
K-maps or truth table it can be seen that the outputs (A > B), (A < B), and 
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Fig. 4-28. A l-bit COMPARATOR. (a) Truth table. (b) K-maps and output 
expressions. 


(A = B) are related by the expression X = Y + Z, where X is any one of 
the three outputs and Y and Z are the remaining two. 

Next, let us follow the same procedure for a 2-bit COMPARATOR. Mak- 
ing use of the decimal equivalents to the left of the input columns, we con- 
struct the I/O truth table presented in Fig. 4-29(a). The truth table is then 
compressed into the third-order EV K-maps shown in Fig. 4-29(b) by using 
a MAP KEY of 2. These compressed K-maps reveal functional patterns 
which could not be easily detected by using conventional mapping methods. 
Notice, for example, that AB—, AB—, and (A © B)-type terms continue to 
appear and that, once again, the outputs are related by X = Y + Z. This 
latter fact can also be verified by a brief inspection of the truth table. 


alu Inputs Outputs alu Inputs Outputs 
A; Ao Bı Bo | A>B A<B A=B A; Ao Bı Bo | A>B A<BA=B 
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+ AoBo(4;0B;,) 


= (A.©B,)(A,OB,) 
(b) 


Fig. 4-29. A 2-bit COMPARATOR. (a) I/O truth table showing a magnitude 
comparison of 2-bit WORDs. (b) EV K-maps and output logic expressions for a 
2-bit MAGNITUDE COMPARATOR. 
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If one were to continue this procedure for COMPARATORs of larger 
WORDs, it would become clear in comparing the results that a predictable 
pattern of logic terms emerges for each output variable. Indeed, for an n- 
bit COMPARATOR the output expressions are 


(A > B) = AoBo(A1 © By)(A2 © B2)(A3 © B3) + (An—1 © Bn-1) 
+ A1B,(Az © B2)(A3 © Bs) + (An—1 © Bn-1) 
+ e + Ay—2Bn—2(An-1 © Bn-1) + An-1Bn-1 
(A < B) = AopBo(A1 © Bi)(A2 © B2)(A3 © B3) = (An-1 © Bn-1) (4-8) 
+ A,Bi(A2 © B2)(A3 © Bs) + (An—1 © Br-1) 
+) + An—2Bn—2(An—1 © Bn—1) + An-1Bn-1 
(A = B) = (Ao © Bo)(Ai © By)(A2 © B2) + (An-1 © Bn-1) 


As in the previous two examples, the outputs for an n-bit COMPARATOR 
are composed exclusively of (AB)-, (AB)—, and (A ® B)—type terms and 
are related by the expression X = Y + Z, where X is any one of the outputs 
with Y and Z the remaining two. 

Implementation of Eqs. (4-8) is best accomplished by reading each output 
expression from end to beginning and by recalling that A © B(H) = A Ọ 
B(L) = (AB + AB)(L). To illustrate, let us design a 3-bit COMPARATOR 
by assuming that all inputs arrive from positive logic sources. The result is 
shown in Fig. 4-30, where subfunctions have been provided to assist the 
reader in following the operation of the circuit, and where X, Y, and Z now 
specifically represent (A > B), (A < B), and (A = B), respectively. Observe 
that the basic COMPARATOR unit (enclosed by the dashed line in Fig. 4- 
30) is an XOR-type circuit similar to that of Fig. 2-30, but with an additional 
input for cascading purposes. 

The 3-bit COMPARATOR of Fig. 4-30 can be expanded to accommodate 
binary WORDs of larger size by adding additional COMPARATOR units in 


P = A>B(L) S = A,B,(A2 © B2)(L) 

Q = ABL) T = A,B,(A2 © B2X(L) 

R = (A2 © B2)(L) U = [(A; © By)(A2 © B2) + (A2 © B2)\(L) 
V = AoBo(Ai © By)(A2 © B2)(L) W = AoBo(A1 © By)(A2 © B2)(L) 


(A > BXH) = [W + T + QI) 


= [ApBo(A1 © Bı)(42 © Bz) + AyBi(Az © Bz) + A2B21(H) 


(A < BXH) =[V+t+S+ PID 
= [AoBo(A1 © Bi)(A2 © B2) + A:By(A2 © B2) + A2B:( H) 
(A = BXH) = [U- V - WKH) 
= [(Ao © Bo)(Ai © Bi)(A2 © Bz) (A) 
(a) 
Fig. 4-30. A 3-bit COMPARATOR. (a) Subfunctions and output expressions. 
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Fig. 4-30 (contd.). (b) NAND/AND logic circuit. Insert is an alternative for 
(A = BXH). 


cascade fashion at either end. The (A = B)(#) lead may be taken off of the 
last AND gate, as in Fig. 4-30, or it may be taken off of a NOR gate per- 
forming the operation (A = B)(H) = (A > B) : (A < B)(A), which is con- 
sistent with X = Y + Z = Y- Z (see the insert of Fig. 4-30). 

Commercial IC COMPARATORs are designed with a combination of 
two types of inputs, namely, WORD inputs (as in Fig. 4-27) and cascading 
inputs [((A > B), (A < B), and (A = B)]. The main difference between a 
commercial COMPARATOR and one of the type shown in Fig. 4-30 is the 
manner in which they are cascaded. Commercial units are cascaded by feed- 
ing the three outputs of the stage handling the LSBs into the cascading inputs 
of the stage handling the MSBs, and so on. For our design, cascading is 
achieved by adding COMPARATOR units to either end of the circuit given 
in Fig. 4-30. When this is done, each additional stage adds an additional 
input to the NAND gates of the X and Y outputs, that is, one input per stage. 


4.5.2 PARITY GENERATORs and Error Detection 


A parity bit can be generated for any WORD of x-bits and is based on either 
an even or odd number of WORD bits of the same logic value, say, logic 1. 
Thus, at some point in time a parity bit represents a specific binary WORD 
in the sense that it reads the even or odd count of bits of the same logic 
value. During data transport or storage within a digital system something 
could happen to cause an error—an undesirable single bit change—zin that 
WORD and this error could go undetected. However, if the parity bit of the 
original WORD is compared with that of the bused (transported) or stored 
WORD, any single or odd number of bit changes (errors) can be detected. 
For example, if the WORD is the byte 10111010 then an even parity generate 
bit of logic 1 (based on an even total number of 1’s including the parity bit 
itself) would be added as a ninth bit. The result would be 101110101 or 
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110111010, depending on whether the parity bit is placed as the LSB or 
MSB, respectively. If any one or odd number of the eight WORD bits were 
to be changed, the parity bit would be changed to logic 0. Comparison of 
the two parity generate bits, one representing the original WORD and the 
other representing the bused or stored WORD would reveal immediately the 
presence of the error. It should be obvious that an even number of bit changes 
will go undetected by this method. 

Let us design an even/odd PARITY GENERATOR based on logic 1. 
This describes a device that will perform the electrical analog of generating, 
on command, an even or odd number of 1’s including the parity generate 
bit. Presented in Fig. 4-31 are the truth table, K-maps, and logic circuit for 
a 4-bit even/odd PARITY GENERATOR based on logic 1. The K-maps, 
which are second-order compressions (MAP KEY = 4), easily reveal the 
XOR and EQV functions inherent in parity circuits. Notice that the choice 
of an even or odd parity generate bit is determined by the action of a con- 
trolled source and that the parity bit columns (not the headings) in Fig. 4- 
31(a) are interchanged for an even/odd PARITY GENERATOR based on 
logic 0. Furthermore, an even PARITY GENERATOR is an odd PARITY 
DETECTOR, and vice versa. This is true because a parity detect bit takes 
on a logic value as a result of the like-bit count but does not contribute to 
that count as does the parity generate bit. So the choice of name for the 
device, PARITY GENERATOR or DETECTOR, depends on whether the 
parity bit detects or generates a like-bit count. 

Larger PARITY GENERATOR circuits can be constructed by cascading 
in various ways parity modules of the type shown in Fig. 4-31(c). For ex- 
ample, if the outputs of two parallel parity modules are the inputs to an XOR 
gate, an 8-bit PARITY GENERATOR results. Or, if one to four of the inputs 
to a parity module are each the output of a similar module, a 7-, 10-, 13-, © 
or 16-bit PARITY GENERATOR would result. So by using various cas- 
cading configurations, most any size PARITY GENERATOR (or DETEC- 
TOR) can be built. 

Error detection in a digital system usually amounts to a parity checking 
procedure where the parity bit of a reference WORD is compared with the 
parity bit of that same WORD following data busing and/or storage. One 
scheme to accomplish this is shown in Fig. 4-32. Here, a parity bit is gen- 
erated from an 8-bit data bus, merged with the data bus to produce a 9-bit 
bus with parity, then later compared with a parity bit generated from the 
same 8-bit data lines following transport and/or storage. Comparison of the 
two parity bits is accomplished by using an EQV gate as an even PARITY 
DETECTOR. Hence, if no odd number of errors occurs during busing and/ 
or storage, a O(L) = 1(H) output is produced validating the data. An even 
number of bit errors would go undetected using this scheme. 

Further explanation of Fig. 4-32 is warranted. A data bus tap is usually 
nothing more than simple lead taps like those used on numerous occasions 
in previous sections. A merge refers to the association of discrete data lines 
and a split is the opposite operation. Merged groups of lines are denoted by 
commas. Last, the PARITY GENERATOR symbols used in Fig. 4-32 may 
represent cascaded parity modules of the type shown in Fig. 4-31. 

To the extent that an error detection circuit compares the parity bits of 
two WORDs, it may be regarded as a degenerate form of COMPARATOR. 
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Fig. 4-31. A 4-bit eveniodd PARITY GENERATOR. (a) Truth table. (b) K-maps 
and output logic expressions. (c) Logic circuit. 


The COMPARATOR treats the bit patterns as magnitudes, whereas the error 
detection circuit looks only at the like-bit count of the patterns. It is because 
of this similarity that we discuss these two types of circuits together as a 
single class of devices. 
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Fig. 4-32. A possible error detection scheme for an 8-bit data bus showing tap, 
merge, and split operations. 


4.6 DECODERS AND ENCODERS 


A DECODER is an n-input/2”-output combinational logic device which has 
the function of activating one of the 2” outputs for every unique input pattern 
(WORD) of n bits. Each output is identified by the MINTERM CODE, m;, 
of the input WORD pattern A it represents. For this reason the DECODER 
can be called a MINTERM CODE GENERATOR or MINTERM RECOG- 
NIZER. Its block diagram symbol is presented in Fig. 4-33. DECODERs 
normally come with an ENABLE LOW [EN(L)] input so that they can be 
turned ON or OFF for stacking purposes. 

Commercial IC DECODERs usually have ACTIVE LOW outputs, as 
shown in Fig. 4-33. This means that the outputs of such DECODERs rep- 
resent ACTIVE LOW MINTERMs or ACTIVE HIGH MAXTERMs ac- 
cording to the first of the relations 


m(L) = M(H) (4-9) 
ML) = m:(H) 


Yo (L) = my EN(L) 
Y, (L) = m, EN(L) 


Y, (L) = m, EN(L) 


An - (H) Yjn_,(L) = m,n_,EN(L) 


Fig. 4-33. Block diagram symbol for an n-line to 2°-line DECODER with ACTIVE 
224 LOW outputs and ENABLE control, EN(L). 


which are the MIXED LOGIC forms of Eqs. (3-8). Thus, DECODERs with 
ACTIVE LOW outputs are more accurately described as ACTIVE LOW 
MINTERM CODE GENERATORs or ACTIVE HIGH MAXTERM CODE 
GENERATORS. 

DECODERs are important combinational logic devices that find wide 
application in digital systems. Also they are conceptually simple. To illus- 
trate their simplicity, let us design a 3- to 8-line DECODER with outputs 
and ENABLE control all ACTIVE LOW, and with inputs from positive 
logic sources—an ACTIVE LOW ENABLE [EN(ZL)] simply means that the 
device will function only when EN(ZL) is connected to LV [i.e., EN(L) = 
1(L) = 0(A)], but will be disabled when EN(L) is connected to HV [i.e., 
EN(L) = O(L) = 1(H)]. Remember that O(H) and 1(H) represent low and 
high voltage, respectively, and that 0(H) usually means ground potential 
(zero). 

Displayed in Fig. 4-34(a) is the truth table for this DECODER constructed 
in positive logic MINTERM code form, where ENABLE is included as an 
input. Also shown are the outputs Y(7 — 0) meaning Y- through Yo. The 
function of the DECODER is easily deduced from the truth table—that is, 
any given combination of logic values for the three inputs activates a single 
output line Y; = m;EN, but only if EN is ACTIVE [EN(L) = 1(L)]. The 
ACTIVE LOW and ACTIVE HIGH requirements are not included in the 
homologic truth table but are introduced during the implementation stage. 
The symbol X represents an irrelevant input, either logic 1 or logic 0—it 
doesn’t matter. Its use, equivalent to the don’t care (d) for MINTERM or 
MAXTERM outputs, results in a collapsed truth table similar to those shown 
in Figs. 3-7 and 3-8. 

Each output column (Y;) of Fig. 4-34(a) represents a third-order K-map 
containing one MINTERM ANDed with ENABLE. However, it rs not nec- 
essary to construct eight EV K-maps to obtain the Boolean expressions, 
since this information can be read directly from the truth table as indicated 
in Fig. 4-34(a). When the requirements of ACTIVE LOW outputs and EN- 
ABLE are introduced, there results the NAND circuit of Fig. 4-34(b). The 
block diagram for this DECODER is shown in Fig. 4-34(c). Notice that the 
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Y, = A,A;AcEN 
Y; = A,A AEN 
Ye = ArA\AoEN 
Y+ = AsAjAcEN 


1 
1 
1 
1 
1 
1 
1 
1 


m O o O o oco OC o o 
O -. o 0o oo coco o Oo & 
O oo. oOo o Oo CO o oo 
oo om. o o CO oco oco 
O o o o e. oo o o © 
O o o oo on- >o o OS 
O o o o o o m. >o © 


(a) 
Fig. 4-34. A 3-line-to-8-line DECODER with ENABLE. (a) Collapsed truth table. 
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Ye (L) Ys (L) Y4 (L) Y} (L) Y- (L) Yı (L) Yo (L) 


N 


3-to-8 
1 DECODER 


m,EN(L) Fig. 4-34. (contd.) (b) 
Implementation of the output 
expressions given in part (a). 
m,EN{L) (c) Block diagram symbol for a 
3-to-8-line DECODER. 


3. 
4 
2 5 
| 6 
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(c) 


NAND gates provide the AND operation required by the truth table and the 
ACTIVE LOW outputs. 

DECODERs can be stacked to produce much larger DECODERs. This 
requires that the 2” outputs of one DECODER drive the ENABLE controls 
of 2” other DECODERs, all having n inputs. The result is a 2n line to 27” 
line DECODER. As an example, four 2 line to 4 line DECODERs are stacked 
in Fig. 4-35 to produce a 4-to-16 line DECODER. Similarly, 8 3-to-8 line 
DECODERs can be stacked to produce a 6-to-64 line DECODER, and 16 
4-to-16 line DECODERs can be stacked to produce an 8-to-256 line DE- 
CODER, and so on. This does not include special DECODER packages 
which are used as CODE CONVERTERS, a subject that will be discussed 
later in this chapter. 


Combinational Logic Design with DECODERs 


DECODERs can be used effectively to implement any function in CANON- 
ICAL SOP or CANONICAL POS form. All that is needed is the external 
logic required to OR MINTERMs for SOP representation or to AND MAX- 
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Fig. 4-35. Stacking of 2-to-4-line DECODERs to produce a 4-to-16-line 
DECODER. 


TERMs for POS representation. Consider the following functions in CA- 
NONICAL form: 


F(A,B,C) = > m(, 3, 4, D(H) SOP 
G(A,B,C) = [| Md, 3,4, D(H) POS © 


Implementation of Eqs. (4-10) is accomplished by using the 3-to-8 line 
DECODER of Fig. 4-34. Since both CANONICAL expressions are ACTIVE 
HIGH and the DECODER outputs are ACTIVE LOW, NAND logic is re- 
quired for the POS form: The results are given in Fig. 4-36. When any com- 
bination of voltages equivalent to 001, 011, 100, or 111 appears at the input 
terminals, the Fsop output becomes HV (logic 1) and the Gpos output be- 
comes LV (logic 0); for all other patterns, the Fsop and Gpos outputs become 
the equivalent of logic 0 and logic 1, respectively. 

Some observations can be made regarding Fig. 4-36. First, observe the 
simplicity with which CANONICAL SOP and POS functions can be imple- 
mented. All that is necessary is to connect the output for each MINTERM 
to the appropriate gate. Second, notice that the DECODER was enabled by 
connecting ENABLE (L) to LV (ground), commonly done for TTL ICs. 
Third, note that if the Fsop and Gros outputs are INVERTED, there results 
the relationships 


Fsop(L) = F sop(71) and Gpos(L) = Gpos(H) (4-11) 


which are the general MIXED LOGIC forms for equations of the type given 
by Eqs. (3-11) and (3-12). Thus, CANONICAL SOP representation CON- 
VERTs to CANONICAL POS representation (of the same code terms), and 
vice versa. 
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(4-10) 
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F(H) = =m(1, 3, 4, 7) (H) SOP 
3-to-8 = IIM(0, 2, 5, 6) (H) POS 
DECODER 


G(H) = IIM(1, 3, 4, 7) (H) POS 
= 5m (0, 2, 5, 6) (H) SOP 


Fig. 4-36. DECODER implementation of Eqs. (4-10). 


Now, there arises the question of MIXED LOGIC inputs. How does one 
use a DECODER chip to implement a CANONICAL SOP or POS expression 
when a portion of the inputs arrive from negative logic sources, that is, are 
ACTIVE LOW? One solution might be to reconfigure the circuit to meet 
the needs of the input conditions. If we had access to the DECODER’s 
internal logic circuitry, as in Fig. 4-34, we could easily rewire it so that it 
could output functions like Eqs. (4-10) for any given set of MIXED LOGIC 
inputs. However, DECODER IC chips are sealed packages, as are all IC 
chips, and alteration of their internal circuitry would be difficult if not im- 
possible. There is a far better solution to this problem, one that is best 
described by the following example. 

Referring to Fig. 4-36, let us assume that inputs B and C arrive at the 
DECODER from negative logic sources with input A arriving from a positive 
logic source. Thus, the inputs become A(H), B(L), and C(L). Functionally, 
we want 


Fsop[A(H),B(L),C(L)] = Fsor[A,B,C](A) 
and Gpos[A(H),B(L),C(L)] = Gpos[A,B,C](H) 
which means that we must invert each of the B and C bits: 

m=001 > 010=m 
m =011 > 000= mo 
m,=100 > 111= m 
m =111 > 100= mz, 


where the double-edged arrow is read as ‘‘becomes.’’ Therefore, it follows 
that Eqs. (4-10) must be restated as 
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Fsop[A(H),B(L),C(L)] = > m0, 2; 4, 7) 


(4-12) 
and Gpos[A(H),B(L),C(L)] = [] MO, 2, 4, 7) 
to accommodate the MIXED LOGIC input conditions. 

The DECODER implementation of Eqs. (4-12) can now be carried out 
in a manner similar to that shown in Fig. 4-36 except that, in this case, the 
external logic is connected to leads 0, 2, 4, and 7 instead of leads 1, 3, 4, 
and 7. 

There is a third, and even simpler, solution to the problem of MIXED 
LOGIC inuts, provided one is willing to use additional hardware. This so- 
lution involves the use of an INVERTER on each ACTIVE LOW input to 
the DECODER. Applied to the implementation of Eqs. (4-10), the external 
logic would then be connected to output DECODER leads 1, 3, 4, and 7, 
exactly as in Fig. 4-36. 

Finally, one more point is worth mentioning at this time. In using DE- 
CODERs for combinational logic design purposes, special care must be taken 
to properly connect the inputs to the DECODER. Since, we have become 
accustomed to writing a binary WORD as A BCD... , we must connect 
line A to the MSB lead specified for the DECODER, with all others con- 
nected in order down to and including the LSB. The manufacturers of DE- 
CODERs traditionally use A as the LSB and the last literal in alphabetical 
order as the MSB. Thus, one must connect the leads up in reverse literal 
order. 

Other applications of DECODERs include their use as CODE CON- 
VERTERs and DEMULTIPLEXERs. These and other uses of DECODERs 
will be discussed at some length later in this chapter. 


4.6.2 PRIORITY ENCODERs 


By definition, an ENCODER performs an operation which is the opposite 
of that fora DECODER. That is, an ENCODER must generate a different 
output bit pattern for each input element (line) that becomes ACTIVE. Since 
this requirement can be enforced only for binary WORDs equivalent to dec- 
imal 2” (0, 1, 2, 4, 16, .. .), ENCODERs are useful only in the form of 
PRIORITY ENCODERs which permit only the highest priority data to be 
encoded. 

PRIORITY ENCODERs are combinational logic devices designed to per- 
mit any number of input elements to be ACTIVE simultaneously but with 
a preassigned priority which permits the device to select a particular AC- 
TIVE input element. In fact, it is common practice to assign to the EN- 
CODER an entire set of priorities from highest priority to lowest. For a 
PRIORITY ENCODER of m outputs, the number of priority assignments, 
as well as the number of inputs, cannot exceed 2”. The block diagram symbol 
for a typical PRIORITY ENCODER is shown in Fig. 4-37. 

Usually, the inputs and outputs for PRIORITY ENCODERS are all AC- 
TIVE LOW (as indicated in Fig. 4-37) for reasons that will be made clear 
later. The input EJ, and outputs EO and GS, representing ENABLEIN, 
ENABLEOUT and GROUP SIGNAL, respectively, provide the means for 
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I, ~ (L) In(L) 1,(L) Ip(L) EI(L) 


n-to-m 


PRIORITY ENCODER 


Fig. 4-37. Block diagram 
symbol for an n-to-m 
EO(L) Yn-1(L)  Yi(L) Yo(L)  GS(L) PRIORITY ENCODER. 


cascading (stacking) ENCODERs. These features are included in the design 
of a simple PRIORITY ENCODER that follows. 

In case the reader is wondering why we could not simply use a DE- 
CODER in reverse to produce an ENCODER, we would point out that the 
DECODER and ENCODER perform entirely different operations with no 
direct relationship between them. Furthermore, devices composed of tran- 
sistors cannot be operated in reverse; the operation of the simple BJT IN- 
VERTER switch in Fig. 1-7 indicates why this is so. 

We illustrate the design of a PRIORITY ENCODER (PE) by the following 
simple example. Let the address inputs Jp, I, and Io have the priority as- 
signments and encoded data given in Fig. 4-38(a). Therefore, the J, input 
has been assigned the highest priority and is encoded to 11. This means that 
regardless of the logic values of J, and Jo, the outputs Y, and Yo will both 
become ACTIVE (i.e., both assume logic 1 values) when J, becomes AC- 
TIVE. Similarly, J, is assigned the next highest priority (middle) and is en- 
coded to 10, meaning that regardless of the logic value of Io the outputs, Y, 
and Yo, will assume logic values of 1 and 0, respectively, when J, becomes 
ACTIVE (logic 1) when J, is INACTIVE. The input Jp is assigned the lowest 
priority and is encoded to 01. Finally, any well-designed PRIORITY EN- 
CODER will identify the INACTIVE state (no ACTIVE address input). We 
do this by assigning the only remaining output logic values (00) to this con- 
dition. 

The collapsed truth table representative of these priority assignments is 
given in Fig. 4-38(b), where the symbol X signifies both logic 1 and logic 0, 
that is, an irrelevant input. Observe that when EJ is NOT ACTIVE all J 
inputs are irrelevant and the outputs are all logic 0 (INACTIVE). To simplify 
the design, we have chosen EI as the entered variable, which compresses 
the K-maps by one order. These maps, together with the resulting logic 
circuit, are shown in Figs. 4-38(c) and (d). Notice that the logic circuit rep- 
resents a multiple-output optimization which was deduced by inspection of 
the shared PIs. 

We stipulated at the beginning of this example that all inputs and outputs 
must be ACTIVE LOW, consistent with commercial PEs. This is accom- 
plished by placing LOGIC LEVEL CONVERTERs (INVERTERs) on the 
inputs and ACTIVE LOW indicator bubbles on the output gates. If neces- 
sary, we can also be selective about our choice of which inputs or outputs 
would be ACTIVE LOW. 


Priority Schedual EI I, ly Io GS Yı Yo EO 


TI, (highest)—encoded to 11 


I, (middle)—encoded to 10 
Io lowest)—encoded to 01 
INACTIVE state—assigned to 00 


(a) (b) 


I, (L) I (L) Iœ) END) EO =1,1,1,EI GS = (I, +I} + I,)EI = EO EI 


(c) 


i Fig. 4-38. A 3-input PRIORITY 
ENCODER with cascading 
ae ee ae) capability. (a) Priority 
ra) - EO(L) assignments. (b) Collapsed 
truth table. (c) EV K-maps. (d) 
Minimized logic circuit. 


(d) 231 


ph poh jh jb pand pd pash. 


232 


X X 
X X 
1 X 
0 1 
0 0 
0 0 
0.0 
0 0 


The outputs EO and GS in Fig. 4-38(b) require some special attention 
since their logic values have been specifically chosen to make cascading of 
PEs possible. When the address inputs for the nth stage are all logic 0 (IN- 
ACTIVE), it is the function of EO, to drive EI,,_, (of the preceding stage) 
ACTIVE. Therefore, EO can be ACTIVE only for INACTIVE address and 
ACTIVE EI. It is the primary function of the GS output to recognize any 
legitimate encoding condition for that stage (meaning EJ ACTIVE with an 
ACTIVE address input) and to provide an additional output bit (MSB) for 
each stage added in cascade fashion. 

Shown in Fig. 4-39 are the collapsed truth table and modular design for 
two stacked PEs of the type given in Fig. 4-38. Here, the EO output of the 
higher positionally weighted stage is connected to the EI input of the lower 
positionally weighted stage. Note that the Y outputs of the individual stages 
are ORed ACTIVE LOW by using AND gates so as to produce the required 
outputs for the stacked units. Notice also that, in this case, one output state 
(100) cannot occur. 

The outputs of PRIORITY ENCODERs are designed to be ACTIVE 
LOW so that they can be connected directly to conjugate NAND and NOR 
gates to produce ACTIVE HIGH signals. Similarly, the inputs to PEs are 
designed to be ACTIVE LOW so that they can be connected directly to 
other devices like DECODERs which have ACTIVE LOW outputs. The 
ENABLEIN input is ACTIVE LOW permitting the ACTIVE condition 1(L) 
to be accomplished by 0(H) which is ground potential in most cases. For 
cascading purposes it is obviously an advantage to design both EO and EI 
with the same polarization level—ACTIVE LOW in this case. 


= O oO oooO 


(b) 


Fig. 4-39. Two stacked PRIORITY ENCODERs of the type shown in Figure 4-37: 
(a) Collapsed truth table. (b) Modular level logic circuit. 
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PRIORITY ENCODERs of the type shown in Fig. 4-37 are commercially 
available as IC chips. Typically, they are produced in the 8-to-3 line size 
which can be stacked to produce 16-to-4 line and 32-to-5 line PEs, and so 
on. Their applications include code conversion, code generation, and N-bit 
encoding in digital systems having a hierarchy of subsystems which must 
be prioritized. 

PRIORITY ENCODERs which do not have EO and GS outputs and 
which cannot be stacked are also available commercially as IC chips. Their 
design follows closely the design of PEs of the type shown in Fig. 4-38. They 
are commonly produced in the 9-to-4 line size and are used for decimal to 
BCD (binary-coded decimal) priority encoding, keyboard encoding, and 
range selection. Problems 4-47 and 4-49 at the end of this chapter illustrate 
the design of both types of PRIORITY ENCODERs. 


4.7 CODES AND CODE CONVERTERS 


A digital device is usually designed to operate with a specific binary code. 
But in putting together a complicated digital system, it may be necessary 
for the designer to use a variety of devices and subsystems which operate 
with different codes. Of concern in this section is the problem that arises 
when a device or subsystem, operating with one type of code, must com- 
municate with another device or subsystem based on a different code. To 
permit the passage of intelligible information between these two devices or 
subsystems, a device known as a CODE CONVERTER must be installed 
which can convert one code to the other. For example, suppose an arithmetic 
unit of some sort (say, an ADDER), designed to operate with natural binary, 
must communicate its results to another device which is designed to operate 
in natural binary-coded decimal (NBCD) code. What is needed is a binary- 
to-NBCD CODE CONVERTER positioned between the devices. 

The reader should be forewarned that there is not uniform agreement on 
nomenclature in this area—a situation not uncommon in the fast-growing 
field of digital electronics. Unhappily, some leading IC chip manufacturers 
refer to CODE CONVERTERs as DECODERs, and perhaps as a result of 
this, the subject of code conversion is covered along with DECODERs in 
some texts and reference books. In this text we will do neither of these. We 
view code conversion as a distinct operation and, accordingly, treat it sep- 
arately. 

Most binary codes of significant value in digital design fall into one or 
more of the following ten categories: 


Weighted binary codes Unit distance codes 
Unweighted binary codes Reflective codes 

Biased codes | Unit distance reflective codes 
Binary coded decimal codes Alphanumeric codes 
Self-complementing codes Error detecting codes 


- Before providing a few examples of typical code conversion problems, 
it will be worthwhile to consider the subject of digital machine coding and 
discuss the properties of some of the better known codes. 
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4.7.1 Binary Codes 


Digital machines are designed to operate with just two stable states, HV and 
LV. So, it is natural that machine codes be based on the binary system of 
true or false, or logic 1 or logic 0, and so on. However, human beings are 
accustomed to the decimal system for calculation and to the alphabet for 
word formation. For day-to-day operations the binary system would be very 
awkward for us to use. One could imagine the difficulty we would experience 
in writing or reading a report or letter in some binary code. Consequently, 
a number of codes have been devised which make communication with dig- 
ital machines, like computers, easier and more efficient for humans. Such 
codes as the binary-coded decimal (BCD) codes and the alphanumeric codes 
are used for that purpose. The BCD codes have the added advantage that 
aoe Pas the hardware required for BCD to decimal conversion is significantly less 
> than that required for converting other binary codes to decimal. 

Still, there are other codes designed to facilitate certain computer op- 
erations such as subtraction, error detection, and correction. Many of these 
codes are also of the BCD type which can be easily converted to decimal 
form by using the familiar seven-segment display. Shown in Fig. 4-40 are a 
few examples of BCD codes. Notice that codes (1) through (4) require just 
10 of the 16 possible states for a 4-bit WORD, while codes (5) and (6) use 
only 10 of the 32 possible states for a 5-bit WORD. Obviously, a minimum 
of 4 bits is required to represent decimal 0 through decimal 9, but there is 
no upper limit to the number of bits in each code WORD other than that 
imposed by practical considerations such as implementation. 

The seven BCD codes given in Fig. 4-40 can be classified as either 
weighted or unweighted codes. All but one of these codes are weighted as 
indicated in the figure. A weighted code can be converted directly to its 
decimal equivalent by using positional code weights in an arithmetic series. 
An unweighted code cannot be converted by any such mathematical weight- 
ing procedure. A good example of a weighted code is the natural BCD 
(NBCD) code which has code weights of 8, 4, 2, and 1. It is converted to 
its decimal equivalent by the polynomial 
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Fig. 4-40. Weighted and unweighted BCD codes. 
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Nio = (B3 X 27) + (B2 X 27) + (Bi X 2!) + (Bo X 2°) 
= (B3 X 8) + (B2 X 4) + (Bi X 2) + (Bo X 1) 


for any B3B2B,Bo code state. Thus, decimal 6 would be represented as (0 
x 8 +d x 44+ 0 x 2) + © x 1) or 0110 in NBCD code. Like natural 
binary code (weighted . . ., 16, 8, 4, 2, 1, 3, 4, . . .), NBCD code is called 
‘“‘natural’’ because its code weights are derived from integer powers of 2 
(2”). The NBCD code is currently the most widely used of the BCD codes. 

It may be recalled that decimal numbers greater than nine can be rep- 
resented by any BCD code if each digit is given in that BCD code and if the 
results are combined. As an example, let us represent decimal 36.9 in NBCD 
code: 

3 6 >- 9 
l----1 I- --1 [----| 


36.910 0011 0110 - 1001 


[00110110.1001]Nscp 


Here, the code weights are 80, 40, 20, 10; 8, 4, 2, 1; and 0.8, 0.4, 0.2, 0.1 
for the tens digit, units digit, and tenths digit, respectively, representing three 
decades. To reverse the conversion process (i.e., NBCD to decimal), groups 
of 4 bits are separated out, mentally at least, beginning from the right or 
from the radix point, if present. If there are not 4 bits in the leftmost group, 
0’s are implied. Negative BCD numbers can be represented either in sign- 
magnitude notation or 1’s 2’s complement notation. 

Code (2) in Fig. 4-40, called Excess 3 (or XS3 NBCD or simply XS3), 
is an example of a biased-weighted (or biased-natural) code. It 1s formed 
from NBCD by adding the binary equivalent of decimal 3, that is, 0011, to 
each of the ten states. This code, said to have a bias of 3, has some interesting 
and useful properties which will soon be discussed. Codes of any bias can 
be generated in the same way. 

Not all weighted BCD codes are natural, in the sense that their code 
weights cannot be derived from positive integer powers of two. Codes (3) 
through (6) in Fig. 4-40 are of this type. Code weights such as —1, —2, 5, 
and 6 cannot be generated by any positive integer power of 2, but they can 
still serve as code weights. To demonstrate, consider how decimal 5 is rep- 
resented by codes (4) and (5): 


Decimal equivalent = 5 
84 —2-—1 code representation = (1 x 8) + (0 x 4) 
+ {1 x (—2)] + [1 x (-1)] 
1011 
oOx8+dax4+@0x2)+dax 1 
= 0101 


Notice that there may be more than one combination of weighted bits that 
produce a given state. When this occurs, the procedure is usually to use the 


I 


I 


86421 code representation 
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fewest number of 1’s. For example, decimal 7 can be represented by 00111 
in 86421 BCD code, but 01001 is preferred. An exception to this rule is the 
2421 code discussed next. 

The BCD codes of Fig. 4-40 have some interesting properties which are 
worth mentioning at this time. We have already discussed the nature of the 
code weights for NBCD code. Codes (2), (3), and (4) are examples of BCD 
codes that have the unusual property of being self-complementing. This 
means that the 1’s complement of the code number is the code for the 9’s 
complement of the corresponding decimal number. In other words, the 1’s 
complement of any state N (in decimal) is the same as the (9 — N) state in 
that same self-complementing code. As an example, the 1’s complement of 
state 3 in XS3 (0110) is state 6 (1001) in that same code. This is demonstrated 
in Fig. 4-41 where arrows have been drawn to help the reader follow the 
example. For reference purposes the 9’s complement NBCD code is also 
included. 

We have just mentioned that the 9’s complement of a number is found 
by subtracting that number from 9. The 10’s complement of a number can 
be formed in a similar manner, that is, by subtracting the number from 
decimal 10. Alternatively, the 10’s complement of a number can be obtained 
by adding 1 to the 9’s complement. This suggests a relationship between 1’s 
and the 9’s complement codes and the 2’s and 10’s complement codes when 
one recalls the N2 and (N2 plus 1) algorithms discussed in Sect. 4.4.7. In 
fact, the 2’s and 10’s complement of a number are called the radix comple- 
ments defined mathematically by 


Radix complement of N = r” — N (4-13) 


Similarly, the 1’s complement for binary numbers and the 9’s complement 
for decimal numbers are called the diminished (or radix — 1) complements 
defined mathematically by 


Radix — 1 complement of N =r” — N - 1 (4-14) 
In these equations, N is the number for which the complement is to be found, 


r is the radix (2 for binary, 10 for decimal), and n is the number of bits (or 
digits) in N. 
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Fig. 4-41. The self-complementing property of the XS3 BCD code and the 9’s 
complement NBCD code. 
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It should be understood that for 10’s and 9’s complement, r = 10 and 
N is in decimal, but they may be represented in binary by conversion from 
decimal. In this sense they are binary codes just as are the 2’s and 1’s 
complements. 

As an example, let us find the 2’s and 9’s complement of 2310 = 101112. 
By applying Eq. (4-13), the 2’s complement is 2° — 10111 or 10000 — 10111 
= 01001, a result which is more easily obtained using the (N2 + 1) algorithm. 
Now, by applying Eq. (4-14), the 9’s complement of 23 is found to be 107 
— 23 — 1 or 76, which, of course, is the difference between 99 and 23. 
Conversion to natural binary or NBCD (as in Fig. 4-41) now follows from 
the decimal value and is 7610 = [01110110]Nscp for this example. 

BCD subtraction can be carried out using either 9’s or 10’s complement 
arithmetic—procedures similar to but slightly more complicated than the 
1’s and 2’s complement arithmetic discussed in Sect. 4.4.7. These methods 
for BCD subtraction require the use of additional hardware to generate the 
9’s or 10’s complement in binary. However, this additional complexity can 
be avoided by using a self-complementing code, thereby yielding the 9’s 
complement when each bit is inverted, as described earlier. The XS3 BCD 
code is the most widely used code for this purpose. 

There is another class of weighted or semiweighted codes with the special 
property that their states contain either an even number or an odd number 
of logic 1’s. Four examples of such codes are presented in the table of Fig. 
4-42. This unique feature makes these codes attractive as error-detecting 
(parity-checking) codes. Notice that both the 2-out-of-5 code (semiweighted 
74210) and the biquinary code (weighted 50 43210) must have two 1’s in each 
of their ten states and are, therefore, even parity codes. In contrast, the one- 
hot code (weighted 9876543210) is an odd parity code, since it is permitted 
to have only a single logic 1 in any given state. Code (d) is no more than an 
NBCD code with an attached odd parity-generating bit, P. 

The advantage of using an error-detecting code is that single-bit errors 
(those most likely to occur) are easily detected by a PARITY DETECTOR 
placed at the receiving end of a data bus. If an error is detected, further 


(b) (c) (d) 
Even Parity Odd Parity ` Odd Parity 
Biquinary One-Hot 

43210 9876543210 
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Fig. 4-42. Error detection codes. (a) 2-out-of-5 code (even parity). (b) Bi-quinary 
code (even parity). (c) One-hot code (odd parity). (d) P8421 code (odd parity). 
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Fig. 4-43. Unit distance codes. (1) A BCD code (nonreflective). (2) Four-bit Gray 
code (reflective). (3) XS3 Gray BCD code (reflective). 


processing can be delayed until the error is corrected. Error-detecting 
schemes of the type shown in Fig. 4-32 are necessary only when nonerror- 
detecting codes are used. 

The last class of codes we will consider are the unit distance codes, so 
called because only one bit is permitted to change between any two of their 
adjacent states—in natural binary, adjacent states can differ by one or more 
bits. Three examples of unit distance codes are given in the table of Fig. 4- 
43: (1) a BCD code, (2) a reflective unit distance code usually called a Gray 
code, and (3) an XS3 Gray code obtained from the inner 10 states of code 
(2) as indicated by the bracket in Fig. 4-43. The reflective character of the 
Gray codes is easily revealed by the fact that all bits except the MSB are 
reflected across an imaginary mirror plane (dotted line) located midway in 
the 16 (or 10) states represented. 

We are already familiar with 2-bit Gray code because it was used for the 
logic coordinates in third- and fourth-order K-maps. The unit distance prop- 
erty maximizes logic adjacency in neighboring states thus permitting a third- 
order K-map to be continuous about its single variable axis, and a fourth- 
order K-map to be continuous about both of its axes, as discussed in Sect. 
3.4. Also, the unit distance and reflective properties of the Gray code make 
it uniquely suitable as a position indicator code for rotating disks and shafts. 
Encoding errors produced by rotational irregularities can be minimized in 
this way. In any case, it is usually necessary to convert Gray code to natural 
binary or NBCD, since most devices are designed to operate with one of 
these natural binary codes. 


4.7.2 CODE CONVERTERS 


The numbers of different binary codes possible are limited only by our imag- 
ination to create them. In the last section we explored some of the better 
238 known codes to gain a clearer understanding of the properties that make 


codes useful. We learned that the use of codes is necessary to satisfy two 
important needs: a need for intermachine and human-machine communi- 
cation, and a need to reduce logic hardware complexity. Not surprisingly 
some codes work better than others in satisfying one, but usually not both, 
of these needs. Therefore, the design of a digital system may require the 
use of more than one binary code together with the appropriate code con- 
version hardware. Devices designed for the purpose of converting one code 
to another are called CODE CONVERTERS. 

The design of a CODE CONVERTER ıs usually straightforward and 
uncomplicated. The design process begins with a conversion algorithm (if 
needed) and an I/O truth table for the input and output codes. If a modular- 
level approach is desired, then implementation usually follows directly from 
the algorithm and truth table. If a gate-level design is required, use of K- 
maps is almost always necessary. To construct the truth table and K-maps, 
we recommend the following procedure: 


1. If the conversion involves any BCD code input, only ten states can be 
used. The six unused input states are called false data inputs. For these 
six states, the outputs must be represented either by don’t cares (¢’s) or 
by logic 0’s (or logic 1’s) corresponding to unused output states. That is, 
if it is required that the false data be rejected, the K-map entries must 
correspond to at least one unused output state; if not, enter ’s and use 
them to loop out a minimum of reduced cover. Thus, false data rejection 
means that the outputs must never correspond to a used-output state when 
any one of the six unused input states arrives at the input terminals. If 
false data are not to be rejected, then each unused output state becomes 
a don’t care state, and don’t care states can have logic values that cor- 
respond to a used output state when any one of the six unused states 
arrives at the input terminals. 

2. If the input code is any other than natural binary-coded decimal (NBCD), 
construct the truth table such that the input code is arranged in the order 
of increasing MINTERM code number, taking care to match each output 
state with its assigned input state. This procedure greatly facilitates the 
construction of EV K-maps. 


Now that we have established a workable procedure, let us illustrate its 
use by designing five representative CODE CONVERTERS. Included in the 
examples will be those having BCD and nonnatural code inputs, and those 
with binary, NBCD, decimal, and seven-segment outputs, all with specifi- 
cally chosen input/output combinations. 


Gray-to-Binary Conversion. The Gray-to-natural binary conversion table for 
4-bit codes is given in Fig. 4-44(a), where the Gray code has been rearranged 
in the order of increasing MINTERM code number. An inspection of the 
two codes reveals a simple algorithm for converting from natural binary to 
Gray code: if a logic 0 is imagined to be placed in the 32 weight position of — 
each state of the natural binary code, then successive XOR operations be- 
tween adjacent bits, from MSB to LSB, generate the Gray code. For ex- 
ample, state 9 is converted as 

99 =01001 in natural binary code 

919 = in Gray code 
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Fig. 4-44. Gray-to-binary code conversion. (a) I/O truth table. (b) EV K-maps. (c) 


Logic circuit using XOR gates. 


By using this algorithm, we can obtain the required I/O relations without 
the need for K-maps. Thus, 


A = A' 

B=A'OB 
C=B' OC 
D = C' @D' 


But intercode relationships are usually more complex than the example given 
above, and require the use of K-maps. To illustrate the procedure to be 
followed, we will use EV K-maps to design a gate level Gray-to-binary CON- 
VERTER. 

Presented in Fig. 4-44(b) are the EV K-maps which represent second- 
order compressions (MAP KEY = 4) of the truth table given in Fig. 4-44(a). 
The XOR-type patterns, inherent in this code conversion, are easily rec- 
ognized as indicated by the diagonal loops. The final result is the relatively 


simple logic circuit shown in Fig. 4-44(c). It should seem evident that these 
results could not have been deduced as easily from either the truth table or 
from standard noncompressed K-maps. 


XS3-to-NBCD Conversion. The XS3 code is a biased NBCD code with the 
six input states 0, 1, 2, 13, 14, 15 left unused. Let us design this CODE 
CONVERTER by using a gate-level approach without false data rejection. 
We will assume that all input data arrive from positive logic sources but that 
the outputs are to be issued ACTIVE LOW. 

Since the false data will not be rejected, we may enter o’s in the truth 
table for those outputs which correspond to the six unused input states. In 
Figs. 4-45(a), (b), and (c) are shown the truth table, EV K-maps, and logic 
circuit for this CONVERTER. Notice that the flexible use of o’s [see submap 
in Fig. 4-45(b)] together with the XOR type patterns discussed in Sect. 3.12.2 
can greatly simplify the combinational logic required. Also, observe that the 
CONVERTER has been implemented with NAND/EQV logic to satisfy the 
requirement of ACTIVE LOW outputs. 

The conversion of NBCD code to any biased NBCD code, or vice versa, 
can be achieved simply by using a 4-bit ADDER/SUBTRACTOR. For ex- 
ample, the NBCD-to-XS3 conversion can be carried out by adding 0011 to 
each state of the NBCD code. The reverse conversion process would be 
accomplished by subtracting 0011 from the XS3 states (or by adding 1101 
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Fig. 4-45. XS3-to-NBCD CODE CONVERTER without false data rejection. (a) 
Truth table. (b) EV K-maps and output expressions. 
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Fig. 4-45 (contd.). (c) Logic circuit for an XS3-to-NBCD CODE CONVERTER 
with outputs ACTIVE LOW. 


in 2’s complement to the XS3 states) to produce the NBCD code. Use of 
ADDERs/SUBTRACTORs in this way constitutes a form of modular design. 


XS3 Gray-to-Decimal Conversion. Here is an example of a code conversion 
scheme which leads quite naturally to a DECODER-type implementation. 
The term ‘“‘decimal,’’ as used in code conversion nomenclature, refers to 
any one of ten output lines that becomes ACTIVE when the electrical analog 
of the corresponding NBCD state appears at the input terminals. Conse- 
quently, this CODE CONVERTER is actually a 4-to-10 line DECODER. 

Since only 10 of the 16 input states are used, we must decide whether 
the CODE CONVERTER is to be designed with or without false data re- 
jection. This provides us with the opportunity to demonstrate a somewhat 
different use for the K-map representation. 

The truth table for XS3 Gray-to-decimal conversion is shown in Fig. 4- 
46(a), where only the ten valid input states are given. Presented in Figs. (b) 
and (c) are two K-map representations of a DECODER, one with and the 
other without false data rejection (FDR). A K-map used in this way is called 
a reference matrix, since it contains multiple-output entries. Thus, Figs. 4- 
46(b) and (c) are fourth-order reference matrices each representing ten sep- 
arate K-maps, one entry per K-map. A reference matrix for the DECODER 
in Fig. 4-34 would be of a third order and would represent eight K-maps. 

The I/O relations needed for implementation can be read directly from 
the reference matrices in Fig. 4-46. For a design with false data rejection 
each of the ten outputs (Yo through Yo) represented in Fig. 4-46(b) is the 
MINTERM given by its cell coordinates. The result is a 4-to-10 line DE- 
CODER similar to that of Fig. 4-34(b). A design without FDR, as in Fig. 4- 
46(c), makes use of the o’s in looping out the individual output variables 
[see Fig. 4-46(b)]. This has the effect of reducing the number of inputs re- 
quired for all but two of the Y outputs. The I/O relations for this design are 
given in Fig. 4-46(d). Observe that only outputs Y, and Yg are MINTERMs. 
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Fig. 4-47. DECODER implementation of an XS3 Gray-to-decimal CODE 
CONVERTER with false data rejection. 


When the I/O relations of Fig. 4-46(d) are implemented, the result is the 
logic circuit of Fig. 4-46(e), where an ENABLE (L) control has been added 
and the outputs have been made to be ACTIVE LOW. 

The design of an XS3 Gray-to-decimal CONVERTER with false data 
rejection is best accomplished by using a 4-to-16 line DECODER since all 
outputs are MINTERMs. The results are shown in Fig. 4-47, where the 
connections are determined from the reference matrix of Fig. 4-46(b). The 
reader should understand that a DECODER can be used for any BCD-to- 
decimal conversion with FDR but cannot be used for designs without FDR 
unless additional logic is used external to the DECODER. 


NBCD-to-Binary Conversion. Natural BCD and natural binary are two of the 
most widely used codes in digital design, so it is fitting that we consider the 
conversion of one to the other. The simplest approach is to establish a work- 
able algorithm and then use this algorithm to produce a modular design. A 
gate-level design, which requires the use of truth tables and K-maps, would 
be possible but tedious, considering that it takes a 4-bit NBCD WORD to 
represent each digit. Thus, two 4-bit NBCD WORDs are required to rep- 
resent any 7-bit binary number, three NBCD WORDs for 8-bit binary, and 
so on. 

Conversion from NBCD to binary is easier than the reverse, and one of 
the simplest algorithms for the NBCD-to-binary conversion is stated in three 
steps as follows: 


1. Convert the value of each: bit in the NBCD number to its binary equiv- 
alent. 


2. Add the binary numbers as in binary arithmetic. 
3. The result is the binary equivalent of the NBCD number. 


This algorithm will hereafter be called the addition algorithm. 


4 / Combinational Logic Design 


To illustrate the use of the addition algorithm, let us find the binary 
equivalent of the two-digit NBCD number 00110101, where 0011 = 340 is 
the most significant digit (MSD) and 0101 = 59 is the least significant digit 
(LSD). The procedure is as follows: 


MSD weights LSD weights 
(tens digit) (units digit) 


Binary Decimal 


0000001 
0000100 
0001010 
0010100 
0100011 


Already it should be obvious that the modular design will make use of 
ADDERs. But to see how the ADDERs are connected, it will be necessary 
to construct a conversion table giving the binary representation for each 
NBCD bit. Such a table is given Fig. 4-48, where, for the purpose of illus- 
tration, the NBCD number has been limited to two digits—the units digit 
and the tens digit. 

Based on the addition algorithm established earlier, we can write the 
I/O relations directly from the conversion table by summing the 1’s in each 
column. The XOR terms that result are shown in Fig. 4-48. The symbol C, 
it may be recalled, represents the CARRYin for a given stage but is the 
CARRYout of the previous state. Thus, all outputs except Y, will generate 
CARRY bits. A CARRY-generating scheme is shown in Fig. 4-48. 

This CONVERTER can be implemented by using eight FULL ADDERs 
connected according to the I/O relations given in Fig. 4-48. When this is 
done, there results the configuration shown in Fig. 4-49. This CONVERTER 
could also have been implemented with two 4-bit PARALLEL ADDERs. 
In either case, cascading of the ADDER units will produce CONVERTERs 
having NBCD inputs exceeding two decades. 

Another algorithm which is useful for NBCD-to-binary conversion could 
be called the shift-right/subtract 3 [or (+2)/(—3)] algorithm. It is based on 
the principle that shifting right by n bits is equivalent to dividing by 2”, a 
subject which will be discussed further in Sect. 4.9.2. For reference purposes 
we will state the shift-right/substract 3 algorithm as follows: 


1. Place the NBCD number in imaginary storage cells (hence a storage reg- 
ister). For example, a two-decade NBCD number will originally occupy 
eight imaginary storage cells. 

2. Shift the NBCD number to the right one bit at a time keeping account 


of those bits which are shifted out of the least significant digit storage 
cells. 
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3. Subtract 0011 from the LSD positions (or add 1101 to the LSD positions 
and discard the carry) when, and only when, the new LSD number within 
the storage cells is greater than 7 (0111). After subtracting 3, shift right 
immediately, even if the new LSD number is greater than 7. 
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Fig. 4-49. A two-decade NBCD-to-binary converter implemented with FULL 
ADDERs. 


4. Repeat steps 2 and 3 until the new LSD number can no longer be greater 
than decimal 7. The answer, now in binary, includes all bits inside and 
outside of the imaginary storage cells. 


To provide a better understanding of the (+2)/(—3) algorithm, we will 
convert the NBCD number 00110101 to natural binary: 
MSD LSD 


3510 = 0011 0101 


001 Shift right 
Subtract 3 


001 1 New LSD 


00 11 Shift right 
Subtract 3 


00 11 New LSD 
0 011 Shift right 


Answer in binary =~ 010001 1, 


Unlike the addition algorithm, the (+2)/(—3) algorithm has a reciprocal 
which is applicable to the reverse code conversion process, binary to NBCD. 
This algorithm could be called the shift-left/add 3 or (x 2)/(+3) algorithm, 
since shifting left by n bits is equivalent to multiplying the number by 2”, 
as discussed in Sect. 4.9.2. We now state this algorithm for reference pur- 
poses: 


1. Place the natural binary number outside and to the right of the empty 
imaginary storage cells which will eventually hold the NBCD number. 
Shift left one bit at a time. 

2. Add 3 (0011) to the digit being formed when it becomes greater than 4 
(0100). After adding 3 shift left immediately. 

3. Repeat steps 2 and 3. When all external bits have been shifted into the 
imaginary storage cells, the process ceases and the answer is the number 
in the storage cells. 


The use of the (X2)/(+3) algorithm is illustrated by finding the NBCD 
code number for 0101110: | 


Shift left 
Shift left 
Shift left 
Shift left 
Add 3 


New LSD 
Shift left 
Shift left 
Shift left 


Answer = 010001 1 0in NBCD code 
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The two shift/add (or subtract) algorithms just described are frequently 
used to convert NBCD to binary, or vice versa. The reason is that these 
algorithms can be used easily to modularize conversion units for n-digit 
conversion. Problems 4.39 and 4.40 at the end of this chapter illustrate this 
feature. Problem 4.47 requires the use of a two-digit binary-to-NBCD con- 
version unit to design a one-digit NBCD multiplier. 


NBCD-to-Seven-Segment Conversion. It would seem that no discussion of 
code conversion is complete without including NBCD-to-seven-segment 
CONVERTERs. We are all aware that light-emitting diodes (LEDs) and 
liquid crystal displays (LCDs) are used extensively to produce the familiar 
Arabic numerals. The use of seven-segment display devices offers one means 
of accomplishing this. 

Presented in Fig. 4-50(a) is the seven-segment display format which has 
been labeled a through g, in agreement with popular convention. An example 
of how the display is used is also provided in the figure. 

All the information needed for implementation of the NBCD-to-seven- 
segment CONVERTER can be obtained directly from the truth table of Fig. 
4-50(b), where the outputs a through g correspond to those in the display 
format. For example, decimal 4 would require activating segments b, c, f, 
and g, and so 1’s are placed at the intersection of each of these outputs and 
the input state 0100. Since each logic entry in the truth table represents a 
MINTERM, the outputs can be written in CANONICAL SOP form giving 
the results shown in Fig. 4-50(b). This suggests a DECODER design. Of 
course, each output could be mapped, and minimum cover could be used 
for a gate-level design. But little would be gained in doing so, since an off- 
the-shelf DECODER could do the job much more easily. Shown in Fig. 4- 
50(c) is the implementation of the CANONICAL SOP expressions of Fig. 
4-50(b) by using a 4-to-16 line DECODER with external AND logic for AC- 
TIVE LOW outputs. Notice that this design automatically includes false 
data rejection. 

There are 4-to-10 line DECODER IC chips which are made expressly 
for NBCD-to-seven-segment conversion. They are usually designed with an 
optional zero-blanking feature which permits any seven-segment display 
(connected to it) to be blanked out if all inputs are zero. These ICs are 
designed with a zero-blanking input (ZBI) and a zero-blanking output (ZBO) 
so that when the decade stages are connected, ZBO to ZBI, the zero-blanking 
effect can ripple in the direction of radix point terminal. Thus, the MSD will 
be blanked out if it is zero permitting, in turn, the next MSD to be blanked 
out if it is zero, and so on, but never in the reverse direction. Applied to 
decades less than zero, zero blanking would ripple from LSD to MSD— 
again in the direction of the radix point terminal. 

The zero-blanking feature can be added to CONVERTER circuits of the 
type shown in Fig. 4-50(c). All that is required is that the inputs, A, B, C, 
D, and ZBI, be ORed LOW to the EN(L) terminal. This is demonstrated in 
Fig. 4-51 for two intermediate decades. To simplify the drawing, the OR 
stages are represented in modular form and the abridged notation is used 
throughout. For a better understanding of the zero-blanking feature, the 
reader should trace zero and nonzero inputs through this circuit. 
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b 8 1000]/1111111 
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(c) 


Fig. 4-50. Design of an NBCD-to-seven-segment CONVERTER. (a) 7-segment 
display format and sample 4. (b) I/O truth table and CANONICAL SOP output 
relations. (c) Logic circuit with FDR and ACTIVE LOW outputs. 
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Fig. 4-51. Two intermediate decade stages of an NBCD-to-7-segment 
CONVERTER showing the zero blanking circuitry connected to standard 4-to-16 
line DECODERSs. 


4.8 MULTIPLEXERS AND DEMULTIPLEXERS 


There is a type of digital device that performs the function of selecting one 
of many data input lines for transmission (busing) to some destination. This 
device is called a MULTIPLEXER (MUX for short) or DATA SELECTOR. 
It requires n DATA SELECT lines to control 2” DATA INPUT lines. Hence, 
a MUX is a (2” + n)-input/l-output device identified by the block diagram 
given in Fig. 4-52(a). Shown in Fig. 4-52(b) is the mechanical switch equiv- 


Data Data 
inputs outputs 
IRANEN 
Io (H) 


Jı (H) 


I, (H) 


| 
l 
Y(L) i 
I» (H) 
In 1, — >e 
Select 
EN(L) switch 
Sn-17 5 0 (H) 
(a) (b) 


Fig. 4-52. A 2”-to-1 MULTIPLEXER (MUX) or DATA SELECTOR. (a) Block 
diagram symbol. (b) Mechanical switch analog. 
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alent for this MUX. Notice that the function of ENABLE is to provide 
DISABLE capability to the device. Commercial MUX ICs usually come 
with ACTIVE LOW ENABLE. 

The MUX is one of the most useful devices available to the designer. It 
is used extensively to select and steer to the output one specific input func- 
tion from any number of other input functions. But of particular value is the 
fact that the required connections to accomplish this are easily deduced 
directly from an EV truth table or EV K-map without the need for reduced 
or minimum cover. MUXs, together with DEMULTIPLEXERs (DMUXs), 
are also used extensively in time-multiplexing applications as discussed in 
Sect. 4.8.3. The DMUX performs the opposite function of a MUX and is 
described in Sect. 4.8.2. 


4.8.1 MULTIPLEXER Design 


The easiest and most comprehensible way to design a MUX is to use an 
entered variable (EV) truth table and EV K-map. We illustrate this in Fig. 
4-53 for the design of a 4-to-1 line MUX with ACTIVE LOW ENABLE 
[EN(L)]. The choice of the DATA SELECT code to issue Jo, J,, Io, and J; 
is arbitrary but is usually standard binary, as given in the EV truth table of 
Fig. 4-53(a). Use of the irrelevant input condition (symbolized by X) creates 
a collapsed truth table similar to that of Fig. 4-38(b), except now the data 
inputs are presented as EVs in the output column. A conventional truth table 
for this 4-to-1 MUX would require seven input columns and 2’ = 128 rows 
of logic values. Construction of such a truth table would not only be tedious, 
but the result would not convey the required information nearly as well as 
the collapsed EV truth table of Fig. 4-53(a). 

The K-map of Fig. 4-53(b) is the graphics representation of the EV truth 
table in Fig. 4-53(a). It represents a compression of five orders. The utility 
of the entered variable representation can again be appreciated when it is 
realized that this EV K-map replaces 2? = 8 conventional fourth-order K- 
maps—a seven-variable problem. Of course, no one of sound mind would 
use seven fourth-order K-maps to solve this problem when one K-map would 
suffice. 

Also included in Fig. 4-53(b) is the Boolean expression for output Y 


Y = (S, SoIg+ S1 So1,+ SySolg+ SySol) EN 


=Molob EN + mı LEN + mM2I2EN + mz hz EN 


(a) (b) 
Fig. 4-53. A 4-to-1 MULTIPLEXER with ENABLE LOW control. (a) Collapsed 
EV truth table. (b) EV K-map and output logic expressions. 
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I,(H) 1H) 


Y(H) 


(c) 


4.8.2 DEMULTIPLEXERs 
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I 1 (H) Io (H) Data 
input(H) 


Y(H) Y(L) 


Y(L) 


(d) 
Fig. 4-53 (contd.). (c) Logic circuit. (d) Block diagram symbol. 


obtained either by reading the truth table or by looping out the four terms 
of the K-map as islands. When this expression is implemented in NAND 
logic, there results the 4-to-1 line MUX circuit presented Fig. 4-53(c). Its 
block diagram symbol is shown in Fig. 4-53(d). 

MULTIPLEXERs can be stacked to produce 2”-to-1 MUX stacks or 
‘‘trees.”” Suppose, for example, it is desirable to produce a 16-to-1 MUX 
from four 4-to-1 MUXs. This is achieved by connecting the outputs from 
the four MUXs to the inputs of a fifth (leading) 4-to-1 MUX. The result is 
shown in Fig. 4-54, where the abridged notation has been used to simplify 
the circuit drawing. The circuit above the dashed line is called a quad four- 
input (or four-wide) MUX which is another form of MUX—that is, one with 
four different sets of inputs controlled by two common DATA SELECT 
input lines. Both types of MUX, multiple output and single output, are com- 
mercially available as IC chips in various sizes. Notice that the MUX of 
Fig. 4-54 can also be DISABLED by using the EN(L) line to the leading 
MUX. 

There are many variations of the stacked MUX configuration possible 
limited only by the availability of different MUX sizes. For example, two 
16-to-1 line MUXs can be stacked in the manner of Fig. 4-54 to produce a 
32-to-1 line MUX, but a 2-to-1 line MUX (or one larger operating as a 2-to- 
1 line MUX) must be used to complete the stack configuration. 


A device that has one data input line, n data select lines, and 2” output lines, 
and which can route data from the single input source to one of several 
destinations is called a DEMULTIPLEXER (DMUX) or DATA DISTRIB- 
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S1, o(H) 


Lis ~12(H) 


Tyi-g (H) Iy -4(H) Iz -o(H) 


3 210 


4-to-1 MUX 


Y(L) Y(H) 
Fig. 4-54. A 16-to-1 MUX produced by stacking four 4-to-1 MUXs. 


UTOR—the opposite function of a MUX. DEMULTIPLEXERs are not 
commercially available because DECODERs can be adapted easily to this 
use. In fact, manufacturers describe this device as a DECODER/DEMUL- 
TIPLEXER, meaning that it is given one or the other of these two names 
depending on how it is used. Use of a MUX in reverse to produce a DMUX 
is not possible for the same reason that DECODERs cannot be used in 
reverse to produce ENCODERS. 

All that is necessary to operate a DECODER as a DEMULTIPLEXER 
is to use one of the inputs (usually the ENABLE input) as the DATA INPUT 
line with the remaining inputs used as DATA SELECT lines. This arrange- 
ment is illustrated in Fig. 4-55(a), where a 2-to-4 line DECODER (the small- 
est commercially available) is used as a 1-to-4 line DMUX with input EN(L). 
If it is desirable to have the data input EN(H) instead of EN(L), an IN- 
VERTER can be placed in the input line. The mechanical equivalent of a 
DMUxX is shown in Fig. 4-55(b). 


Yo (L) 
e— Y, 
Y, (L) 
Y, (L 
2 (L) EN e—Y, 
Y; (L) - e— Y3 
l 
i 
I 
l 
S (H) S (H) Select 
Ea switch 
Select 


(a) (b) 
Fig. 4-55. (a) A 2-to-4 DECODER used as a 1-to-4 DEMULTIPLEXER with data 
input En(L). (b) The mechanical analog of (a). 
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Larger DEMULTIPLEXERs can be produced by stacking DECODERs. 
For example, the stacked 2-to-4 line DECODERs of Fig. 4-35 can be used 
as a 1-to-16 line DMUX with EN(L) as the DATA INPUT line, and A3, A>, 
A,, and Ag as the DATA SELECT lines. 


4.8.3 Use of MUXs and DMUXs in Combinational Logic Design 
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Transport (busing) of data from one location to another in a digital system 
is an important consideration in digital design. This is especially true if circuit 
real estate (chip space) is severely limited. One way to alleviate an over- 
crowding condition is to reduce the number of data transport lines by using 
a busing scheme called time multiplexing. Time multiplexing is the process 
by which many input signals can be bused on a single transmission line (data 
bus) by time-shared data selection from a transmitting MUX to a receiving 
DMUxX. This scheme is illustrated in Fig. 4-56, where a 4-to-1 MUX/DMUX 
system is used. Here, the history of two pulse trains is shown with one pulse 
train initially separated in time from the other by At = t — tı. Thus, if the 
DATA SELECT inputs are set to Sı = 0 and Sp = 1 at time f,, the signal 
on line J, is subsequently selected, transmitted, received, and distributed to 
output Y; before the pulse on line J; is selected. Then, if the DATA SELECT 
inputs are changed to S; = 1 and So = 1 at time ty, the pulse train on line 
I; is subsequently selected, transmitted, received, and distributed to output 
Y3. In this way, many signals (one for each input line) can be distributed by 
a receiving DMUX to their final destination, all at different times. In the 
foregoing example, the propagation time delays of the MUX and DMUX 
are represented as t — tand t” — tf’, respectively, assuming that the data 
bus delay time is negligible, which it may not be. 

Combinational logic design with MU Xs is not limited to time-multiplexing 
applications. Like DECODERs, MULTIPLEXERs can be used to generate 
any CANONICAL SOP or POS expression, often at a savings of both space 
and time. Unlike DECODERs, MUXs are also readily adapted to multi- 
function generation which makes them one of the most versatile devices 
available to the designer. In the simple example that follows, both types of 
applications will be demonstrated. 


Fig. 4-56. A MUX/DMUX time-multiplexing system showing the history of two- 
pulse trains tz — t; apart in time. Propagation delay times are not shown. 
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To understand how a MUX can be used to generate a CANONICAL 
form, it will be helpful to write the output expression for a MUX. A gen- 
eralization of the output expression given in Fig. 4-53(b), exclusive of EN, 
would read 


Ysor(H) = [molo + milky + mh + © + mon—yIon—1](H) 
> mH) (4-15) 
Ypos(L) 
where m; represents the DATA SELECT MINTERMs 
Mo = SoS1S2 t San-1 
My = SoS1S2 t Son-2S22-1 


I 


etc. 


and J; represents the corresponding inputs with coded subscsripts. 
An examination of Eqs. (4-15) leads to the following steps we recommend 
be taken for the MUX implementation of a CANONICAL expression: 


1. If the number of DATA SELECT inputs (n) is equal to the number of 
variables (N) in the CANONICAL expression, identify the code numbers 
of the existing MINTERMs (or MAXTERMs) and connect their asso- 
ciated J; inputs to HV [1(4)] with all others connected to LV [0(A)]. 
Take Ysop(H) off the Y(H) output of the MUX and Ypos(H) off the Y(L) 
output. 

2. If the n DATA SELECT inputs number less than the N variables of the 
CANONICAL expression, then construct an nth order K-map having (N 
— n) entered variables selected to be those of least positional weight. 
Compare the cell entries (subfunctions) with the corresponding cells of 
the MUX K-map [like that of Fig. 4-53(b)] to determine the external logic 
required for each of the J; inputs to the MUX. The cell numbers corre- 
spond to the MUX input line numbers. 

3. If it is assumed that the internal logic circuitry of the MUX is not ac- 
cessible to the designer, then there remains the problem of dealing with 
MIXED LOGIC inputs. In this case, complement the bit value of any 
DATA SELECT input variable of the CANONICAL expression that ar- 
rives from a negative logic source (hence is ACTIVE LOW), or use an 
INVERTER on the DATA SELECT line. ACTIVE LOW DATA inputs 
are handled in the usual manner by external logic to the MUX. When 
‘EV K-maps are used, the following procedure is recommended: 

a. Complete the n® order EV K-map as in step 2. 

b. Either complement any axis bit (of the K-map) corresponding to an 
ACTIVE LOW DATA SELECT input or use an INVERTER on that 
input line. 

c. Reassign the cell numbers of the EV K-map to agree with the new 
axis Or axes. 

d. Take the new cell numbers to be the subscripts of the MUX inputs 
I;, and take the entries of these cells to be the combination logic re- 
quired for these J; inputs. 
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The four-step procedure may sound complicated, but it is really quite 
straightforward. To illustrate, let us implement the function 


Ysor(A,B,C,D) = > mG, 4, 5, 6, 7, 9, 10, 12, 14, 15) (4-16) 


by using an 8-to-1 line MUX and by assuming that all inputs and outputs 
are ACTIVE HIGH. Since there are only three DATA SELECT inputs (n 
= 3), we must construct a third-order K-map in variable D. By using a MAP 
KEY of 27” = 247? = 2, there results the K-map given in Fig. 4-57(a). 
When the cell entries of this map are compared with those of the MUX EV 


Y(H) ==m(3, 4, 5, 6, 7, 9, 10, 12, 14, 15)(H) SOP 
= TIM (0, 1, 2, 8, 11, 13)(H) POS 


Y(L) = =m (3, 4, 5, 6, 7,9, 10, 12, 14, 15)(L) SOP 
= TIM (0, 1, 2, 8, 11, 13)(L) POS 


D(H) o A(H) B(H) C(H) 
(LSB) (MSB) 


(c) 


Fig. 4-57. Use of an 8-to-1 MUX to implement Eq. (4-16). (a) EV K-map. (b) EV 
K-map for MUX showing input connections relative to the K-map in Figure (a). 
(c) MUX logic circuit based on Figures 4-57(a) and (b) showing CANONICAL 
SOP and POS forms available at the terminals. 
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K-map in Fig. 4-57(b), we see that Io must be connected to LV [0(4)], T 
must be connected to D, J, must be connected to HV [1 (4)], and so on. 
By completing these connections, we obtain the logic circuit shown in Fig. 
4-57(c) together with the CANONICAL SOP and POS expressions available 
at the output terminals. It is well to remember that the DATA SELECT 
inputs must be properly matched with the function variables—that is, the 
MSB A must be matched with the MSB S- input of the MUX, B with Sı 
and C with So. The entered variable D is required to be the LSB. 

When the K-map cells of Fig. 4-57(a) are read in both MINTERM and 
MAXTERM code, we obtain the reduced expressions 


Ysop = ABCD + ABC + ABC + ABCD + ABCD + ABCD + ABC 
Yros =(A+BtCV(A+B+C+D)\(A4+B+C+D) 
-(At+B+C+D)\(A+B4+C+4+D) 


which are also available at the output terminals of Fig. 4-57(c). As an exercise 
the reader may wish to find the minimum SOP and POS forms that are also 
available at the terminals of the MUX. 

Next, suppose we wish to implement Eq. (4-16) by using a 4-to-1 line 
MUX instead of a 8-to-1 line MUX as before. Because there are only two 
DATA SELECT inputs for this MUX, the procedure given earlier directs 
us to assign Sı = A and So = B, and to construct a second-order K-map 
with entered variables C and D. Such an EV K-map is presented in Fig. 4- 
58(a). By comparing the cell entries of this map with the corresponding cells 
of the MUX K-map in Fig. 4-58(b), we conclude that the external combi- 
national logic must be Io = CD, h = 1,4 = C@D, andl = C + Das 
indicated. The result is the logic circuit shown in Fig. 4-58(c), where we 
have included both CANONICAL and reduced hybrid expressions available 
at the output terminals. Obviously, a reduction in MUX size has increased 
considerably the complexity of the external logic required to generate the 
function given by Eq. (4-16). 

A few additional remarks regarding Fig. 4-58 are worthwhile at this time. 
The circuit in Fig. 4-58(c) can be used as a FUNCTION GENERATOR. To. 
do this requires that the DATA SELECT inputs [now called A(A) and B(A)] 
be used in the SELECT mode to generate any one of the four functions of 
Fig. 4-58(a). For example, setting Sı = 1 and So = 0 generates Y = C@® 
D, or setting Sı = 1 and Sp = 1 generates Y = C + D, and so on, as shown 


(a) (b) l 
Fig. 4-58. Implementation of Eq. (4-16) with a 4-to-1 line MUX. (a) Second-order 


EV K-map. (b) EV K-map for MUX showing input connections relative to Figure 
(a). 
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C(H) D(H) 
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Y(H) = &m(3, 4, 5, 6, 7, 9, 10, 12, 14, 15)(H) SOP 
= [ABCD + AB + AB(C®D) + AB(C +D)](H) SOP 


Y PD- Y(L) = Zm (3, 4, 5, 6, 7, 9, 10, 12, 14, 15)(L) SOP 


= TIM(3, 4, 5, 6, 7, 9, 10, 12, 14, 15)(H) POS 
=(A+B+CD)(A+B+C@D) 
(A+B+C+D)(L) POS 


A(H) B(H) 


(c) 
Fig. 4-58 (contd.). (c) MUX logic circuit based on Figures 4-58(a) and (b) 
showing some CANONICAL and reduced expressions available at the outputs. 


by the output expressions in Fig. 4-58(c). In fact, any 2”-to-1 MULTI- 
PLEXER can be used to generate 2” different functions of any complexity. 
Before concluding the discussions in this chapter, we will have other op- 
portunities to use this feature of the MUX. 

As a final variation of the foregoing example, let us implement Eqs. (4- 
16) for the case of MIXED LOGIC inputs by using both an 8-to-1 and a 4- 
to-1 line MUX. Assume that inputs A and C arrive at the MUX from positive 
logic sources while inputs B and D arrive from negative logic sources. Ac- 
cording to the procedure set forth earlier, we must first construct the EV 
K-maps as in any positive logic problem. This has already been done in Figs. 
4-57(a) and 4-58(a). Next, we complement the B axis bits in both maps (since 
Bis an ACTIVE LOW input), and then renumber the cells to agree with the 
new axes. The results are shown in Fig. 4-59. Notice that in this particular 
case the BC axis in Fig. 4-59(a) and the B axis in Fig. 4-59(b) are now 
numbered in the reverse direction, that is, from right to left. 

Implementation of the results given in Fig. 4-59 follows directly by com- 
paring the cells of these K-maps with those cells of the same number in the 
MUX K-maps given in Figs. 4-57(b) and 4-58(b). Thus, for the 8-to-1 line 
MUX the external combinational logic is Jd = 1,4 = 1, h = 0, hb = D, 
I, = D, and so on, and for the 4-to-1 line MUX Io = 1,1, = CD, h = C 
+ D, and I = C ® D, as shown in Fig. 4-59(c). 3 

An alternative means of dealing with MIXED LOGIC DATA SELECT 
inputs amounts simply to adding a LOGIC LEVEL CONVERTER (IN- 
VERTER) to each ACTIVE LOW DATA SELECT input line and then pro- 
ceeding as in the case of ACTIVE HIGH inputs. As to which approach is 
best for a given design problem is often left as a matter of choice for the 
designer. However, if it is the intent to minimize the external logic required 
to implement a given function with a MUX, the MIXED LOGIC method is 
the obvious choice—no additional INVERTERs are needed. 
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C(H) D(L) 


4.9 SHIFTERS 


Y(H) = =m(3, 4, 5, 6, 7, 9, 10, 12, 14, 15)(H) SOP 
= [ABCD + AB + AB(C@D) + AB(C +D)](H) SOP 


Y D- Y(L) = Xm (3, 4, 5, 6, 7, 9, 10, 12, 14, 15)(L) SOP 


= TIM(3, 4,5, 6, 7,9, 10, 12, 14, 15)(H) POS 
=(A+B+CD)\(A+B+C@D) 
. (A +B +C + D)(L) POS 


A(H) B(L) 


(c) 
Fig. 4-59. EV K-maps for Eq. (4-16) when inputs A and C are ACTIVE HIGH, 
and inputs B and D are ACTIVE LOW. (a) First-order compression. (b) Second- 
order compression. (c) MUX implementation of Figure 4-59(b). 


There are many useful applications for the MULTIPLEXER in combi- 
national logic design. We have touched on only two. During the course of 
our discussions in the remainder of this chapter and in the chapters that 
follow, we will have the opportunity to explore other uses of this most ver- 
satile device. 


Shifting of WORD bits to the right or left can be accomplished by using 
combinational logic exclusive of any master clock triggering mechanism. 
Shifting devices which operate in this manner are called COMBINA- 
TIONAL SHIFTERs, or simply SHIFTERs, and are the subjects for dis- 
cussion in this section. Shifting of WORD bits can also be accomplished 
synchronously by devices which must be triggered by clock pulses. These 
devices, called SHIFT REGISTERs, will be covered in depth later in Chap- 
ter 5. Both SHIFTERs and SHIFT REGISTERs are used for bit handling, 
transport, editing, data modification, and arithmetic manipulation, among 
other applications. 
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Data inputs 
In -17 To 


Control variable Operation 


R=0 Shift 
Control R, F, D General R=1 Rotate 
address at E SS ee oe 
inputs SHIFTER F=0 0-FILL 
sa a A0 F=1 S-FILL 
D=0 Left 
D=1 Right 


Yn -17 Yo 
Data outputs 


(a) (b) 
Fig. 4-60. A general n-bit SHIFTER. (a) Block diagram symbol. (b) Possible 
interpretation of the control inputs R, F and D. 


A general n-bit SHIFTER can be perceived to be an (n + m + 3)-input/ 
n-output device represented by the block diagram symbol given in Fig. 4- 
60(a), where all inputs and outputs are assumed to be ACTIVE HIGH. A 
SHIFTER of this type accepts n data input bit values UJ, — Jo) and either 
passes these values straight through to the data outputs (Y,-1 — Yo), or 
shifts or rotates them by one or more bit positions to the right or left on 
command of the m + 3 control/address inputs. The control/address inputs 
consist of a ROTATE control (R), a FILL control (F), a DIRECTION con- 
trol (D), and m ADDRESS lines. The control/address input WORD is given 
the positional weights RFDA,,—1... Ao. 

It is the function of the m ADDRESS inputs to determine the number of 
bit positions to be shifted or rotated—usually binary encoded to 0, 1, 2, 3, 
. . . positions, where 0 is interpreted as a straight-through (or transparent) 
operation. The D control sets the shift direction to either shift left (sl) or 
shift right (sr), while the F control determines whether the FILL (vacated) 
position in the output is to receive a logic 0 (0-FILL), or the value of the 
input sign bit (S-FILL) as required for sign-complement right shifting dis- 
cussed in Sec. 4.9.2. The R control, positioned as the most significant control 
bit, sets the SHIFTER to either the shift mode or the rotate mode. Figure 
4-60(b) gives one possible interpretation of the control inputs R, F, and D. 

Further explanation is needed of Fig. 4-60(b) and the notation which is 
used. In SHIFTER terminology, for logic left shifting, the MSB position is 
called the SPILL, and the LSB position is called the FILL. Conversely, for 
right shifting, the MSB and LSB positions become the FILL and SPILL, 
respectively. In the rotate mode, R is ACTIVE (R = 1), the F setting is 
immaterial, and D determines the direction of rotation—rotation right (rr) 
or rotation left (rl). Omission of both R and F control data would imply that 
R = Qand F = 0 and that the operation is a 0-FILL shift. Shifts and rotations 
of multiple-bit positions are denoted by psr or psl, and prr or prl, where p 
is the number of bit positions shifted or rotated. 

There are three basic types of shifting operations commonly used. They 
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are SPILL-off/zero-FILL shifting, rotate or end-around shifting, and arith- 
metic shifting. SHIFTERs can be designed with the capability of performing 
any of these operations. The general type of SHIFTER shown in Fig. 4-60 
is one such example. 

In this section we will design simple examples of arithmetic and non- 
arithmetic SHIFTERs, beginning first with the latter type. We will also dem- 
onstrate both gate- and modular-level approaches to SHIFTER design. 


4.9.1 Nonarithmetic SHIFTERS 


Simple nonarithmetic SHIFTERs lack the capability to generate and pre- 
serve a dedicated sign bit as required for shifting sign-magnitude and sign- 
complement binary numbers. Consequently, the main function of nonarith- 
metic SHIFTERs is to carry out SPILL-off/0-FILL and rotation operations. 
Such SHIFTERs are commonly used to transfer data bit by bit from an ALU 
(arithmetic and logic unit) on to a data bus for transport to some destination, 
an operation not usually designed into an ALU. Other uses of nonarithmetic 
SHIFTERs include operations that modify existing WORDs by SPILL and 
FILL changes, operations that rotate portions of a binary WORD to more 
accessible positions, and the rotation operations required for serial arith- 
metic and cyclic code generation. 

As the term implies, SPILL-off (or sometimes end-off) means that the 
SPILL bit values are lost—there is no place for them to go. Furthermore, 
each FILL bit position usually receives a logic 0 (hence 0-FILL) unless the 
operation is one of rotation, in which case the FILL position receives the 
SPILL value. 

Figure 4-61 provides two examples of simple shift operations in which 
the SPILL bit values are lost (SPILL-off) and the FILL bit positions receive 
logic 0. A 4-bit WORD 1101 is shifted left by one bit position in Fig. 4-61(a) 
and is shifted right by two bit positions in Fig. 4-61(b). In SHIFTER notation, 
the shifts for these two figures are, respectively, sl or Y, <— J,,_; and 2sr or 
Y,,-2 <I, where the arrow (<) is read as ‘‘receives the contents of.’’ Thus, 


R=0 R=0 
F=0 F=0 
D=0 D=1 
0-FILL 
O1 0 1 © 4— i OO 1 1 O@ 
SPILL-off SPILL-off 
bit bits 
(a) slorY,“*—I,_, (b) srorY,_,“—I, 


Fig. 4-61. Examples of non-arithmetic SPILL-off/0-FILL shifting operations for a 
4-bit SHIFTER. (a) Shift left by one bit. (b) Shift right by two bits. 
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Fig. 4-62. A 1-bit right rotation 
1 1 1 0 of a 4-bit WORD. 


Y,—2 <I, is read as Y,,_2 receives the contents of J,,, meaning that the input 
is shifted two bit positions to the right in the output. 

The control settings for the two SPILL-off/0-FILL shift operations in 
Fig. 4-61 are given to the left of the block symbols. They are consistent with 
the interpretations given in Fig. 4-60(b). Notice that the SPILL bits are J; 
for the sl operation, and J,, Io for 2sr. The 0-FILL requirements shown are 
satisfied by the internal logic circuitry of the SHIFTER. 

Shown in Fig. 4-62 is a 4-bit SHIFTER used to rotate the WORD 1101 
to the right by one bit (hence rr). In this case the FILL position Y3 receives 
the SPILL value Jo. The control settings for this operation, shown to the 
left of the figure, are also consistent with the interpretations given in Fig. 
4-60(b). Rotation operations of up to n — 1 bit positions can be carried out 
with a SHIFTER of this type. An irrelevant input X is assigned to the FILL 
parameter since the operation is one of rotation only. 

Now, let us design a SHIFTER that can perform shift and rotation op- 
erations of the type shown in Figs. 4-61 and 4-62. To maintain a reasonable 
degree of circuit simplicity, we will limit our design to a 4-bit SHIFTER 
having the capability of left shifting and rotation by one or two bits but 
without ENABLE control. 

Presented in Figs. 4-63(a) and (b) are the block diagram symbol and 
collapsed EV truth table for a 4-bit SHIFTER capable of shifting left or 
rotating left up to two bit positions. R is the MSB, and omission of the control 
variables D and F is meant to imply left shifting and 0-FILL, all in agreement 
with Fig. 4-60(b). Notice that the number of bit positions shifted (or rotated) 
are binary encoded as 0, 1, and 2 and that don’t cares are assigned to those 
outputs which correspond to unused input states, namely, states 3 and 7. 

The reader can again appreciate the utility of the EV map method by 
considering that the four outputs, each a function of seven variables, have 
been easily mapped and minimized in Fig. 4-63(c) by using only four third- 
order K-maps. How many fourth-order K-maps would be required to ac- 
complish this same task by conventional means? 

For the sake of illustration, we will implement the SHIFTER of Fig. 4- 
63 at both the gate level and the modular level. Implementation at the gate 
level will be accomplished by using the minimum SOP cover given in Fig. 
4-63(c). The result is the circuit shown in Fig. 4-64, where we have chosen 
to use NAND logic and have assumed that all inputs and outputs are AC- 
TIVE HIGH. For the modular approach, DECODERs could be used by 
reading MINTERMs (not minimum SOP cover) off of the EV K-maps of 
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4-bit 


SHIFTER 


Fig. 4-63. A 4-bit non- 
arithmetic SHIFTER capable of 
left shifting or rotation up to 
two bit positions. (a) Block 
diagram symbol. (b) Collapsed 
EV IIO truth table showing the 
operation for each input state. 
(c) EV K-maps and minimum 
SOP cover. 
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Fig. 4-64. NAND 
implementation of the 4-bit 
SHIFTER represented in Figure 
4-63. 
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Decimal R Ay Ao | Y3 Y2 Yı Yo Operation 


Transparent 
sl 
2sl 
Don’t care 
rl 
2rl 
Don’t care 


I, (H) 


264 


Y, (H) 


76543210 


8-to-1 
MUX 
3 ` 3 3 
R, A, A, R, Ay Ao R, A, A, 
(H) Y, (H) (H) Y, (H) (H) Y, (H) 


Fig. 4-65. MUX implementation of the 4-bit SHIFTER represented in Figure 4- 
63. 

Fig. 4-63(c). In this case a stacked 7-to-128 line DECODER is required, but 
only 21 of the 128 output lines would be used, an inefficient use of the 
modular device. 

The SHIFTER of Fig. 4-63 can also be implemented at the modular level 
by using MULTIPLEXERs. That the MULTIPLEXER is an obvious choice 
as a module for this purpose is easily established by comparing Fig. 4-64 
with Fig. 4-53(c). If we take C; to represent the ANDed term (RA1Aoọ); as- 
sociated with each data input in the K-maps of Fig. 4-63(c), the output 
expressions can be read from the maps as 


Y3 = (Co + CaM + (Ci + Cs)h + (C2 + Co) 


Y2 = (Co + Ca) + (Cı + Cs) + (C2 + Co)o (4-17) 
Yı = Cel + (Co + CaMı + (Cı + C5Mo 


Yo = CsI + Celr2 + (Co + C4)lo 


where Co = RA1Ao, Cı = RA1A0, C2 = RA; Ao, and so on. Here, we have 
used hybrid forms to emphasize the C terms which are common to a given 
data input. 

Since there are three control/address inputs required for this SHIFTER, 
it is necessary that an 8-to-1 line MUX be used for each of the four outputs. 
If we recall the manner in which a MUX functions (see Sec. 4-8), the con- 
nections which must be made are easily determined. Equations (4-17) show, 
for example, that data input J; must be connected to input lines 0 and 4 of 
the Y MUX, to input line 6 of the Yı MUX, and to line 5 of the Yo MUX, 
and so on. By completing these connections we obtain the results shown in 
Fig. 4-65, exclusive of an ENABLE control. Notice that the don’t care 
control/address states, 011 and 111, are connected to any convenient data 
input. 
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A brief inspection of Figs. 4-64 and 4-65 reveals that both circuits perform 
the operations exactly as required by the I/O function table of Fig. 4-63(b). 
When the control/address WORD is 000 or 100 [0 meaning 0(#) and 1 mean- 
ing 1(H)], the SHIFTER is transparent and the inputs pass directly to the 
outputs (that is, Y3 — B, Yo — h, Yı — L, and Yo < Io). However, if the 
control/address inputs are, say, 010, then Y3 — h, Yo — l, Yı < Io, and 
Yo = 0, indicating a sl/0-FILL shift. And similarly, if the control/address 
inputs are 101, then an rr operation is produced requiring that Y3 <— h, 
Y> <—, Yo < Ío, and Yo <— h. 


4.9.2 Arithmetic SHIFTERS 


Arithmetic shifting must include the capability of generating and preserving 
a sign bit, the feature which distinguishes arithmetic shifting from nonarith- 
metic shifting. Furthermore, since rotation is nonarithmetic, in the usual 
sense, we can limit our consideration to purely shifting operations. 

We know that a binary WORD (a number in this case) is made up of bits 
having positional weights .. . 16, 8, 4, 2, 1, 0.5, 0.25, 0.125, ... , that is, 
... 24, 27, 27, 2t, 29,271, 27-7, 273, ... . Therefore, each bit position to 
the left of a given reference bit has a positional weight larger than the pre- 
ceding one by a factor of 2'. Also, each bit position to the right of that 
reference bit has a positional weight smaller than the preceding one by a 
factor of 271. So, a shift to the left by one bit multiplies the original binary 
number by 2t, whereas a shift to the right by one bit divides the original 
number by 2!. Similarly, a shift of two bits would multiply or divide the 
original number by 2? for left and right shifting, respectively. Providing no 
l’s are SPILLed or FILLed, we may characterize arithmetic shifting of a 
binary number N by p-bit positions as follows: 


Shift left by p-bit positions (psl) > N x 2? 
Shift right by p-bit positions (psr) > N + 2? 


where the double-edged arrow is read as ‘‘gives.’’ For example, shifting the 
binary number 00001100 by 2sr gives 00000011, which in the arithmetic sense 
is equivalent to the decimal result 12 + 2? = 3. Or shifting 00001100 by 3s] 
gives 01100000, which is equivalent to 12 x 2°? = 96 in decimal. Multipli- 
cation of binary numbers in a calculator is usually accomplished by the ‘‘add 
and shift left” algorithm just as we multiply decimal numbers. Likewise, 
division is usually carried out by the “‘subtract and shift right” algorithm. 

The requirements for sign-complement and sign-magnitude shifting are 
somewhat different than for logic shifting due to the existence of a sign bit 
located at the MSB position. Depending on how the SHIFTER is designed, 
the sign bit may be an integral part of the shifted WORD or it may be a 
separate, dedicated bit unaffected by shifting manipulations. In the latter 
case the bit to the right of the sign bit (hence the next MSB) becomes the 
SPILL and FILL bit for left and right shifting, respectively. 

A separate, dedicated sign bit is usually the preferred format for sign- 
magnitude and sign-complement manipulations. Consider, as examples, left 
shifting the 8-bit sign-magnitude and 2’s complement representations of 
— 3.25 10: 
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Sign-Magnitude Left Shifting 


Sign Sign l 
bit Magnitude bit Magnitude 


Se rN reo 
-3.250 =10011.010 10110. 100, = -6.500 
SPILL OO 0FL 
bit 
11101.00 0 = — 13.0046 


T 
Sign Magnitude 
bit 


2’s Complement Left Shifting 
Sign bit Sign bit 
—3.255 = 11100.11% 11001.10 02 = —6.50i0 
SPILL 0-FILL 
bit 
10011.0000% = —13.00i0 
i 
Sign bit 


As used in these examples, the double-edged arrow is read ‘“becomes.”’ 
Notice that a logic 0 is spilled off (lost) in each of the sign-magnitude shifts, 
whereas a logic 1 is spilled off in each of the 2’s complement shifts. Also, 
observe that a 3-bit left shift would, in either case, result in an overflow 
error since a false magnitude would be produced. Had we chosen to make 
the sign bit part of the shifted WORD, a 3-bit left shift would have produced 
both a false sign and false magnitude as the overflow error. Of course, 
overflow errors can be avoided simply by adding more WORD bit outputs 
to the SPILL end. 

Right shifting of a signed binary number requires that the sign bit be 
retained. Here, the FILL bit (next MSB) receives the value of the sign bit 
(S-FILL) for sign-complement representation but receives a logic 0 (0-FILL) 
for sign-magnitude representation. To illustrate, let us shift right the 8-bit 
sign-magnitude and 2’s complement representations of — 3.2540: 


Sign-Magnitude Right Shifting 


Sign Sign 
bit Magnitude bit Magnitude 
rÁ ANa ee. 
a aaa 10001.10 Ip = —1.62545 
t 
SPILL 0-FILL 
bit 2sr 
— 10000.11 0, = —0.7510 
(+4) 1 


Sign Magnitude 
bit 


266 4 / Combinational Logic Design 


2’s Complement Right Shifting 
Sign bit Sign bit 
—3.255 = 11100.110 11110.01h= 
) 
SPILL S-FILL 
bit I 
11111.0014 = 


AN 
Sign bit 


Notice that a 2-bit right shift results in an underflow or round-off error, since 
a logic 1 is spilled off, producing a magnitude which is too small by an amount 
equal to 274 or 0.0625. Further shifts to the right increases the round-off 
error ultimately reaching, as it must, zero magnitude. Round-off errors can 
be minimized by adding more WORD bit outputs to the SPILL end. 

Before proceeding to an actual design, we offer a cautionary note re- 
garding arithmetic SHIFTERs. If the SHIFTER design requires that the sign 
bit be an integral part of the binary WORD subject to all manipulations, then 
the sign bit becomes the SPILL bit for left shifting and the FILL bit for 
right shifting. This poses no serious problem, providing the designer un- 
derstands the obvious problems, mainly those associated with shifting sign- 
magnitude numbers. Of course, these complications are easily avoided by 
designing the SHIFTER with a separate dedicated sign bit, a practice com- 
monly followed. 

We now illustrate the design procedure by designing a 5-bit, sign-mag- 
nitude, arithmetic SHIFTER with a dedicated sign bit, S. To make it inter- 
esting, we will require that it be capable of left or right shifts of up to three 
bit positions and that it have a transparent state and an ENABLE control. 

Shown in Fig. 4-66(a) is the collapsed EV truth table for this SHIFTER. 
The values for the control/address inputs DA,Apo are consistent with those 
given in Fig. 4-60(b), where F = 0 and R = 0 are implied by their absence. 
Drawing on the experience we have gained in the previous example, we can 
read the output expressions directly from the truth table with the result given 


S 
2 
S 
ig 
n 


oxxx!100000 

1X 0 0 Shhh tb = §-EN 

; ke : . oe Ys = [(Co + Cah + Cih + Col + Cho] - EN 
oid s I, 0 0 0 Y, = [CsIz + (Co + CL + CL, + Col] - EN 
11041 SOLLA = [Csh + Csh + (Co + Cay + Cilo]: EN 
1 110 S0 0L24 = [CB + Cola + CsI + (Co + Calo] - 
1111/)s 00084 . 


Fig. 4-66. Design of a 5-bit sign-magnitude arithmetic SHIFTER with an 
ENABLE control and separate sign bit. (a) Collapsed EV truth table. (b) Output 
logic expressions read directly from the truth table, where the C’s represent the 
ANDed control/address terms associated with each data input. 
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in Fig. 4-66(b). As in Eqs. (4-17), we have used C; to represent the ANDed 
term (DA,Ao); associated with each data input. Thus, Co = DAjAo, C1 = 
DAjAo, and so on. It should be apparent that the irrelevant input X used in 
the transparent state (DA,;Ao = X00) leads to the (Co + C4) terms appearing 
in the expressions of Fig. 4-66(b). 

Implementation of the I/O expressions of Fig. 4-66(b) follows in similar 
fashion to that of Eqs. (4-17). Again, for the modular approach, one would 
use four 8-to-1 line MUXs as in Fig. 4-65 but connected according to the 
requirements of Fig. 4-66(b). The data inputs are now S, b, h, I, and Io, 
and the Y, output requires that we AND the sign bit S(H) to EN(H). Com- 
pletion of this design is left as an exercise for the reader. 

More complicated SHIFTERs can be designed with only a little more 
effort but greatly increased hardware requirements. For example, to add a 
fourth control/address variable to the SHIFTER of Fig. 4-66 would require 
the use of 16-to-1 line MUXs. Therefore, at some point the designer must 
weigh the simplicity of the modular approach against the increased hardware 
requirements. Where space is a critical factor, it may be necessary to have 
a manufacturer produce an IC SHIFTER to meet the specific requirements 
of the design. 
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As the name implies, the arithmetic and logic unit (ALU) is a universal 
combinational logic device capable of performing both arithmetic and logic 
operations. It is this versatility that makes the ALU an attractive building 
block in the central processing unit (CPU) of a computer or microprocessor. 
The main objective of this section is to develop the techniques required to 
design and cascade devices of this type. 

The number and complexity of the operations that a given ALU is capable 
of performing is a matter of the designer’s choice and may vary widely from 
ALU to ALU. However, for two operands (say, A and B), each a WORD 
of several bits, the choice of operations is usually drawn from the following 
lists: 


Arithmetic Operations _ Logic Operations 


Negation INACTIVE 
Increment 


Decrement 
Addition 
Subtraction 


Other possible operations include zero, unity, transparency (inputs for an 
operand pass straight through to the outputs), sign-complement represen- 
tation, magnitude comparison, parity generation, multiplication, division, 
powers, shifting, and roots. Multiplication, division, and the related oper- 
ations such as arithmetic shifting are complex and are usually found only in 
the more sophisticated LSI ALU chips. Also, the AND, OR, and XOR 
operations will normally be applied to various combinations of comple- 
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B,-1-Bg = An-1-Ao M,Sm-2-So 


Fig. 4-67. Block diagram 
symbol for a general 1-bit-slice 
ALU with LAC and cascading 
capabilities. 


Fa 17 Fo 


— 


mented and uncomplemented operands making possible a wide assortment 
of such operations. 

Presented in Fig. 4-67 is the block diagram symbol for a general n-bit 
slice ALU. This ALU accepts two n-bit input operands, Ba—ı — Bo and 
An—1 — Ao, and a CARRYin bit, Cin, and operates with them in some pre- 
determined way to output an n-bit function WORD, F,,-; — Fo and a CAR- 
RYout bit, Cou: (if applicable). Here, the term n-bit slice indicates a logic 
partition of identical n-bit modules or stages which can be cascaded in par- 
allel. Thus, a FULL ADDER in an n-bit PARALLEL ADDER could be 
called a 1-bit slice for that ADDER. Also, we assume the use of sign-com- 
plement arithmetic so as to avoid the need for both CARRY and BORROW 
parameters. 

The choice of operation between the two operand WORDs is determined 
by m mode/select inputs, namely, a mode input M, and m — 1 function- 
select inputs, S,,—-2 — So, shown in Fig. 4-67. The mode input M determines 
whether an arithmetic or logic function is to be generated, and the function- 
select inputs, S,2 — So, determine the particular operation. Just as the 
CARRYout bit is required for cascading standard arithmetic units, the 
CARRY PROPAGATE and CARRY GENERATE bits, P and G, are re- 
quired for cascading LOOK-AHEAD CARRY (LAC) units. Commercial 
chips are available which have all these features. 


4.10.1 Standard ALU Design and Cascading Methods 


Consider the EV function table in Fig. 4-68 representing a simple one- 
bit slice ALU capable of performing four arithmetic functions and four logic 
functions on command of the three mode/select inputs M, S1, and So. Pre- 
sented in the two columns on the right side is a brief description of the 
operation and the CARRYout function for each mode/select input state. The 
Cout functions for the arithmetic operations are taken from Eqs. (4-2), where 
Eqs. (2-32) have been applied. Don’t cares are placed in the Cou: column 
for the four logic operations since the CARR Yout function has no relevance 
in a logic operation. Notice further that the two possible logic states for Cin 
lead to different interpretations for each of the first two arithmetic opera- 
tions. Thus, A ® Cin means the transfer of A for Cin = 0, but represents the 
decrement of A if the LSB Ci, = 1 (B = Ois implied). Or, A ® Cin represents 
the increment of A if the LSB Cin = 0 but represents the transfer of A if 
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Operation* 


A® Cin A minus 1 if LSB Cy, = 1 A: Cn 
Arithmetic A® Cu A plus 1 if LSB Cn = 0 A+ Cin 
operations A®BOCn A plus B plus Cin C(A ® B) + AB 


A®BO®Chn B minus A if LSB C,, = 1 C(A © B) + AB 


Transfer A 


Logic Complement and transfer A 
operations XOR 


EQV 


* Subtraction operations assume 2’s complement arithmetic 


Fig. 4-68. I/O function truth table for a simple one-bit slice ALU showing output 
functions, F and Cou, for four arithmetic operations (M = 0) and four logic 
operations (M = 1). 

Cin = 1(B = 1 is implied). The arithmetic operations assume 2’s complement 
arithmetic. 

Since the ALU represented in Fig. 4-68 has three mode/select inputs 
controlling eight operations, it is convenient to map the output function F 
in a third-order K-map, as shown in Fig. 4-69(a). Here the XOR cover in- 
dicated by the loops results in the reduced SOP expression given to the right 
of the figure, where use has been made of the identity A ® B ® Cin = 
A ® B® Cin. Since the XOR operation is commutative, we may present F 
in the more convenient form 


F = MS\(A ® So ® Cin) + MS(A Ð So®BO Cn) (418 
+ MS\(A ® So) + MS,(A ® So © B) 


Recall that the adjacent patterns in Fig. 4-69(a) form one of four types of 
XOR patterns as discussed in Sect. 3.12.2. 

The third-order K-map of Fig. 4-69(a) can be further compressed into a 
second-order K-map, a fourth-order compression with a MAP KEY of 2+ 
= 16. This has been done in Fig. 4-69(b), where minimum XOR cover is 
produced by looping out associative patterns of the type discussed in Sect. 
3.12.2. The pseudo-SOP and -POS expressions that result are given by 


Fsop = (A ® So) © (S1B) ® (MCin) 

= (A@ So) © (S1B) © (MCa) 
Fros = (A ® So) ® (S; + B)® (M + Ca) 
= (A ® So) © (S1 + B) O (M ® Can), 


(4-19) 


where the pseudo-POS forms are either read directly off the map of Fig. 4- 
69(b) or are obtained by repeated application of Eqs. (2-32). In either case, 
Fsop is seen to be algebraically equal to Fros. The reader should appreciate 
the fact that Eqs. (4-18) and (4-19) could not easily have been obtained by 
conventional (1’s and 0’s) mapping methods. 
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(a) 


F = MS, (A® C,,® So) 
A@B@C,,|A@B OC, ear) + MS, (A®B®C,,@ S,) 


+ MS, (A®@ S,) 
aS) (CLES Mee aes 


F = (S, B) ® (MC) ®(A® S,) 
= (S, B) @(MC,,,) © (A® So) 


Fig. 4-69. EV K-maps showing adjacency XOR patterns for the function F in 
Figure 4-68. (a) Third-order map. (b) Second-order map and minimum XOR 
cover. 


If it is the object to implement only the function F, a simple noncascad- 
able FUNCTION GENERATOR would result. Either Fig. 4-69(a) or Eq. 
(4-18) leads quite naturally to the MUX implementation presented in Fig. 4- 
70(a). However, Fig. 4-69(b), or the SOP form of Eqs. (4-19), is best suited 
to give the minimum gate-level circuit shown in Fig. 4-70(b). In the latter 
case, the POS form could be implemented simply by replacing the AND 
gates with NAND gates. As we shall soon see, the circuit of Fig. 4-70(b) 
forms the basis for the ALU we wish to design. 


C. (H. 
sm in (HD 


S (H) 
M(H) 


Dru 


A(H) 


B(H) 


M(H) S (H) 


(b) 


_ Fig. 4-70. Design of a simple FUNCTION GENERATOR. (a) MUX 


implementation of Eq. (4-18). (b) Minimum gate-level design using the SOP form 
of Eq. (4-19). 
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Cout(H) 


272 


To design an ALU that can perform the operations of a FULL ADDER 
and can be cascaded, it is necessary that we include a CARRYout function. 
Drawing on our experience we have gained in this section and noting the 
inherent XOR patterns between adjacent MS,So states, we can construct a 
second-order K-map for Cow directly from the function table of Fig. 4-68. 
The result is given in Fig. 4-71 which has a minimum cover given by 


Cout = Cin(A ® So) 8 (S1B) + (Si:B)\(A ® So) + SiSoA (4-20) 


Notice how the don’t cares are used to produce the minimum XOR form 
and, in particular, notice how the associative patterns are used to loop out 
the C;,(A © So) term and B. 

We can now assemble a gate-level ALU circuit from Eqs. (4-19) and (4- 
20). Because of the terms common to both F and Cout, the circuit of Fig. 4- 
70(b) need be only slightly modified to accommodate the CARRYout bit, 
Cour. The result is the minimum gate-level circuit and its block diagram 
shown in Fig. 4-72. This circuit represents a two-output multilevel optimi- 
zation with a gate/input tally of 9/20 exclusive of INVERTERs. 

An n-bit PARALLEL ALU can be produced by cascading the 1-bit slice 
ALU of Fig. 4-72 in a manner similar to that used in Fig. 4-10 to produce 


+ B(A®S,) 


Cout 


Fig. 4-71. Second-order EV K-map and minimum SOP XOR cover for the 
CARRYout functions given in Figure 4-68. 


B(H) A(—H) M(H) S,(H) So(H) 


Ci, (H) 


Y 


F(H) 
Fig. 4-72. Minimum gate-level design and block diagram symbol for the 1-bit- 
slice ALU represented in the I/O table of Figure 4-68. 
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Bn-1 An-1 B, Ai Bo Ao 


F,-1 


Fig. 4-73. An n-bit slice ALU produced by cascading n I-bit-slice ALUs of the 
type shown in Figure 4-72. 


an n-bit PARALLEL ADDER from n FULL ADDERs. This is done in Fig. 
4-73, but with the added requirement of connecting the three mode/select 
inputs to all stages as shown. It is also possible to construct an n-bit PAR- 
ALLEL ALU by using 2” m-bit-slice ALUs, similar to the PARALLEL 
ADDER shown in Fig. 4-11. 

The n-bit PARALLEL ALU, like the PARALLEL ADDER, suffers a 
size limitation due to the ripple-carry effect as discussed in Sect. 4.4.3. For 
this reason the design of our simple ALU will now be extended to include 
the LOOK-AHEAD-CARRY (LAC) feature. (See Sect. 4.4.4 for a discus- 
sion of the LAC ADDER.) In Fig. 4-74 we reconstruct the I/O function table 
of Fig. 4-68 by replacing the Cou: functions with those for CARRY PROP- 
AGATE (P) and CARRY GENERATE (G) derived from Eqs. (4-4). Don’t 
cares are again used to represent irrelevant mode/select input states. 

The design of our ALU with LAC capability follows from the table in 
Fig. 4-74. Presented in Fig. 4-75 are the second-order EV K-maps and min- 
imum XOR cover for the P and G parameters. Here, as in Fig. 4-71, as- 
sociative XOR patterns are produced by using the don’t cares in adjacent 
cells. By combining the logic expressions for P and G with Eqs. (4-19) and 
noting the similarity of terms, we obtain the ALU circuit and its block dia- 
gram symbol given in Fig. 4-76. This is a cascadable 1-bit-slice ALU with 
the LAC feature. Observe that no additional circuitry is needed to generate 
the CARRY PROPAGATE function from the circuit of Fig. 4-70(b), a con- 


Fig. 4-74. I/O function truth 
table for a simple ALU with 
LAC capability. 
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P = (A®S,) @(S,B) G = (S,B)\(A®Sy) +S, SyA 
= (A® S,) @(S, +B) 


Fig. 4-75. EV K-maps and minimum XOR cover for the CARRY PROPAGATE 
(P) and CARRY GENERATE (G) parameters given in Figure 4-74. 


B(H) A(H) M(H) Si(H) So(H) 


G(H) 
Cin (H) 


Y 


P(H) F(H) 
Fig. 4-76. Minimum gate-level circuit and block diagram symbol for a 1-bit-slice 
ALU having the function and LAC capabilities given in Figure 4-74. 
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LAC GENERATE circuit 


Fig. 4-77. A 4-bit-slice ALU produced by cascading four I-bit-slice ALUs of the 
type shown in Figure 4-76. 
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clusion that could have been deduced directly from Fig. 4-74 by comparing 
the P and F columns. 

The ALU module in Fig. 4-76 can be cascaded by using an LAC GEN- 
ERATE circuit of the type shown in Fig. 4-12. We do this in Fig. 4-77 for 
a 4-bit LAC ALU capable of performing the functions given in Fig. 4-74, or 
any other similar set of operations controlled be three mode/select inputs. 
Cascadable units of this type can themselves be cascaded to produce even 
larger units. This is accomplished by connecting the CARRYout of one stage 
to the CARRYin of another and connecting the mode/select inputs to all 
stages. 


4.10.2 The MUX Approach 


There are occasions when the designer needs an ALU with unique capa- 
bilities but does not need a minimum circuit and cannot afford the time or 
costs required for the production of a commercial IC chip. A circuit board 
design using off-the-shelf components is the answer, and the use of MUXs 
provides one of the simplest and most effective means of achieving this. In 
fact, the MUX approach can provide design versatility not achievable by 
any other means. 

As a simple example, suppose we wish to design a 1-bit slice ALU with 
the capability of generating one of 32 arithmetic functions, or one of 16 logic 
functions. Let the arithmetic operations include addition or subtraction of 
CANONICAL forms relative to bit A. Also, let us assume that the combined 
48 operations are to be generated from a single 8-to-1 line MUX. Shown in 
Fig. 4-78(a) is the logic circuit and block diagram symbol for this ALU. The 
four gates together with the mixed-rail outputs of the MUX provide the 
CANONICAL SOP and POS forms required. The 2-to-1 MUX and 1I-to-2 
DMUX/DECODER act to steer the mixed-rail outputs of the 8-to-1 function 
MUX to either the B input of the FULL ADDER or to the OR gate directly. 
Note that the four AND gates could be replaced by a 2-to-4 DECODER. 

The 48 arithmetic and logic operations that are possible with the ALU 
in Fig. 4-78(a) are given in the table of Fig. 4-78(b). Here, 2’s complement 
arithmetic is assumed for all subtraction operations. Thus, for such opera- 
tions, the subtrahend bit is complemented and the LSB Cin is set at logic 1 
as required by the N» + 1 algorithm (see Sect. 4.4.7). In contrast, all arith- 
metic operations for which the LSB Cian = 0 must be addition operations. 
As an example, consider the arithmetic operations produced by the control 
WORD MS35S251So9 = 01011. Ifthe LSB Cin = 1, the operation is interpreted 
as A, minus (A,B,); otherwise, it is interpreted as A, plus (A, + B,). Or, 
if the control WORD is MS3525;,So = 00000, then the operation is the dec- 
rement of A; if the LSB Cin = 1, or is the transfer of A, if the LSB Cn = 
0. The 1-bit slice ALU of Fig. 4-78 can be cascaded as in Fig. 4-73. 

Modifications can be made to the ALU of Fig. 4-78 that make it even 
more versatile. As it stands, this ALU is asymmetric with respect to its 
arithmetic operations since only the function of the B input to the FULL 
ADDER can be altered. Another system of MUXs, similar to that shown in 
Fig. 4-78(a) with the same or different functions, can be used for input A to 
the FULL ADDER, thereby increasing the scope of the arithmetic and logic 
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F, (H) 


(a) 
Fig. 4-78. A 1-bit-slice ALU capable of performing 48 arithmetic and logic 
operations. (a) Block circuit symbol and logic circuit for the Jth module. 


operations significantly. In fact, by using a DECODER to activate one of 
several MUX systems, it is possible to create an ALU of tremendous ca- 
pability. Problem 4.57 at the end of this chapter illustrates a very simple 
DECODER/MUX scheme for an ALU. 

ALUs are not limited to binary addition and subtraction operations nor 
are they limited to simple AND-, OR-, and XOR-type logic functions. NBCD 
addition and subtraction, and binary or NBCD multiplication are examples 
of other arithmetic operations that can be included in an ALU. And complex 
logic functions can replace the simple gates shown in Fig. 4-78(a). 

The list of possible modifications continues on and on, limited mainly 
by the designer’s imagination. But one fact stands out—the circuit board 
approach offers considerable flexibility to the designer. Alterations can be 
made easily and quickly, and the individual units can be tested separately 
from the ALU to ensure proper operation before they are installed. Fur- 
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Function 


Arithmetic* 
Control (M = 0) 


Inputs 


S3 S2 Si So LSB Cin = 0 LSB Cin = 1 


Transfer A, A; minus 1 
A; plus By Ay; plus By plus 1 
A plus A; = 2A; A, plus A; plus 1 
A; plus (A;B;) A; plus (A;B,) plus 1 
A; plus (A;B;) Ay plus (A;B;) plus 1 
A; plus (A;B;) Ay, plus (A,;B,) plus 1 
Aj; plus (A;B;) Ay; plus (A;B;) plus 1 
A; plus (A; ® By) A; plus (A; © B,;) plus 1 
A, plus 1 Transfer A, 
Ay; plus By A; minus B; 
Ay; plus A; A; minus A; = 0 
Ay; plus (A; + By) A; minus (A;B,) 
A; plus (A; + By) A; minus (A;B,) 

Ay plus (A; + By) A; minus (A;B,) 
A; plus (A; + By) A; minus (A;B;) 
A; plus (A; © B3) Ay; minus (A; © By) 


© 


= O e O m CO m. O KW O m O m. O m O&O 


0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 
1 
1 
1 
1 


pb pi = ee CE © CO O m m u m O O O O&O 
p —= © O m č e O & = — © O me em O 


* Subtraction operations assume 2’s complement arithmetic 


(b) 
Fig. 4-78 (contd.). (b) Possible arithmetic and logic operations. 


thermore, the arithmetic and logic sections can be implemented in a variety 
of ways by combining gate- and modular-level circuits as desired. The design 
of a programmable ALU in Appendix 4.2 offers a good example. This ALU 
is capable of performing shifter and comparator operations in addition to a 
variety of arithmetic and logic operations. 

If an ALU is to be designed with unique capabilities, it will need to be 
tested, and a circuit board approach using off-the-shelf components like 
MUXs and DECODERS is the simplest way to begin. Having done this, the 
designer must then take into account other factors such as physical size and 
speed. If it is intended that the ALU be used in a compact environment with 
high-speed requirements, a greatly reduced or minimum gate-level design 
may be. necessary. In this case, the EV K-map methods described in this 
section can be very useful. On the other hand, if the ALU is to be used as 
part of a one-time-only circuit, the initial off-the-shelf version may suffice. 
Finally, if the ALU is to be commercially manufactured as part of a much 
larger system, say, a Microprocessor or computer, greater programming ca- 
pability may be called for. The programmable ALU, illustrated in Appendix 
4.2 is one example. Also, the use array logic for ALU design in an IC circuit 
environment should not be overlooked by the designer. 
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ARRAY LOGIC—ROMs AND PLAs 


Read-only memories (ROMs) and programmable logic arrays (PLAs) each 
belongs to an important class of general-purpose IC array logic devices which 
find extensive use in combinational logic design. As we shall soon discover, 
ROMs and PLAs share much in common but differ mainly in the way they 
are programmed. In this section we will consider their logic structure, a brief 
description of the various types and sizes of ROMs and PLAs that are com- 
mercially available, and some simple examples of their application in com- 
binational logic design. 


Logic Structure and Types of ROMs 


A ROM is an n-input/m-output device composed of a DECODER (ANDing) 
stage and a ‘‘memory’’ array (OR matrix) stage as illustrated by the block 
diagram of Fig. 4-79. Bit combinations of the n input variables are called 
addresses, and in a ROM there are 2” possible addresses each representing 
a coded MINTERM on the output side of the DECODER stage. Bit com- 
binations of the m outputs are called WORDs. Since there are 2” possible 
addresses, there are 2” possible WORDs that can be stored in the ROM, 
each WORD being m bits in length. Any unique output WORD of m bits 
programmed into the ROM can be selected by the appropriate input address 
and is nonvolatile—it is stored permanently in the ROM. 


The dimensions and size of an n-input/m-output ROM are usually given 
by 


27 xm = (2”)(m) bits 
— Uy 
dimensions size 


meaning 2” WORDs by m bits for a total of (2”)(m) bits. The size of the 
ROM is often rounded to the nearest integer power of 2 in kbits (1,000 bits) 
of ROM. For example, an 8-input/4-output ROM is represented as a 


28 x 4 = 256 x 4 ROM 
= 1,024 bit ROM 
= 1K bit ROM 

AND array MINTERM code lines 


n-to-2" 
address 
DECODER 
(fixed) 


inputs 


Fig. 4-79. Block diagram showing the fixed address DECODER stage and 
programmable OR MEMORY array stage for a2" WORD x m bit ROM. 
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Or a 12-input/8-output ROM is sized as a 


22 x 8 


4,096 x 8 bit ROM 
32,768 bit ROM 
= 32K bit ROM. 


Commercial ROMs are available in a variety of dimensions and sizes com- 
monly ranging from 2* x 1 = 16 bit ROMs to 2° x 8 = 512 kbit ROMs 
with the strong majority having 4 and 8 outputs. 

ROMs are constructed of interconnecting arrays of switching devices, 
such as transistors or diodes, which perform the AND and OR operations 
required by the DECODER and memory stages, respectively. They may 
differ in a variety of ways but the main differences center about the manner 
in which they are programmed, and on whether or not they can be erased 
and reprogrammed and how this is accomplished. Generally speaking, mem- 
bers of the ROM family may be divided into three main categories: 


1. Read-only memories (ROMs)—mask programmable OR plane only 

2. Programmable read-only memories (PROMs)—user programmable 
ROMs 

3. Erasable programmable read-only memories (EPROMs)—user erasable 
PROMs 


Mask programmable ROMs are programmed during the fabrication process 
by selectively including or omitting the switching elements (transistors or 
diodes) which form the memory array stage of the ROM. Because the mask- 
ing process is expensive, the use of mask programmable ROMs is econom- 
ically justifiable only if large numbers (perhaps thousands) are required with 
the same I/O requirements. 

When one or a few ROM-type devices are needed with I/O requirements 
which will never need to be altered, PROMs can be very useful. Most 
PROMs are fabricated with metal or semiconductor fusible links on all tran- 
sistors (or diodes) in the memory stage thereby permitting user programming 
of the ROM—a write-once capability. We illustrate this by using the logic 
equivalent circuit for an unprogrammed 2” x m PROM shown mn Fig. 4-80. 
Here, the symbols m; represent the 2” possible MINTERMs which can be 
generated by the DECODER stage of the ROM. Each OR gate of the OR 
(memory) array has 2” inputs which are connected initially to the outputs 
of the DECODER stage as shown. 

In effect, the PROM is programmed by disconnecting the appropriate 
inputs to the OR array. However, in an actual PROM, this must be accom- 
plished by ‘‘blowing’’ or “‘burning’’ the fusible links connected to the ap- 
propriate DECODER MINTERM code lines. A special device called a 
PROM programmer selectively blows the fusible links by supplying the nec- 
essary overvoltage pulses across the appropriate terminals of the PROM. 
The appropriate terminals for a given link can be thought of as coordinates. 
For example, the encircled fusible link in Fig. 4-80 has coordinates m,(H) 
and Y,(H), where the MINTERM code line m is selected, just as in any 
DECODER, by inputs equivalent to decimal 1. The result of programming 
is a set of m outputs each representing a specific CANONICAL SOP expres- 
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Programming 
coordinates 


Fusible links 
(OR matrix) 


Yn -1() Y; (H) Yo (H) 


Fig. 4-80. Logic equivalent circuit for an unprogrammed 2° X m PROM showing 
the fusible links in the OR matrix required for user programming. 


sion ACTIVE HIGH, or a CANONICAL POS expression ACTIVE LOW. 
Once programmed, the PROM cannot be reprogrammed since the blowing 
of the fusible links is a destructive process and cannot be reversed. 

The logic equivalent circuit of Fig. 4-80 can also be used to represent 
one of the various types of EPROMs. In this case the fusible links would 
represent special nonvolatile charge-storage mechanisms which can enable 
or disable the MOSFETs that are used as the switching devices in the mem- 
ory array of the ROM. Thus, data bits are represented by the presence or 
absence of stored charge. Removal of the stored charge erases the data. The 
programming cycle of an EPROM involves removal of stored charge on all 
MOSFETs and the creation of stored charge on those MOSFETs targeted 
to meet specifications. EPROMs can be subjected to a large number of pro- 
gram cycles. Those EPROMs which are electrically erasable are called EE- 
PROMs while others which are erased by ultraviolet light are labeled UVE- 
PROMs. In any case, EPROMs offer the designer or researcher the 
opportunity to alter the storage content of the ROM. This feature is of par- 
ticular value in the construction of prototype circuits preparatory for IC 
fabrication where alteration is nearly inevitable. 

Regardless of what kind of ROM is to be used, it is necessary for the 
user to construct a CANONICAL I/O program table or have access to CA- 
NONICAL SOP or POS code data. This information is necessary before the 
ROM can be programmed. Remember that the outputs of a ROM represent 
specific CANONICAL SOP (or POS) expressions. By reading the 1’s and 
0’s from the program table (or the MINTERM or MAXTERM code numbers 
from CANONICAL expressions or K-maps), the programmer can determine 
which fusible links are to be burned and which are to be left intact. Shown 
in Fig. 4-81 is a typical I/O program table for a 2” x m ROM. Notice that 
the input variables are given in the order of increasing decimal value just 


4 / Combinational Logic Design 


n Input Variables m Output Variables 
In- A l Io Yoa Yı Yo 


Fig. 4-81. Typical I/O program table for a 2” x m ROM. 


as is done in any CANONICAL truth table and that I„—; and Y, -1 are the 
MSBs for the input and output WORDs, respectively. 

Various abridged symbolisms have been used to represent the logic 
equivalent circuit of a programmed ROM. One such abridged symbolism is 
used in Fig. 4-82 to represent the PROM programmed to the specifications 
of Fig. 4-81. Here, a dot (node) at the intersection of two lines represents 
a connected fusible link (in Fig. 4-80) and the storage of a 1(H), while a 
circle represents a disconnected (blown) fusible link or the storage of a 0(H). 
Thus, the pattern of 1’s and 0’s in the I/O program table translates as a 
pattern of dots and circles, respectively, in the abridged ROM circuit sym- 
bolism. Accordingly, the circles which lie along any vertical line in Fig. 4- 
81 represent “‘blown’’ fusible links associated with the appropriate OR gate 
in the logic equivalent circuit of Fig. 4-80. 

Whether or not the intact fusible links of Fig. 4-80 represent the storage 
of a 1(H) in a commercial PROM (or EPROM) depends on the array tech- 
nology that has been used in its manufacture. For example, if an intact fusible 
link represents an enabled transistor (TTL or MOSFET) or a disabled 
Schottky diode, it most likely stores a logic 0(4) instead of a 1(H). In such 


4- Stores a 1(H) 


-- Stores a 0(H) 


n -to-2” 
I, -1-1p() DECODER 
(AND array) 


Yin —1 Y, Yo 

(H) (H) (H) 
Fig. 4-82. An abridged symbolic representation of a 2” X m PROM programmed 
to the specifications of Figure 4-81. 
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cases the OR array is referred to as a NOR plane, but performing the OR 
memory functions. What this means is that the programmer must know what 
array technology has been used to program the PROM (or EPROM) correctly 
from the program table. In fact, there are several different types of arrays 
which have been used for both the ANDing and ORing stages of a PROM, 
and each type may differ from the other as to the switching device used or 
the manner in which it is connected into the array, or both. 


4.11.2 Logic Structure and Types of PLAs 
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array 
(programmable) 


Like the ROM, the PLA is an n-input/m-output device composed of an input 
decoding (ANDing) stage and memory (ORing) stage. Unlike the ROM, how- 
ever, both stages of the PLA are programmable as indicated by the block 
diagram given in Fig. 4-83. The AND matrix (array) produces the Boolean 
product terms, while the OR matrix ORs the appropriate product terms 
together to produce the desired SOP expressions. 

The dimensions of a PLA are specified by using three numbers: 


n Xx p x m 


no. no. no. 
inputs product outputs 
terms 


The number p gives the maximum number of product terms (p-terms) per- 
mitted by the PLA. The magnitude of p is set by the manufacturer based 
on expected user needs and is usually much less than 2”, the DECODER 
output for a ROM. For example, a PLA specified by dimensions 16 X 48 
x 8 would have 16 possible inputs and could generate 8 different outputs 
(representing 8 different SOP expressions) composed of up to 48 unique 
ORed p-terms. A p-term may or may not be a MINTERM. In contrast, a 
16-input ROM could generate the specified number of outputs with up to 
216 = 65,536 ORed MINTERMs. The comparison here is 48 AND ‘‘gates”’ 


array 
(programmable) 


nxpxm PLA 
Fig. 4-83. Block diagram for an n-input/m-output PLA showing the 
programmable AND and OR arrays and p product-term lines. 
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and 48 OR ‘“‘gate’’ inputs for the unprogrammed PLA versus 65,536 AND 
‘‘gates’’ and 65,536 OR “‘gate’’ inputs for the unprogrammed ROM, a vast 
difference in hardware. Typically, commercial PLAs will have inputs ranging 
in number from 8 to 20, with 20 to 80 addressable p-terms and 8 to 20 possible 
outputs. However, PLA IC chips of most any n X p X m size can be 
manufactured to user specifications. 

PLAs, like ROMs, are constructed of interconnecting arrays of switching 
elements (diodes or transistors) which perform the AND and OR operations. 
Members of the PLA family fall generally into four main classes: 


1. Programmable logic arrays (PLAs)—-mask programmable AND and OR 
planes 

. Field programmable logic arrays (FPLAs)—user programmable PLAs 

. Programmable array logic (PALs)—mask programmable AND plane only 

. Field programmable array logic (FPALs)—user programmable PALs 


da G2 bo 


PLAs and PALs are programmed during fabrication in a manner similar to 
ROMs, while FPLAs and FPALs are write-once programmed by the user. 

Shown in Fig. 4-84 is the logic equivalent circuit for an unprogrammed 
FPLA of arbitrary dimensions, n X p X m. Comparing it with the logic 
equivalent circuit for a ROM (Fig. 4-80) reveals to us their main differences, 
namely, the FPLA has write-once capabilities (fusible links) in both the AND 
and OR arrays and has p-term lines numbering much less than 2”. The logic 
equivalent circuit for an FPAL of arbitrary dimensions would be similar to 


I,(H). = Ip (Ht) 
Fusible links 


_ Y Y ara p -tem lines 


= Po(H) 


. * » a 


m- Y, (H) Yo (H) 


Fig. 4-84. Logic equivalent circuit for an unprogrammed n X p X m FPLA 
Showing fusible links in both the OR and AND stages. 
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that of Fig. 4-84 but with mask programmed (hence fixed) inputs to the OR 
‘‘gates,’’ that is, AND programmable only. 

A device called an FPLA programmer provides the overvoltage pulses 
required to “‘blow’’ the appropriate fusible links in either stage of an FPLA. 
Programming an FPAL is simpler and can also be accomplished by using 
an FPLA programmer. In either case, the blowing of a fusible link to an 
AND gate is equivalent to disconnecting the AND gate from its external 
source and then reconnecting that “‘gate’’ input lead to 1(H). As with the 
PROM, once the FPLA or FPAL has been programmed, the process cannot 
be reversed. 

Because of the limited number of p-terms in an FPLA, reduced or min- 
imum SOP (or POS) data is nearly always necessary for programming. The 
data is best presented in the form of a p-term table of the type shown in 
either Fig. 4-85(a) or 4-85(b). A 1 or 0 in an input column of Fig. 4-85(b) 
represents the connection of the input variable or its complement, respec- 
tively, to a p-term line. A dash represents no connection and is interpreted 
logically as the absence of an input. The 1’s and 0’s in the output columns 
of Fig. 4-85(b) represent the presence and absence of p-term storage, re- 
spectively. In addition to providing a visual perspective of the I/O patterns 
that are to be programmed into the FPLA, the use of a p-term table permits 
the designer to determine easily whether or not the capabilities of the FPLA 
have been exceeded, a matter of great importance. Although it appears we 
have done so in Fig. 4-85, it is not necessary that the input, output, or p- 
term capability of a PLA always be fully utilized. 


P(A) =h-bh- YH) = [Po + Pi + + + P-E) 
P(A) = Ih: ly Y,(H) = [Po + --]() 
P(A) = h: a YH) = [Pr + P2 + (B) 


P,—1(H) = o: 


(b) 


Fig. 4-85. Typical p-term tables suitable for programming ann X p X m FPLA. 
(a) Expression form with polarization levels. (b) Short form without polarization 
levels. 


4 / Combinational Logic Design 


It may be necessary to implement one or more reduced POS expressions 
with a PLA-type device. This can happen if the POS cover is simpler and 
more adaptable to PLA design than the SOP cover, or if the design leads 
naturally to the POS form. In either case the problem is to implement POS 
(sum) terms with logic that is SOP oriented. To do this, first recall that in 
MIXED LOGIC notation the relationship between POS and SOP forms is 
given by 


Y pos(H) T Ypos(L) = Ysor(L) (4-21) 


Next, it is necessary to construct an s-term (s for sum) table similar to the 
p-term table of Fig. 4-85(b). Now, however, terms such as Ip + Inte + 
Iı are entered into the s-term column on the left, the input columns are 
completed in MAXTERM code, and the outputs are taken ACTIVE LOW. 
Thus, in following this procedure, each POS function Ypos(4) is converted 
to Ysop(L) by the SOP-based PLA device. If it is necessary that these func- 
tions be presented ACTIVE HIGH to the next stage, each output Ysop(L) 
must be complemented according to Eqs. (4-21). To do this requires either 
that INVERTERs be placed on the output lines or that use be made of a 
PLA device with ACTIVE LOW outputs. 

Reduced or minimum cover can be obtained from K-maps provided that 
the numbers of inputs are not too large as to render this method intractable. 
The number of outputs does not become a factor unless a multioutput op- 
timization is required to meet the p-term number limitation or unless, of 
course, the number of outputs required exceeds the FPLA output. capability. 
For large numbers of inputs, say, 9 or more, computer-aided reduction or 
optimization may be required. 

An abridged symbolism is useful in representing a programmed FPLA 
just as it was useful in representing a programmed PROM. In Fig. 4-86 we 


In- 1H) (H) (H) Ioọ(H) 


x Input to p-term 


+H He H ae 
Bil p | | : o 


AND (H) (H) (H) (H) 


Fig. 4-86. An abridged symbolic representation of an X p X m FPLA 
programmed according to the p-term table in Figure 4-85. 
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illustrate the use of the abridged symbolism for a general n X p X m FPLA 
programmed in compliance with the reduced SOP data presented in Fig. 4- 
85. Here, an X along a given horizontal line in the AND matrix represents 
a connection and hence the presence of an input (complemented or uncom- 
plemented) in a particular p-term; the nodes and circles in the OR matrix 
have the same meaning as in Fig. 4-82. Thus, the absence of an X in the 
AND matrix represents a ‘‘blown” fusible link in the sense discussed earlier. 
Also, note that I„—-ı and Y,,_1 may or may not represent the MSBs for the 
input and output WORDs, respectively. 


4.11.3 Application of ROMs and PLAs in Combinational Logic Design 
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Members of the ROM and PLA logic array families are important universal 
implementing devices which can serve as powerful design tools. So versatile 
are they that a designer could indiscriminately choose any one array type 
from either of these two families and make it work. However, when design 
constraints such as size, speed, and cost are present the selection process 
is not nearly so simple. We will briefly review some of the important selection 
criteria involved but only after we have presented a few simple examples 
of their applications including modular configurations. This order of treat- 
ment is followed so that the reader can develop a better understanding of 
these devices and, in so doing, have a better appreciation for the consid- 
erations that must be made in the selection process. 

The MAGNITUDE COMPARATOR discussed in Sect. 4.5.1 offers a 
good example of a device that lends itself nicely to ROM or PROM imple- 
mentation. We can see from an inspection of Fig. 4-29 that there are no don’t 
care states and hence little opportunity for minimization other than that 
possible via the EQV operations. So the choice of a FPLA over a PROM 
would be of no particular benefit. To maintain a reasonable degree of sim- 
plicity, we will implement the 2-bit COMPARATOR of Fig. 4-29 with a 24 
x 4 ROM, thus utilizing all 16 of the stored MINTERMs but leaving one 
of the four outputs unused. The CANONICAL I/O truth table in Fig. 4-29(a) 
is the program table for the PROM and the results are shown in Fig. 4-87, 
where the abridged symbology is used. Here, we see that the patterns of 1’s 
and 0’s in Fig. 4-29(a) translate as dots and circles, respectively, in Fig. 4- 
87. Remember that the DECODER ‘“‘box’’ represents the nonprogrammable 
AND matrix (AND plane) of the IC PROM. 

The most efficient application of an FPLA would be one for which sig- 
nificant Boolean minimization makes possible the use of most of the FPLA’s 
limited p-term capability. A good example would be the FPLA (or FPAL) 
implementation of the 4-bit SHIFTER represented in Fig. 4-63. This is a 7- 
input/4-output combinational logic device capable of left shifting or rotation 
up to two bit positions. It is obvious from Fig. 4-63(c) that the don’t care 
states permit considerable minimization of the individual outputs but that 
further multioutput optimization is not possible—there are no shared EPIs. 


The minimum SOP cover presented in Fig. 4-63(c) is used to construct the 


p-term table shown in Fig. 4-88, where it is clear that there are a total of 12 
p-terms in the four output expressions. 

Presented in Fig. 4-89 is the abridged symbolic representation of an 8 x 
16 x 8 FPLA (or 8 x 12 x 4 FPAL) which has been programmed by using 
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A > B(H) A < B(H) A = B(H) 
Fig. 4-87. An abridged symbolic representation of a 2* x 4 PROM programmed 
to function as the 2-bit COMPARATOR of Figure 4-29(a). 


p-term Inputs Outputs term Inputs Outputs 
R A, Ao hi LL L Io Y, Y, Y; Yo R Ay Ao 3 iD l Io Y, Y, Y, Yo 
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RA 


Fig. 4-88. The p-term table for the 4-bit SHIFTER represented in Fig. 4-63. 


the p-term table of Fig. 4-88, thus meeting the requirements of the SHIFTER 
given in Fig. 4-63(c). Notice that in the case of the FPLA, 12 of the 16 p- 
term lines are used while four of the eight outputs are left unused. Obviously 
more efficient use would be made of the FPAL than the FPLA. 

The SHIFTER of Fig. 4-63 could be implemented by using a 28 x 4 
PROM instead of an FPLA or FPAL. However, that would be a very in- 
efficient application of the PROM since only 21 of the 28 = 256 MINTERMs 
are actually used leaving 235 unused MINTERMs to be stored in the PROM’s 
exhaustive n-to-2” DECODER. 

The PROM or FPLA implementation of functions containing XOR terms 
can be accomplished only if the functions are first converted to CANON- 
ICAL or reduced two-level form. For example, the I/O function table of Fig. 
4-68 is unsuitable for array logic programming as it stands. However, when 
the terms for F and Cout are converted to two-level SOP form and a mul- 
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Fig. 4-89. An abridged symbolic representation of an 8 x 16 x 8 FPLA (or an 8 
x 12 x 4 FPAL) programmed to function as the non-arithmetic SHIFTER of 
Figure 4-63. 

tioutput optimization is carried out, there results 18 p-terms for F and 5 p- 
terms for Cour. Thus, an 8 X 32 x 4 FPLA would easily suffice for the 
implementation of this ALU. A 28 x 2 ROM could also be used but not 
nearly as efficiently as the FPLA due to the large number of unused MIN- 
TERMs that must be stored in the ROM’s DECODER. 


4.11.4 MIXED LOGIC Inputs and Outputs 
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Although we have not specifically addressed the problem of MIXED LOGIC 
inputs to array logic devices, the solution is easily deduced from information 
we have already. For members of the ROM family, CANONICAL data, as 
in Fig. 4-81, can be altered so as to accommodate the MIXED LOGIC input 
and output conditions. Or, alternatively, INVERTERs can be placed on the 
lines of ACTIVE LOW inputs or on the lines of ACTIVE LOW outputs. If 
the choice is to alter the CANONICAL data, then each 1 or 0 appearing in 
an ACTIVE LOW input column or ACTIVE LOW output column of the 
program table must be complemented. Once the program table has been 
altered in this way to accommodate all MIXED LOGIC I/O conditions, 
INVERTERs cannot be added for that purpose. In any case, after the AC- 
TIVE LOW I/O requirements have been satisfied, programming of the ROM 
proceeds as usual. 

Members of the PLA family can also be programmed for MIXED LOGIC 
inputs simply by complementing each 1 and 0 appearing in an ACTIVE LOW 
input column of the p-term table in Fig. 4-85(b). The alteration of the AND 
plane data is equivalent to applying I(L) = I(H) to all ACTIVE LOW input 
variables in the p-term column of Fig. 4-85(a). An ACTIVE LOW output, 
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however, requires the presence of an INVERTER on that output line. The 
1’s and 0’s in an ACTIVE LOW output column of the p-term table must not 
be complemented since they do not represent CANONICAL data. 


4.11.5 The Multiple Programmable Logic Device Approach to Combinational Logic Design 
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Occasions arise when the I/O requirements of a design exceed the capabil- 
ities of the available array logic device. When this happens the designer may 
have no alternative but to combine array logic devices in some suitable 
fashion so as to meet the design requirements. | 

A useful scheme which will be considered later requires that the outputs 
of different programmable logic devices (PLDs) be ORed together. To ac- 
complish this, the array logic devices (those considered so far) would require 
the use of OR gates. While this is a workable procedure, it would suffer the 
disadvantage of limiting the number of ORing operations to the OR gate fan- 
in capability. A far better scheme makes use of tristate and wired-OR tech- 
nology which permits nearly an unlimited number of outputs of different 
PLDs to be ORed together. This matter is of considerable importance and 
will be given special attention at this time. 

A switching device that operates in either a ‘‘transfer’’ mode or a ‘‘dis- 
connect” mode is called a TRISTATE DRIVER (or BUFFER) as discussed 
in Sect. 1.2.6. A TRISTATE DRIVER with ACTIVE LOW ENABLE is 
illustrated in Fig. 4-90(a). In the transparent mode [EN(L) = 1(L)] the device 
can output a digital signal ACTIVE HIGH or ACTIVE LOW depending on 
the input ACTIVATION level. In the disconnect mode [EN(L) = 0(ZL)] the 
TRISTATE DRIVER has a very high impedance, as sensed from the output 
terminal, thus electrically isolating itself from any device to which it might 
be wire connected. The two “ON” output states of the transparent mode 
(ACTIVE HIGH or ACTIVE LOW) and the “OFF” state of the disconnect 
mode comprise the three states which give the device its name. TRISTATE 
DRIVERs are also available with ACTIVE LOW outputs or ACTIVE HIGH 
ENABLES. 


programmable logic device (PLD) 
FR 


PLD 
EN(L) -© 


Yn - (H) Y, (H) Yo (H) 


(b) (c) 
Fig. 4-90. TRISTATE DRIVERs with ACTIVE LOW ENABLE. (a) Modes of 
operation. (b) Use on the OR plane outputs of a programmable logic device 
(PLD). (c) Block diagram symbol for an n-input/m-output PLD with tristate 
ACTIVE LOW ENABLE. 
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Most commercial PLDs are manufactured with TRISTATE DRIVERs 
on the outputs as shown in Fig. 4-90(b). The block diagram symbol for such 
PLDs is given in Fig. 4-90(c). Because of the “ON/OFF” feature of the 
TRISTATE DRIVER, the outputs of one PLD can be wired (ORed) together 
with any other PLD and operated in a multiplexed fashion by using a DE- 
CODER. In this case the inputs to the DECODER act as the DATA (PLD) 
SELECT inputs of the multiplexed system. Shown in Fig. 4-91 is one such 
multiplexed scheme designed to accommodate variables numbering more 
than the number of PLD inputs that are permitted. As indicated in the figure, 
not all the available inputs to a given PLD need be used. Not shown but 
implied is the fact that the PLDs need not be of the same array logic family. 
Also, each PLD output may (or may not) be connected (wire-ORed) with 
the corresponding outputs of other PLDs to form tristate bus lines. If there 
are m outputs for each PLD, there can be no more than m tristate bus outputs 
as is seen from an inspection of Fig. 4-91. 

Although Fig. 4-91 satisfies the need to augment the input capability of 
PLDs, it does not address the problem of output capability. When the number 
of output functions of a design exceed the output capability of the PLDs in 
use, a parallel arrangement of the type shown in Fig. 4-92 can be used. This 
scheme applies to any stage of the multiplexed configuration of Fig. 4-91. 
It indicates that k PLDs, each of m outputs, yield a maximum of (k X m) 
possible outputs per stage. However, it is important for the reader to un- 
derstand that these outputs must not be wire-ORed together, since they are 
from PLDs which are activated by the same DECODER output; that is, the 
PLDs are not multiplexed. Interconnecting these outputs could result in 


n-1 


~ Iy(H) 


N = No. of variables 
n = No. of PLD inputs 


DECODER m = No. of PLD outputs 


g(N-n)_, ee 


den 2(N-n), 


Y, (H) Y, (H) Y, (H) 


Fig. 4-91. Multiplexed scheme to generate m functions of N variables by using 
2N—- PLDs each having n inputs and m outputs. 
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Fig. 4-92. Scheme for increasing the output function capability from m to k X m 
for any stage of the PLD configuration shown in Figure 4-91. 


permanent damage to the devices involved. Note that, as before, the PLDs 
need not be of the same array logic family and so need not have the same 
number of inputs or outputs. The number of inputs to each PLD must be 
equal to or less than the number n as used in the figure. 

Let us illustrate the use of the modular scheme given in Fig. 4-91 with 
a simple example. Suppose it is necessary to generate three output functions 
of ten variables by using 2? x 4 PROMs. Since the number of variables 
exceeds the number of PLD inputs by two, a 2-to-4 DECODER is required 
to activate four PROMs one at a time. Presented in Fig. 4-93(a) is one format 
of a program table that satisfies the requirements of this example. Since four 
PROMs are required [2%-” = 4], the table must be partitioned into four 
parts, each part being a PROM program. Once programmed, the four PROMs 
are configured with the 2-to-4 DECODER as shown in Fig. 4-93(b). The 


Inputs Outputs Inputs Outputs 
Io Is I Sava Ip Y, Yı Yo Iy Is IL mass Io Y» Yı Yo 


(a) 
Fig. 4-93. Modular scheme to generate three output functions of 10 variables 
using 23 x 4 PROMs. (a) Partitioned program table. 
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2-to-4 DEC 


Y; (H) Yo (H) 


(b) 
Fig. 4-93 (contd.). (b) Multiplexed scheme required by the program table of 
Figure 4-93(a) showing three tristate bus outputs from four 28 x 4 PROMS. 


outputs are wired-ORed together as indicated so as to produce the multi- 
plexed system. 


An Example. Application of the scheme given in Fig. 4-91 to PLAs not only 
increases the input capability of the PLA system but also increases the p- 
term capability in proportion to the number of PLAs that are wired ORed 
(multiplexed) together. For the purpose of illustration let us suppose it is 
necessary to implement the simple ALU represented in Fig. 4-68 by using 
5 x 12 x 4 FPLAs, assuming these devices exist. Since there are six vari- 
ables and only five inputs are available, two FPLAs of this size must be 
used. In the practical sense, one would not implement the ALU in this 
manner but would instead use a single FPLA of larger dimensions. Following 
a two-level multioutput optimization of the output functions F and Cout, we 
obtain the p-term table of Fig. 4-94(a) which has been partitioned to show 
how the two FPLAs should be programmed. An examination of the table 
reveals that there are a total of 24 p-terms (relative to input So), 11 with So 
= 1, 11 with So = 0, and 1 (S,BC;,) which can be expanded as Si BCinSo 
+ SıBCinSo making a total of 24 p-terms. So, to use the two 5 x 12 x 4 
FPLAs, the 12 p-terms for So = 1 are assigned to FPLA, while those for 
So = 0 are assigned to FPLAg. After programming the FPLAs in agreement 
with the p-term table of Fig. 4-94(a), we obtain the configuration shown in 
Fig. 4-94(b), where the INVERTER serves as a 1-to-2 DECODER. 

It should be noted that in the case of the ALU of Fig. 4-68 a two-level, 
multioutput optimization is necessary to achieve the results of Fig. 4-94 when 
5 x 12 x 4 FPLAs are used. Reading the expanded SOP terms from the 
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(b) 
Fig. 4-94. A modular FPLA implementatin of the ALU represented in Fig. 4-68. 
(b) Multiplexed scheme for the p-term table of Figure 4-94(a) by using two 5 X 
12 x 4 FPLAs. 


table of Fig. 4-68, one obtains a total of 26 p-terms, 20 of which correspond 
to the arithmetic operations (M = 0) and the remaining six to the logic 
operations (M = 1). Obviously, without optimizing, two 5 x 12 x 4FPLAs 
cannot be configured in any way to satisfy the p-term requirements of this 
ALU—three would be required. On the other hand, a single 6 x 30 x 4 
FPLA (if available) would suffice for the generation of F and Cout, regardless 
of whether or not optimized cover is used. | 

The parallel configuration shown in Fig. 4-92 is useful when it is necessary 
to increase the output capability of an PLD system. We will illustrate its 
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Fig. 4-95. A scheme to generate 16 functions of 10 variables using 8 X 20 x 4 
FPLAs. The p-term requirements are: 8 functions for which 20 < p = 40, and 8 
functions for which p is 20 or fewer. 


application with an example that requires augmentation of both the input 
and output capabilities. Consider how one would implement 16 functions of 
ten variables by using 8 x 20 x 4 FPLAs under the following p-term con- 
straints: Eight of the functions each require that 20 < p = 40, while the 
remaining 8 require that p = 20. Implementation of these 16 functions re- 
quires six 8 x 20 x 4 FPLAs. One possible arrangement is given. in Fig. 4- 
95. Notice that the tristate ENABLEs for FPLAp» and FPLA; are connected 
together and to a single DECODER output as are those for FPLA, and 
FPLA3, in accordance with the scheme of Fig. 4-92. By wire-ORing the 
outputs together as indicated, we see that the multiplexed configuration is 
complete, thereby permitting 8 of the output functions to each have up to 
40 p-terms. How many partitions of the p-term table would be necessary to 
program this PLA system properly? 

The number of different modular schemes that can be devised continues 
on and on, limited only by the designer’s creativity. It is hoped that the 
treatment provided in this section will assist the reader in developing im- 
aginative but sound modular design practices. One can expect that the mod- 
ular approach to design will become more and more important as PLD se- 
lectivity improves and costs diminish. 


4.12 PROPAGATION TIME DELAY AND HAZARDS 
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Except for an introductory treatment of propagation time delay given in Sect. 
1.3.1, and a few passing remarks made in Sect. 3.12 regarding propagation 
time delay in multilevel logic circuits, little else has been said concerning 
this subject. In fact, in this chapter we have treated combinational logic 
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circuits as though they were composed of ‘‘ideal”’ gates in the sense of having 
no propagation path delays. Now it is necessary that we take one step into 
the real world and consider that each gate has associated with it a propagation 
time delay and that, as a result of this delay, undesirable effects may occur. 

Under certain conditions unwanted ‘‘spikes’’ can occur in the output 
signals of combinational logic circuits. These spikes have become known 
generally as glitches, a term that is traceable to the German glitsche meaning 
a ‘‘slip” (hence, the slang, error or mishap). Glitches are undesirable because 
their presence may initiate unwanted processes in a later stage. In some 
circuits glitches can be avoided through good design practices while in other 
circuits they are unavoidable and must be dealt with accordingly. In this 
section we will consider how some glitches occur, demonstrate how they 
may be avoided, and discuss the more common cases where they cannot be 
avoided. Since the subject of glitches is also of considerable importance to 
sequential machine design, we will return to a discussion of these undesirable 
effects in Chapters 5 and 6. 


STATIC HAZARDs. HAZARDs that are produced as a result of asymmetric 
path delays through INVERTERs (or other gates) are called STATIC HA- 
ZARDs. The term “‘static’’ is used to indicate that the HAZARD appears 
in an otherwise steady-state output signal. In Chapter 6 we will need to 
discuss another important type of HAZARD, called an ESSENTIAL HAZ- 
ARD, that is unique to asynchronous sequential machines. Both types of 
HAZARDs require logic operations and an asymmetric path delay, but they 
differ as to the manner in which they respond to an asymmetric path delay. 
In Chapter 6 we discuss these differences in considerable detail. For our 
purposes in this section we will be concerned only with STATIC-type HA- 
ZARDs. 

Shown in Fig. 4-96(a) is the STATIC HAZARD associated with an AND 
gate. This HAZARD (a positive glitch in this case) is produced by a 0 — 1 


A(H) ip] Y(H) 
T1 


Ai ea Aa m h 
a — jer > $ 
7): eee RI a di AD L_! — aie 
> ho— Ti+ T2 — [E— Tit T2 
XX (+) glitch HAZARD (—) glitch ee 
(a) (b) 


Fig. 4-96. Distributed path delay notation and timing diagrams showing 
HAZARDs associated with ANDing and ORing operations. (a) Positive glitch 
HAZARD produced by a 0 — 1 input transition to an AND gate. (b) Negative 
glitch HAZARD produced by a 1 — 0 input transition to an OR gate. 
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transition of the input, A. Here, the INVERTER produces the asymmetric 
path delay required for HAZARD production. The circuit of Fig. 4-96(a) is 
also presented in distributed path delay notation, meaning that each gate is 
assigned a certain path delay. Notice that the AND operation is incapable 
of producing a HAZARD on a 1 — 0 transition of the input. 

If we replace the AND gate in Fig. 4-96(a) with an OR gate, we obtain 
a negative glitch HAZARD on a 1 — 0 transition of the input, A, as shown 
by the timing diagram in Fig. 4-96(b). The HAZARD associated with an OR 
gate cannot be produced by a 0 — 1 transition of the input. 

The AND gate featured in Fig. 4-96(a) can be replaced in turn by any 
other gate which performs the AND operation (NAND, NOR, or OR in Fig. 
2-25). When this is done the reader can easily verify that, regardless of 
whether the inputs or outputs are ACTIVE HIGH or ACTIVE LOW, the 
STATIC HAZARD can be produced only by a 0 — 1 input transition. Sim- 
ilarly, when the OR gate of Fig. 4-96(b) is replaced in turn by any other gate 
which performs the OR operation (NOR, NAND, or AND in Fig. 2-25), it 
is observed that HAZARD production occurs only on a 1 — 0 input tran- 
sition. This leads to the following important conclusion: 


+e HAZARDs associated with an ANDing operation can be produced only 
on a 0 — 1 input transition. Such HAZARDs may be called STATIC POS 
HAZARDs. 


e HAZARDs associated with an ORing operation can be produced only on 
a 1 — 0 input transition. These HAZARDs can be termed STATIC SOP 
HAZARDs. 


Hence, HAZARD production is associated not with a specific gate but rather 
with the operation that the gate performs. Of course, asymmetric path delays 
must always be present before a HAZARDous transition is possible. 

To illustrate the implications of the conclusions just reached, consider 
the two-level SOP circuit presented in Fig. 4-97(a). The presence of the 
INVERTER provides the asymmetric path delay required for HAZARD 
production. The timing diagram of Fig. 4-97(b) shows the development of 
the HAZARD on a 1 — 0 transition of the input A. This HAZARD is called 
an SOP HAZARD because it derives from the ORing (SUM) of ANDed 
(PRODUCT) terms. Note that the circuit of Fig. 4-97(a) is incapable of POS 
HAZARD production. 

In the K-map of Fig. 4-97(c) is shown the HAZARDous transition from 
STATE 111 to STATE 011, caused by a 1 — 0 transition of input A. Notice 
that the HAZARDous transition (see arrow) develops between adjacent 
states of the two diads representing minimum cover. This suggests that the 
SOP HAZARD can be eliminated by adding the REDUNDANT diad, BC, 
to the output expression. Figure 4-98 demonstrates that this is indeed the 
case. Now, the HAZARD produced in Fig. 4-97 is no longer possible because 
the redundant input (BC) to the OR stage is maintained HIGH during the 
111 — 011 transition. Figure 4-98 also demonstrates that the presence of 
HAZARD cover hardware does not affect the output response to input data 
change other than to remove the HAZARD. 
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(b) 
(o) Fig. 4-97. An SOP HAZARD produced by a I — 0 input A transition. (a) Two- 
level circuit indicating path delays. (b) Timing diagrams showing development of 


the HAZARD. (c) K-map showing the HAZARDous transition from state 111 to 
state O11. 
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Fig. 4-98. Elimination of the HAZARDous transition shown in Figure 4-97. (a) K- 
map showing HAZARD cover (RPI diad BC). (b) Implementation with HAZARD 
cover. (c) Resulting timing diagram showing HAZARDIess output, F(H). 
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The procedure for eliminating STATIC HAZARDs suggested by Fig. 4- 
98 can be generalized as follows: 


When it is ascertained from a minimum (or reduced) K-map cover that 
one or more HAZARDous transitions exist, loop out the largest group- 


ing of adjacent cells that will cover each HAZARD and include all such 
redundant cover in the expression to be implemented. 


An example of the use of this procedure is given in Fig. 4-99. Here, the 
0 — 1 (POS) HAZARDous transition in variable A, indicated by the arrow 
in Fig. 4-99(a), occurs during the state change 010 — 110 and is covered 
(hence eliminated) by the diad (B + C) shown mapped in Fig. 4-99(b). 

Similar results are obtained for the SOP HAZARDs shown in Fig. 4-100. 
The four possible 1 — 0 HAZARDs, indicated by the arrows in Fig. 4-100(a), 
are eliminated by looping out the RPI diads, ABD and ABC, together with 


HAZARD 


(a) (b) 
Fig. 4-99. (a) K-map showing a HAZARDous 0 —> 1 (POS) transition of the 
variable A. (b) K-map showing HAZARD cover produced by the RPI diad 
(B + ©). 


(a) . (b) 
Fig. 4-100. K-maps showing (a) HAZARDous I — 0 (SOP) transitions of 
variables B, C, and D, and (b) their cover for the function X. 
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the RPI quad CD, all shown mapped in Fig. 4-100(b). Thus, the two HA- 
ZARDous 1 — 0 transitions in variable B occur for state changes 0101 — 
0001 and 1101 — 1001 (cell 5 to cell 1 and cell 13 to cell 9) and are both 
eliminated by the HAZARD cover CD. The HAZARDous SOP transition 
in variable C is produced by a 0010 — 0000 state change and is eliminated 
by the cover A BD. Similar reasoning follows for the HAZARDous transition 
in variable D from state 0111 to state 0110 for which the cover ABC eliminates 
the HAZARD. 

Entered variable K-maps can also be used to reveal and eliminate pos- 
sible HAZARDous transitions, but their use for such purposes is not rec- 
ommended. Beyond a first-order compression, identification of the HA- 
ZARDous transitions in K-maps can be tricky at best and often very difficult, 
especially when these transitions involve EV inputs. Consider the K-maps 
in Figs. 4-101 and 4-102 as examples. The function Y in Fig. 4-101(a) has 
two HAZARDous 0 — 1 (POS) transitions, one in variable C, as shown by 
the arrow, and the other in variable OSC which is not easily identified. 
Likewise, the function Z in Fig. 4-102(a) has HAZARDous 1 — 0 (SOP) 
transitions in variables D and E, neither of which is easily identified by the 
K-map method. Determination of the HAZARD cover for the functions Ypos 
and Zsop is equally difficult by using the map method. So clearly, simpler 
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(a) (b) 
Fig. 4-101. K-maps showing (a) HAZARDous 0 — I (POS) transitions of inputs 
OSC and C, and (b) their cover by the single RPI diad (A + B). 


(a) 


cover 


Fig. 4-102. EV K-maps showing (a) minimum cover and (b) HAZARD cover for 
the function Z, and demonstrating that HAZARDous transitions cannot easily be 
identified by using the K-map method. 
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means must be devised for identifying and eliminating HAZARDs in func- 
tions which are represented in compressed K-maps, that is, means other 
than expansion of these functions into conventional maps. We recommend 
the following procedure which is based on the use of the Boolean expressions 
representing minimum or reduced cover obtained from K-maps. 

Referring back to Figs. 4-97, 4-98, and 4-99, we see a pattern emerge 
which may or may not be obvious to the reader. The Boolean expression 
representing any logic circuit having a HAZARDous transition is composed 
of at least two terms one of which contains an uncomplemented variable 
and another with the same variable complemented. For example, Fig. 4- 
97(c) yields a minimum cover given by 


F = (AB) + (AC) 
S] 


Here, the variable A is contained in one term and is complemented in the 
other. We call the variable A a coupled variable, and the terms AB and AC 
are called coupled terms. Thus, a coupled term is one that contains a single 
coupled variable. The SOP HAZARD is produced by a 1 — 0 transition of 
the variable A as indicated by the arrow in the expression for F. The 
A — A transition is read in MINTERM code as 1 — 0. 

The HAZARD cover required to remove a STATIC SOP HAZARD is 
determined by ANDing the residues of the coupled terms, that is, by ANDing 
what remains of the two terms after the coupled variable is removed from 
each. Once obtained, this HAZARD cover must be added to the original 
expression to be implemented so as to remove the HAZARD. To illustrate, 
consider the expression for the function F given. Since the coupled variable 
is A, the residues of the terms AB and AC are B and C, respectively. By 
ANDing the residues and adding the result to the original expression, we 
obtain 


F = (AB)+(AC)+(BC) (4-23) 
HAZARD 
cover 


which is the same result obtained in Fig. 4-98. 

A similar but dual procedure is required to remove a POS HAZARD. 
Now, the HAZARD cover is determined by ORing the residues of the cou- 
pled terms, that is, by ORing what remains of the two (coupled) terms after 
the coupled variable is removed from each. For example, consider the min- 
imum cover from Fig. 4-99(a) given by 


W = (A + BXA + ©) 


Again the coupled variable is A but this time the HAZARDous transition is 
produced by a 0 — 1 change in A as read in MAXTERM code. By ORing 
the residues of the (A + B) and (A + C) terms and by adding the result to 
the original expression, we obtain the results 
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W=(4+ B\(A+C\B+C) 
|->—_-_—_ 


HAZARD 
cover 


as indicated graphically in Fig. 4-99(b). | 
The minimum SOP cover as read from Fig. 4-100(a) together with the 
resulting HAZARD cover give 


ABD 
X = (ACD) + (BD) + (BC) + (ABD)+(ABC)+(CD) 
C 


— CD HAZARD cover 
ABC 


Here, the HAZARDous 1 — 0 transitions for variables B, C, and D are 
indicated by arrows together with the ANDed residues for each. 

This same procedure can be applied to functions represented in EV K- 
maps. All that is necessary is to extract minimum or reduced cover from 
the map, identify the coupled terms (those containing single coupled vari- 
ables) and obtain the HAZARD cover by ANDing the residues for SOP 
functions or by ORing the residues for POS cover. By applying this pro- 
cedure to functions Y and Z of Figs. 4-101 and 4-102, we obtain the results 


A + B + OSC 
Y = (A + C + OSCXB + OSCXB + C): (A + B) 
ees | Nee peel 


A+B+C HAZARD 
cover 


and 
ABCD 
Z = (BCD)+(CDE)+(ADE) +(ABE)+(ABC)+(ABCD)+(ABC) 
ABCE HAZARD eevee 


Notice that HAZARD cover is taken as the most minimum cover permitted 
by the K-map. Thus, for Y both HAZARDous transitions are covered by 
the RPI quad A + B as indicated by the looping of cells 2 and 3 in Fig. 4- 
101(b). For the function Z, ABC is the most minimum HAZARD cover for 
the D — D transition as shown in Fig. 4-102(b). 

STATIC HAZARDs can be eliminated by HAZARD cover only if the 
internal logic of the device can be altered. MSI and LSI devices such as 
DECODERs, MUXs, and ROMs present unique cases where alteration of 
the cover is not possible—all have exhaustive DECODER stages that are 
not user-accessible. This points to yet another advantage in the use of PLAs. 
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By the proper programming of a PLA, we can eliminate all HAZARDs as- 
suming, of course, that the HAZARD cover can be found with a reasonable 
effort. 

It is important for the reader to understand that the presence of a STATIC 
HAZARD in a combinational logic circuit may not pose a problem. This is 
so for two possible reasons. First, a known HAZARD in a combinational 
logic circuit may never produce a glitch simply because that particular tran- 
sition never occurs. This can be the case in sequential circuits where only 
certain state-to-state transitions are allowed. Second, even ifa HAZARDous 
transition does occur, the glitch may not develop sufficiently to cause errors 
in the next stage. We will return to the subject of HAZARDs in Sect. 5.8.3, 
but a detailed treatment of this subject is left to Chapter 6. 


FUNCTION HAZARDs. In the expression for Z just given, it is observed 
that pairs of terms such as BCD and CDE, or ADE and ABE each contain 
two coupled variables. These pairs of terms cannot produce STATIC HA- 
ZARDs of the type we have just described. Also, their ANDed residues are 
always logic 0—as are the ORed residues logic 1 for such pairs of terms in 
POS expressions. But these pairs of terms can produce another type of 
HAZARD called a FUNCTION HAZARD, which is also static in the sense 
that it occurs in an otherwise steady-state output signal. FUNCTION HA- 
ZARDs result when an attempt is made to change two or more coupled 
variables in a pair of terms at the same time. Potential HAZARDs of this 
type are very common. However, they can be easily avoided if care is taken 
not to permit the coupled variables to change too close together in time. 
Section 5.8.2 deals with a type of FUNCTION HAZARD that can be pro- 
duced in sequential machines. 
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For combinational logic design of arithmetic circuits and code conver- 
sion, there appears to be no better single source of information than the 
book of Kostopoulos. Beginning with Chapter 7, the author covers small- 
scale and medium-scale designs of adders, subtractors, multipliers, and di- 
viders. Powers and roots are also considered. Chapter 12 is devoted to the 
binary-coded decimal system while Chapter 14 deals mainly with code con- 
version. 


Kostopoulos, G. K., Digital Engineering, John Wiley, New York, 1975. 


The subjects of adders, subtractors, comparators, multiplexers, decod- 
ers, encoders, wired logic, and propagation delay are adequately covered 
in Chapter 4 of the book by Fletcher. Chapter 8 of Fletcher’s book provides 
a good treatment of array logic devices and their application. 


Fletcher, W. I., An Engineering Approach to Digital Design, Prentice Hall, Engle- 
wood Cliffs, N.J., 1980. 
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A fair treatment of combinational logic design is given in Chapter 3 of 
the book by Comer. The author uses entered variable mapping methods and 
the IEEE standard symbology. 


Comer, D. J., Digital Logic and State Machine Design, 2nd ed., Holt, Rinehart and 
Winston, New York, 1990. 


The design of arithmetic and logic units (ALUs) is covered in texts by 
Mano (Chapter 9) and by Johnson and Karim (Chapter 5). The Mead-Conway 
(M-C) ALU, designed by VLSI implementation, is described by Mead and 
Conway in their book. The M-C ALU provides the basis for the ALU de- 
scribed in Appendix 4.2 of this text. 


Mano, M. M., Computer Engineering Hardware Design, Prentice Hall, Englewood 
Cliffs, N.J., 1988. 


Johnson, E. L., and M. A. Karim, Digital Design, Prindle, Weber and Schmidt, 
Boston, Mass., 1987. 


Mead, C., and L. Conway, Introduction to VLSI Systems, Addison-Wesley, Read- 
ing, Mass., 1980. 


An adequate coverage of combinational shifters seems to be somewhat 
scarce. This subject is covered in the book by Ercegovac and Lang (Chapter 
4) and to a lesser extent in the book by Shiva (Chapter 6). 


Ercegovac, M. D., and T. Lang, Digital Systems and Hardware/Firmware Algo- 
rithms, John Wiley, New York, 1985. 


Shiva, S. G., Introduction to Logic Design, Scott, Forsman, Glenview, Ill., 1985. 


It is worth mentioning that the book by Ercegovac and Lang covers most 
of the subjects associated with combinational logic design. However, this 
book uses a high-level, algorithmic specification notation that may not be 
familiar to the reader. 

The subject of combinational hazards is adequately presented in books 
by McCluskey and Dietmeyer. The book by Unger, which is lemma oriented, 
provides an extensive treatment of this subject. 


McCluskey, E. J., Logic Design Principles with Emphasis on Testable SemiCustom 
Circuits, Prentice Hall, Englewood Cliffs, N.J., 1986. 


Dietmeyer, D. L., Logic Design of Digital Systems, 2nd ed., Allyn & Bacon, Boston, 
1978. 


Unger, S. H., Asynchronous Sequential Switching Circuits, Wiley-Interscience, 
New York, 1969 (reissued by Krieger and Malabar, Florida, 1983). 


References for software tools used in the minimization of Boolean func- 
tions are given in the Annotated References at the end of Chapter 3. 

A number of useful data manuals and handbooks are available for 
semicustom MSI and LSI logic design. These include 


Texas Instruments, The TTL Data Book, in several volumes, Texas Instruments, 
Inc., Dallas, Tex., 1986. 


Annotated References 303 


Texas Instruments, HIGH-Speed CMOS Logic, Texas Instruments, Inc., Dallas, 


Tex., 1988. 


National Semiconductor, CMOS Databook, National Semiconductor Corp., Santa 


Clara, Calif., 1984. 


LSI Logic Corporation, CMOS Macrocell Manual, LSI Logic Corporation, Milpitas, 


Calif., 1985. 


PROBLEMS 


4.1 Define the following terms: 
(a) Combinational logic (f) Radix 
(b) MIXED LOGIC (g) ACTIVE HIGH 
(c) VLSI (h) Chip 
(d) Natural binary (i) Byte 
(e) Most significant bit (j) Positional weight 
(MSB) 
4.2 Convert the following decimal numbers to binary 
by using positional weights (see Sect. 4.2.1): 
(a) 5 (b) 14 (© 39 (d) 107.25 (e) 0.6875 
4.3 Convert the following binary numbers to decimal 
by using positional weights: 


(a) 0110 (d) 110110.11 
(b) 1011 (e) 0.0101 
(c) 11101 


4.4 Expand the binary numbers of Problem 4.3 in 
polynomial form. 

4.5 Use two NAND gates and one OR gate (nothing 
else) to design a circuit that will indicate the incre- 
ment of a 2-bit binary number by 3. Let the inputs 
be ACTIVE LOW and outputs be ACTIVE HIGH. 

4.6 Find the minimum AND/INV logic circuit that will 
indicate the square of a 2-bit binary number, AB. 
Assume that the inputs and outputs are all ACTIVE 
HIGH. 


4.7 Design a gate-minimum circuit that will indicate the 
product of a positive 2-bit binary number by 3. As- 
sume that the inputs arrive ACTIVE LOW and that 
the outputs are ACTIVE HIGH. 

4.8 Use a FULL ADDER (nothing else) to implement 
a circuit that will indicate the binary equivalent of 
(x? + x + 1), where x = AB is a 2-bit binary num- 
ber. Assume that the inputs and outputs are all AC- 
TIVE HIGH. . 

4.9 Design a three-input logic circuit that will cause an 
output F to go ACTIVE under the following con- 
ditions: 


All inputs are logic 1 
An odd number of inputs are logic 1 
None of the inputs are logic 1 
Assume that the inputs are A(H), B(H), and C(A) 
and that the output is issued ACTIVE LOW. Use 
only the following hardware. 
One FULL ADDER 
Two NOR gates 
4.10 Prove that the logic circuit in Fig. P4-1 is that of a 
FULL ADDER. [Hint: Read the circuit, convert the 
results to CANONICAL form, and then compare 
with the truth table of Fig. 4.7(c).] 


A(H) 
B(H) 
Cin(H) 


P4-1. 


4.11 Use the logic circuit in Fig. P4-1 (exactly as it is 
given) to construct a staged CMOS implementation 
of the FULL ADDER. Refer to Examples 2-18 and 
2-19 in Sect. 2.10 if assistance is needed. 


4.12 Add the following binary numbers and give each 
answer in both binary and decimal (see Sect. 4.4): 


(a) 10 (b) 101 (c) 10111 
+ 11 + ii + 01110 
(d) 101101.11 (e) 0.1100 
+ 011010.10 + 1.1101 
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4.13 Perform the binary subtractions below by using 2’s 
complement arithmetic and give the result in 2’s 
complement notation (where appropriate) and dec- 
imal. (See Sect. 4.4.7.) 


(a) 11—01 (b) 1100—0101 (©) 111011 — 11001 
(d) 10000 — 10101 (e) 00100 — 10001 
4.14 Repeat Problem 4.13 in 1’s complement arithmetic. 


4.15 Use OR/XOR logic (nothing else) to design a gate- 
minimum circuit for a 4-bit binary-to-2’s comple- 
ment (or vice versa) converter. Let B3B2B,Bo and 
T:-T-T; To represent the binary and 2’s complement 
WORDs, respectively. (Hint: Construct second- 
order EV K-maps from the truth table and use XOR 
patterns.) 

4.16 Without working too hard, design the binary-to-2’s 
complement converter of Problem 4.15 by using 
four HALF ADDERs and four INVERTERs (noth- 
ing else). 

4.17 Find the product of the following binary numbers 
by using the ‘‘multiply, shift, and add” algorithm 
used in decimal arithmetic. Give each answer in 
both binary and decimal. Check each result with 
decimal arithmetic. [Hint: In multiplying binary 
numbers with a radix point, carry out the multipli- 
cation as though the radix point were absent then 
place it in the appropriate position in the binary 
number by counting bits beginning with the LSB 
(analogous to decimal arithmetic).] 


(a) 11 (b) 0101 (ec) 1111 
x 10 x li x 111 
(d) 0101.11 (e) 1001.101 
x 10 x 100.1 
4.18 Find the quotient for each of the following binary 


numbers by using the “‘divide, subtract, and bor- 
row” algorithm as used in decimal long division. 
Give the results in both binary and decimal. Check 
the results with decimal arithmetic. 

(a) 110 + 10 (b) 1100 + 100 

(c) 111111 + 1001 (d) 10010 + 1000 

(e) 11001.1 + 011.11 

(Note: In part (e) carry out the quotient to the 2~? 
bit and indicate the remainder.) 


4.19 Analyze the following circuits by filling in the logic 
levels (1’s and 0’s) at all stages as in the example 
of Fig. 4-26. Check each result by carrying out the 
indicated arithmetic. Assume that all inputs and 
outputs are ACTIVE HIGH. 

(a) Fig. 4-10: A = 1011, B = 0111, C, = 0 
(b) Fig. 4-12: A = 011, B = 111,C, = 1 


Problems 


4.20 


4.21 


4.22 


4.23 


4.24 


4.25 


(c) Fig. 4-14: A = 110, B = 101, C = 011, D = 
100 

(d) Fig. 4-16(c): A = 01, B = 11, A/S = 1 . 

(e) Fig. 4-21: A = 11, B = 10 

Design a 4-bit comparator by using two 4-bit sub- 

tracters and one NOR gate (nothing else). [Hint: In 

a subtracter, a final borrow of 1 indicates (minuend) 

< (subtrahend), but a final borrow of 0 indicates 

(minuend) = (subtrahend).] 

Design a gate-minimum combinational logic circuit 

that will indicate the binary equivalent of N > 9, N 

<9, or N = 9, where N is a 4-bit binary number. 

Use XOR/EQV logic (nothing else) as needed to de- 

sign the following 8-bit PARITY circuits based on 

logic 1. Assume that all inputs arrive from positive 

logic sources. 


(a) An odd PARITY DETECTOR 
(b) An even PARITY DETECTOR 
(c) An odd PARITY GENERATOR 
(d) As in parts (a), (b), and (c) but based on 
logic 0 
Design a circuit that will detect any odd number of 
errors in a 4-bit data bus from source to receiver. 


Assume that a 1(H) from an error check output in- 
dicates a single error. 


Implement the following system of three functions 
with a single 4-to-16 DECODER. Assume that the 
DECODER outputs are all ACTIVE LOW, that the 
inputs arrive ACTIVE HIGH, and that all external 
gates have input capabilities fixed at 6. 


F,(H) = [ABCD + B(AC + D) 
+ BCD + ACD\(H) 
F(L) = [BCD + (A®B) + ABCD 
+ ABCD|(L) 
FH) = [(A + B + DXA + C + DXC + D) 
(B + C + DXA + BH) 
A function is given by the CANONICAL form 
F(A,B,C) = > mO, 1, 6, 7) 


(a) Implement this function by using only a 3-to-8 
DECODER and one NAND gate (nothing else). 
Assume that the inputs are A(H), B(L), and 
C(H) and that the output is issued ACTIVE 
LOW. The DECODER has ACTIVE LOW out- 
puts. 
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(b) Use two 2-to-4 DECODERs, a NAND gate, and 
one INVERTER to accomplish the same result 
as in part (a). 

(c) List other CANONICAL and minimum forms 
for the function above that can be read from the 
circuits in parts (a) and (b). 

4.26 Stack 3-to-8 line DECODERs to produce the fol- 

lowing: 

(a) A 4-to-16 line DECODER 

(b) A 5-to-32 line DECODER 

Use whatever additional hardware is needed to 
stack the DECODERs. 

4.27 Design with minimum NOR/INV logic a three-input 
PRIORITY ENCODER that will operate according 
to the following schedule: 

Input C—highest priority, encoded as 10 


Input A—middle priority, encoded as 01 


Input B—lowest priority, encoded as 00 


Assign 11 to the INACTIVE state. Assume that the 
inputs arrive ACTIVE HIGH and that the outputs 
are ACTIVE LOW. 


4.28 Shown in Fig. P4-2 is the block diagram and truth 
table for a priority interrupt. A priority interrupt is 
a special PRIORITY ENCODER that is used in mi- 
croprocessors and computers. Its function is to 
issue an interrupt request signal when prioritized 
input signals arrive and are encoded. Design the 
priority interrupt by using NAND/INV logic. 


Encoder 
Addre ss output. S 
inputs 
Interrupt 
request 


(b) 
Fig. P4-2. 


4.29 Design a six-input PRIORITY ENCODER that can 
be bit-sliced and that will operate according to the 
schedule shown in the accompanying collapsed 
truth table. Use only NAND/NOR/AND logic (no 
INVERTERs) to obtain a gate-minimum result. As- 
sume that all inputs and outputs are ACTIVE LOW. 


EIT ls Is Iz In h Io 


GS Y; Y Yı EO 


Á Oe C Oe © 
—_ jami CTD ht CS it CO D 
—_ooqocqoococo }& 


0 
1 
1 
1 
0 
0 
0 
1 


X = irrelevant input. 


4.30 Convert the decimal numbers in Problem 4.2 to 
NBCD by using positional weights. (See Sect. 
4.7.1.) 


4.31 Convert the binary numbers in Problem 4.3 to 
NBCD. (See Sects. 4.2.1 and 4.7.1.) 


4.32 Convert the following NBCD numbers to binary by 
using positional weights. 


(a) 00010011 
(b) 01010111 
(c) 000101000110 
(d) 01001000.00100101 
(e) 0000.100001110101 
4.33 Prove that a self-complementing unit-distance code 
is not possible. 


4.34 Use gate-minimum logic to design the decimal-to- 
NBCD converter shown in Fig. P4-3. 


NBCD 
outputs 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 


Fig. P4-3. 


4.35 Without working too hard, use four FULL AD- 
DERs (nothing else) to design a circuit that will con- 
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4.36 


4.37 


4.38 


4.39 


vert XS3 to NBCD. Assume that all inputs and out- 

puts are ACTIVE HIGH. 

(a) Design a gate-minimum logic circuit that will 
generate 4-bit 9’s complement binary from 
NBCD code. Assume that the inputs and out- 
puts are all ACTIVE HIGH. 

(b) Design the converter of part (a) by using a single 
4-to-16-line DECODER together with the nec- 
essary external hardware. Assume that the in- 
puts are A(H), B(H), C(L), and D(L). 

Design a gate-minimum NBCD-to-10’s complement 

converter. Assume that the inputs and outputs are 

ACTIVE HIGH and that all unused input states are 

indicated by INACTIVE outputs. (Hint: Check for 

XOR patterns in second-order EV K-maps.) 

Design a gate-minimum NBCD to 84-2-1 code con- 

verter. Assume that the inputs and outputs are AC- 

TIVE HIGH and that false data is not rejected. 

(Hint: A minimum gate/input tally of 5/10 (excluding 

INVERTERS) results by using XOR patterns in 

second-order EV K-maps.) 

(a) Design an 8-bit binary-to-NBCD converter 
based on the shift-left/add 3 algorithm given in 
Sect. 4.7.2. To accomplish this, first design from 
a truth table the minimum NAND/INV logic re- 
quired to convert the binary numbers equivalent 
of decimal 0 through 19 to NBCD. Note that the 
shift-left/add 3 algorithm is inherent in the truth 


Binary-to-NBCD 


Fig. P4-4. 


Problems 


table and that the LSB in binary is the same as 
the LSB in NBCD. 


Next, cascade these modules as in Fig. P4-4 so 
as to carry out the shift-left/add 3 algorithm for 
an 8-bit binary WORD. The modules are offset, 
as shown, to satisfy the shift left requirement of 
the modules. All inputs and outputs are assumed 
to be ACTIVE HIGH. 


(b) Use the module logic expressions obtained in 
part (a) to analyze the converter of Fig. P4-4 for 
a binary input equivalent to 159jo. 


4.40 (a) Design an 8-bit NBCD-to-binary converter 


based on the shift-right/subtract 3 algorithm 
given in Sect. 4.7.2. To do this, first design from 
a truth table the minimum NAND/INV logic re- 
quired to convert NBCD to the binary equiva- 
lent of decimal 0 through 19. Note that the shift- 
right/subtract 3 algorithm is inherent in the truth 
table and that the LSB in NBCD 1s the same as 
the LSB in binary. 


Next, cascade four of these modules as shown 
in Fig. P4-5 so as to carry out the shift-right/ 
subtract 3 algorithm for an 8-bit binary WORD. 
Assume that all inputs and outputs are ACTIVE 
HIGH. 


(b) Use the logic expressions obtained for the mod- 
ule in part (a) to analyze the converter of Fig. 
P4-5 for an NBCD input equivalent to 9319. 


80 Tao T0 Lio I, I, I, 
D, D; D, D, 
1 
4 
B, B, B, B, 
128 Yoa Y2 Yis Y3 Y, Y, 
Fig. P4-5. 
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4.41 


4.42 


4.43 


308 


Use the following algorithm for NBCD arithmetic 
to carry out the operations represented here in dec- 
imal: 
Add two NBCD numbers by using binary ad- 
dition. If their sum is 1001 (919) or less, the sum 
is valid and no correction is made. If their sum 
is greater than 9, add 0110 (6,9) to the sum to 
give the correct NBCD result, and send the carry 
to the next most significant digit (MSD) stage. 
Remember that the sum of two NBCD numbers can- 
not exceed 10010 (18:9) and that a carry cannot be 
generated in NBCD subtraction. 


(a) 3 (b) 19 (c) 87 
Ta a + 48 
(d) 59 (e) 247 
— 27 — 151 


Use the following algorithm for XS3 arithmetic to 
carry out the operations represented in Problem 
4.41: 


Add XS3 numbers by using binary addition. If 
there is no 1 carry from the four-bit sum, correct 
that sum by subtracting 0011 Gio). If a 1 carry 
is generated from the 4-bit sum, correct that sum 
by adding 0011. 


Remember that XS3 states less than 3 or greater 
than 12 are not used and that the sum of two XS3 
numbers cannot exceed 241o. Also, note that a carry 
cannot be generated in XS3 subtraction. 


Use two 4-bit binary ADDERs and the necessary 
AND/OR correction logic to design a single-digit 
NBCD ADDER (shown in Fig. P4-6) that can be 
bit-sliced to produce an n-bit NBCD ADDER. Use 
the algorithm stated in Problem 4.41 to accomplish 
this. Remember that the sum of two NBCD numbers 
can never exceed 10010 (1810). (Hint: First find the 
minimum logic for a correction parameter X that will 
indicate when the sum is greater than 9 but less than 
19. Then use one of the two 4-bit ADDERs to add 
0110 to the sum conditionally on X.) 


1-Digit BCD 
ADDER 


S 


Fig. P4-6. 


4.44 


4.45 


4.46 


4.47 


Alter the design of Problem 4.43 so as to create a 
one-digit NBCD ADDER/SUBTRACTOR that can 
be bit-sliced to form an n-digit NBCD ADDER/ 
SUBTRACTOR. (Hint: Add an ENABLE to the 
correction logic of Problem 4.43 and use 2’s com- 
plement arithmetic to perform NBCD subtraction 
operations. Remember that a 1 carry cannot be gen- 
erated in NBCD subtraction.) 


Use two 4-bit binary ADDERs and the necessary 
correction and external logic to design a single-digit 
XS3 ADDER (as in Fig. P4-6) that can be cascaded 
to form an n-digit XS3 ADDER. To do this, use the 
algorithm stated in Problem 4.42. Remember that 
XS3 states less than 3 or greater than 12 are not 
used and that the sum of two XS3 numbers cannot 
exceed decimal 24. (Hint: First, find the minimum 
logic for the correction parameter X that will indi- 
cate when the sum is greater than 12 but less than 
25, the range over which a 1 carry is generated.) 


Alter the design of Problem 4.45 so as to create a 
one-digit XS3 ADDER/SUBTRACTOR that can be 
bit-sliced to form an n-digit XS3 ADDER/SUB- 
TRACTOR. Note that a 1 carry cannot be generated 
in XS3 subtraction. 


(a) Use the results of Problem 4-39 to design a one- 
digit NBCD multiplier that can be bit-sliced. To 
do this, first design a 4 X 4 binary multiplier; 
then use the binary-to-NBCD converter to con- 
vert the result to 2-digit NBCD form. The mul- 
tiplier should be designed according to the 
scheme illustrated in Fig. P4-7. Follow a mul- 
tiplication format similar to that given in Fig. 4- 
18(a) except now with eight product bits instead 
of four. Assume that the inputs and outputs are 
all ACTIVE HIGH. (Hint: The partial products 
can be generated as in Fig. 4-21.) 


(b) Analyze the results of part (a) by using the 
NBCD equivalent of 15 x 15. 


4.48 Use the NBCD multiplier symbol given in Fig. P4- 


7 and the results of Problem 4.43 to construct a 2 
x 2 digit NBCD multiplier. To do this, form a2 x 
2 array of one-digit multipliers and connect them 
properly to a 4-digit NBCD ADDER. Indicate the 
digit orders of magnitude (10°, 101, 107, and 10%) at 
all stages of the multiplier. 


4.49 Analyze the network shown in Fig. P4-8 by obtain- 


ing the output logic expressions for Y3, Y2, Y;, and 
Yo. 


4.50 Implement a 16-to-1 line MUX by using four 4-to- 
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1 line MUXs with ACTIVE LOW ENABLES, a 2- 
to-4 line DECODER, and an OR gate (nothing else). 


Ao Y, 
A 
ae 2 LSD 
2 4 
Binary- 
A3 Partial a Y, 
NBCD product NBCD 
Bo generator CONVERTER Yio 
B Y 
$ 20 S$ MSD 
B3 Y40 
B, Yso 
A 1-Digit LSD 
NBCD 
i MULTIPLIER Men 
Fig. P4-7. 
I) (H) Op (H) 
I, (H) Oc(H) 
I, (H) O4 (H) PRIORITY 
SYSEN(L) SYSOUT (H) 


A(H) B(H) 


Fig. P4-8. 


4.51 Design the priority MULTIPLEXER (PM) in Fig. 
P4-9 so that it will connect, on request, the appro- 
priate line O4, Og, Oc, or Op from any one of four 
devices to a system output line (SYSOUT) subject 
to the following priority schedule: 


Device A—First (highest) priority 
Device B—Second priority 

Device C—Third priority 

Device D—Fourth (lowest) priority 


The priority MULTIPLEXER receives device re- 
quest signals on lines R4, Rg, Rc, and Rp and sends 
back to the devices signals $4, Sg, Sc, or Sp, in- 
dicating that a given device request was accepted. 
The PM must have an ACTIVE LOW system EN- 
ABLE [SYSEN(ZL)]. (Hint: Use a PRIORITY EN- 
CODER, a 4-to-1 line MUX, and a 2-to-4 DE- 
CODER all with ACTIVE LOW ENABLEs.) 


Problems 


MUX 


Rp(H) Sp (L) 
Ro(H) S¢ (L) 
R,(H) Sp (L) 
Ra (H) S, (L) 


Fig. P4-9. 


4.52 Design a Gray-to-NBCD code converter by using 
four 4-to-1 line MUXSs and a gate-minimum external 
logic. The inputs are A(H), B(L), C(A), and D(A), 
and the outputs are all ACTIVE HIGH. 


4.53 Consider the four-variable function Z and the avail- 
able hardware given. 


Available Hardware 


One 2-to-1 line MUX 
One NAND gate 
One AND gate 


Use the available hardware (nothing else) to imple- 
ment the function Z. Assume that the inputs arrive 
as A(L), B(H), C(A), and D(H) and that the output 
is ACTIVE HIGH. (Hint: First find the absolute 
minimum expression for Z.) 


309 


4.54 


4.55 


310 


Carry out the following binary shifts and indicate 
the decimal value before and after the shift. Where 
appropriate indicate the round-off error (see Sect. 
4.9.2). 


(a) 0110 isl 

(b) 101100 2sr 
(c) 00011.011 3sl 
(d) 0110.110 2sr 


spill bit 


(e) —21.4375 = 01010.1001 2sr 
(2’s complement) 


In Fig. P4-10 is shown a network containing several 
combinational logic devices. 


(a) Complete the following truth table: 
B Con S3 S2 Sy So 


p ma CO CO 
—_ OO wet O 


(b) Use the results of part (a) to construct a DE- 
CODER implementation with a single OR gate 
that will accomplish the same task as the net- 
work. Assume that the DECODER has AC- 
TIVE HIGH outputs. 


Binary- 
to-Gray 
1 CONVERTER 1 


4.56 Find the gate-minimum external logic for a 4-bit 


4.57 
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shifter that will cause it to operate according to the 
following table. Show the resulting logic circuit con- 
nected to the shifter. (Hint: Make use of XOR-type 
patterns in second-order K-maps.) 


Shifter Input Action 


Even 1 parity Shift right 1 position 


Odd 1 parity Shift left 2 positions 


1111 (exception) Transfer 


Shown here is the I/O function truth table for a spe- 
cial purpose 1-bit ALU which has four arithmetic 
operations (M = 0) and four logic operations (M = 
1). The arithmetic operations are expressed in 2’s 
complement notation. 


(a) Design this ALU by using two 4-to-1 MUXs, a 
FULL ADDER, and a gate-minimum external 
logic. Assume that all inputs and outputs are 
ACTIVE HIGH. 


(b) Design this ALU by using a gate-minimum logic 
without MUXs. Note that this design includes 
the use of compound XOR type patterns which 
lead to gate/input tallies of 9/18 and 7/16 for F 
and Cout, respectively. 


S, (Œ) 
S, (H) 
S, (H) 
S, (H) 


Cout (H) 
Fig. P4-10. 


Operation 


C(A ® B) + AB 
Cn(A © B) + AB 
Cin(A + B) 

CnB +A 


A plus B 

A minus B* 

A plus (AB) 

A plus (A + B) 
A XOR B 

A EQV B 
AORB 

A AND B 


SS mem D åD CO oO 
æm m OO = me © O 
mi O = O =. O m. © 


* Assumes 2’s complement arithmetic. 


4.58 Analyze the PALU of Fig. A4-2 (Appendix 4.2) and 
complete the following truth table for the conditions 
D = 1011, E = 1001, R = 0110, and Cin = 1. In 
the analysis, follow the example in Fig. 4-26 by plac- 
ing the correct logic levels at each stage. 


4.59 A 2* x 4 ROM is to be used to implement the fol- 
lowing system of three functions: 


F,(A,B,C) = [] MO, 2, 4) 
F,(A,B,C,D) = [| MG — 12) 
F;(A,B,C) = [| MQ, 3, 5, 7) 


(a) Construct the PROGRAM TABLE for this 
ROM if the inputs are A(H), B(A), C(L), and 
D(H) and the outputs are F(A), FL), and 
F3(H). You are not permitted to use INVERT- 
ERs. 


(b) Use the program table in part (a) to construct 
an abridged symbolic representation of the 
ROM (see Fig. 4-82). 


4.60 A 2° x 4 PROM is to be used to implement the 2- 
bit (fast) ADDER in Fig. P4-11 which can be bit- 
sliced. Construct the program table for this ROM. 
Assume that all inputs and outputs are ACTIVE 
HIGH. (See Appendix 2.1 for decimal-to-binary 
conversion.) 


Problems 


Aj 
Ao Sı 
5 

B 2x4 

: PROM — So 
Bo 
Cin Cout 

Fig. P4-11. 


4.61 The following three functions are to be implemented 
by using a4 x 8 x 4 FPLA. 


F, = AB + ABC + BC + AC 
F, = A @ (BC) 
F3 = [| Ma, 3, 6) 


(a) Construct the p-term table for the three func- 
tions. Assume that the inputs arrive as A(H), 
B(A), and C(L) and that the outputs are issued 
as F (H), FAL), and F3(A). 

(b) Use the abridged symbolism in Fig. 4-86 and the 
P-term table in part (a) to represent the pro- 
grammed FPLA circuit. 


4.62 Design an XS3-to-Gray code converter by using a 
4 x 8 x 4 FPLA. Assume that all inputs and out- 
puts are ACTIVE HIGH and that false data are not 
rejected. 


4.63 Design an NBCD-to-XS3 code converter by using 
a4 x 12 x 4 PAL. Assume that all inputs and out- 
puts are ACTIVE HIGH and that all false data are 
encoded as 0000. 


4.64 Use a multiplexed scheme of 2° x 4 ROMs to design 
a circuit that will convert 8-bit one-hot code (see 
Fig. 4-42) to 4-bit binary. Assume that all false data 
are rejected and indicated by binary 1000. In place 
of a ROM program table give the coded CANON- 
ICAL SOP forms for each binary output. Next, 
show how the outputs of the multiplexed ROM 
scheme must be wire-ORed to produce the four bi- 
nary outputs of the converter. 

4.65 Use a 2* x 4 ROM to design the four-bit sine gen- 
erator shown in Fig. P4-12. The input x is the angle 
expressed in radian measure and the output Z is 
sin(nx). Let x be represented by the binary WORD 
X3X2X1Xq With weights 3, 4, 4, 16, respectively, and let 
Z be the binary WORD Z3Z2Z,Zp also with weights 
2, 4 8 ie, respectively (see Sect. 4.7.1 for a dis- 
cussion of weighted binary codes). Note that the 
input angle (radian measure) and the output may be 
given approximate representation. For example, 30° 
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X3 (H) Z 3 (H) 
Angle x |Xz2 (H) Sine 22(H)| | 
(Radians) ‘ x . (H) Generator Z, (H) Sine TX 
Xo (H) Zo (H) 


(b) Repeat part (a) for POS HAZARDS in the abso- 


lute minimum POS representation of the func- 
tion F. 


(c) Use the gate/input tally to compare parts (a) and 


(b). Which result is simpler? 


4.69 (a) Loop out minimum POS cover from the K-map 


Fig. P4-12. 


must be represented as 3/16 (0011) since 1/6 cannot 

be represented accurately with four bits. Or, simi- 

larly, Sin 45° = 0.7071 must be given by 1011 or 

0.6875. Greater accuracy results only by using a 

larger number of bits as, for example, 8 or 12 bits. 

4.66 Design the 4-bit sine generator of Problem 4.65 by 
using the following: 

(a) A 4-to-16 DECODER and the necessary exter- 
nal NAND logic. 

(b) A 4 x 20 x 4 FPLA. 

4.67 A function Y is represented in the K-map of Fig. 

P4-13. 

(a) Loop out minimum SOP and POS cover and 
then use arrows in separate K-maps to indicate 
the HAZARDous SOP and POS transitions that 
are present in the function. 

(b) List the terms for the SOP and POS HAZARD 
cover and show this cover on the K-maps. 


CD 


00 01 11 10 


in Fig. 4-97(c) and identify the coupled variable 
and associated coupled terms for the POS HAZ- 
ARD that exists in this function. In the K-map, 
indicate with an arrow the HAZARDous tran- 
sition and show the HAZARD cover. 


(b) Construct a timing diagram that will illustrate 


the presence and removal of the POS HAZARD 
identified in part (a). To do this, construct the 
logic circuit (say with NOR gates) and assign a 
unit path delay 7, to each gate and INVERTER. 
Assume that all inputs and the output are AC- 
TIVE HIGH. 


4.70 (a) Loop out minimum POS cover from Fig. 4-100 


and analyze the result for POS HAZARDs. Spe- 
cifically, identify each coupled variable and as- 
sociated coupled terms that will cause a POS 
HAZARD, and indicate each HAZARDous 
transition with an arrow in the K-map. Show the 
HAZARD cover for each HAZARDous transi- 
tion in the K-map and in the expression for F. 


(b) Compare the gate/input tally obtained from the 


results of parts (a) with that obtained for the 
SOP results from Fig. 4-100(b). Which form 
(SOP or POS) is the simpler after HAZARD 
cover has been added to each? © 


4.71 Shown in Fig. P4-14 is the logic circuit for the func- 
tion F = ABC + ABD. 

(a) Demonstrate with a timing diagram that 
a FUNCTION HAZARD is formed if 
D(H) = C(H) = 1(H) and if A(H) and B(A) 
are identical pulses of ACTIVE duration much 
larger than any gate path delay. To do this, as- 
sign a unit path delay 1, to each gate and IN- 
VERTER and construct the waveforms for 
ABC(L), ABD(L), and F(A). 

(b) Discuss how this HAZARD can be avoided. 


4.68 The following absolute minimum function has one 
or more STATIC HAZARDs: 


F = ABC + BD + ACD + BCD AQ) 
(a) Map and loop out this minimum function in a B(H) 
fourth-order K-map. Indicate each HAZAR- C(H) F(H) 
Dous transition on the map by using an arrow. 
Show the HAZARD cover on the K-map and in D(L) 


the expression for F. Fig. P4-14. 
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APPENDIX 4.1 


Design of a Bitwise Logic Function 


Generator 


wn 


By using a 4-to-1 MUX, we design a bitwise logic function generator that 
will generate any one of 16 possible functions of data bits, A and B, as shown 
in Fig. A4-1(a). We assume that all inputs to the MUX are from positive 
logic sources. 

The design of this bitwise logic function generator calls for a MUX ap- 
plication only slightly different from that in Fig. 4-53. In this case the roles 
of the data select inputs and data inputs are reversed as indicated in Figs. 
A4-1(b) and (c). Thus, the four inputs Is—lo are now the control address 
inputs, while the two inputs Sı and So become the data inputs. With the data 
inputs maintained A(H) and B(A), any one of the 16 functions given in Fig. 
A4-1(a) can be generated by the appropriate combination of control address 
inputs J3, h2, l, and Io according to the MUX output expression 


Y = LAB + LAB + LAB + LAB (A4-1) 


The control address WORD Bhlo, written in the order of decreasing po- 
sitional weight, is used to indicate which of the 16 functions is generated. 
For example, Y> = AB is generated if J = 00102 = 210, meaning that J, is 
1 while J;, In, and Jp are all 0. Or Ys = AB + AB = A @Bis generated if 
I = 01102 = 619, which means that only J, and J, are 1. Thus, to indicate 
which function is to be generated, one need only specify the decimal equiv- 
alent of the J WORD. Equivalently, any one of the 16 functions can be 
generated by combining the positional weights indicated in Fig. A4-1(d). For 
example, (8 + 1) gives Yọ = A © B, or (4 + 2 + 1) yields Y; =A +B, 
and so on. 7 
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Control 
address 
inputs 


Y(H) 2 


Y(L) 


A(H) B(H) 
Tr 


Data inputs 
Y =I}AB + 1,AB + LAB +IjAB 


(c) (d) 
Fig. A4-1. Design of a bit-wise logic function generator by using a 4-to-1 MUX. 
(a) Truth table showing the 16 logic functions. (b) EV K-map of the truth table. 


(c) MUX implementation and output expression. (d) K-map showing positional 
weighting of control address inputs. 
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APPENDIX 4.2 


Design of a Programmable Arithmetic 


and Logic Unit 


We now design a programmable arithmetic and logic unit (PALU) which can 
be used to perform the following operations on two n-bit WORDs: 


1. 


Arithmetic operations 


a. Add with carry or increment 

b. Subtract with borrow or decrement 
c. Multiply or divide steps 

d. Ones and 2’s complements 


- COMPARATOR operations 


a. Equal 


. Bitwise logic operations 


a. AND, OR, XOR, and EQV 
b. Logic-level conversion 
c. Transmit or complement data bit 


. Shifter operations 


a. Shift or rotate left or right one bit 


It is required that each 1-bit slice of the PALU have a resulting function 


output F and that the PALU be cascaded with respect to the CARRYin and 
CARRYout parameters, Ci, and Cour. Also, it is required that Cou be dis- 
abled for all nonarithmetic operations. 


The 1-bit slice PALU will consist of three 4-to-1 MU Xs, each used the 


same way as the MUX in Fig. A4-1(c), and an AND-OR-INVERT (A-O-]) 
gate, which is a commercially available IC device described shortly. For 
reference purposes we name the three MUXs as follows: 
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Disable carry MUX (D-MUX) 
Extend carry MUX (E-MUX) 
Result MUX (R-MUX) 


Each of these MUXs will have four control address inputs, hence a total of 
12 control address inputs altogether. As we shall see, it is the ability to 
program these 12 control inputs that gives the PALU its power and versa- 
tility. For comparison purposes, the ALU represented in Fig. 4-78 has only 
five control inputs. 

Shown in Fig. A4-2(a) is the circuit diagram for a 1-bit slice PALU con- 
figured to perform any of the operations listed above. Its circuit symbol is 
given in Fig. A4-2(b). Notice that along with the Ci» input the outputs of the 
D-MUX and E-MUX drive the A-O-I gate represented in Fig. A4-2(c), but 
that only the E-MUX output combines with Cin in the R-MUX to produce 
the resultant function, F. The Cou: output of the A-O-I gate, on the other 
hand, is a function of both the D-MUX and E-MUX outputs as well as Cin. 
A single INVERTER is used to CONVERT C;,,(L) to Cin( H) for use in the 
A-O-I gate and R-MUX as explained next. 

To help understand how the PALU is able to perform such a variety of 
tasks, it will be useful to write the Boolean expressions for the outputs from 
the three MUXs and from the A-I-O gate. Referring to Fig. A4-1 and Eq. 
(A4-1), we write the results 


Cin (L) 
\/ 
D} —Do(H) 
4 
A-O-I Oy 
gate FU) 


OO R, — Ro(H) 
Cout (L) 
4 
E, — Eo (H) 
(a) 


Fig. A4-2. Implementation of a l-bit-slice PALU. (a) Circuit diagram. 
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B(H) A(H) 


Cin (H) 
E(H) 
Cout (L) 
D(L) 
1(H) 
F(L) F(H) 
(b) (c) 
Fig. A4-2 (contd.). (b) Block diagram symbol. (c) The A-O-I gate. 
D = D3;AB + DAB + D,AB + DoAB 
E = EAB + EAB + EAB + EAB (A4-2) 
F = R = R3CnE + RoCnE + RiCmE + RoCnE 
and 
Cout = CinE + D (A4-3) 


The form of Eq. (A4-3) is required for the adding and subtracting op- 
erations—compare with Cout in Eqs. (4-2). The D in Eq. (A4-3) can be used 
to DISABLE Cou: for nonarithmetic operations if Cout is issued ACTIVE 
LOW from the A-O-I gate. So, by setting D = 0 for each nonarithmetic 
operation, D = 1 and Cou(L) = 1(L) = 0(A), which can be interpreted as 
a CARRYout DISABLE for that operation. In effect, the output of the D- 
MUX performs the same mode control operation as does M in the ALU 
represented in Fig. 4-68. However, the CARRYout DISABLE of the PALU 
is a false data rejection feature not shared with the ALU of Fig. 4-68. Recall 
that in Fig. 4-68 don’t cares are assigned to Cou: outputs for all nonarithmetic 
operations. 

The use of the 1-bit slice PALU is illustrated by ten examples in Fig. 
A4-3. Here, each MUX control address is encoded in the order of decreasing 
positional weight but represented in decimal equivalent, as was done in 
Appendix 4-1. Thus, D = A + B is represented as D = 0111 = 7, or E = 
AB is represented by E = 0100 = 4, and F = E®C,, by R = 6, and so 
on. 

Some explanation of the results given in Fig. A4-3 seems necessary. For 
operation 2 (A minus B), Cj, is the CARRYin parameter for 2’s complement 
arithmetic. For this operation D = A + B, E =AOB,R = E® Chn, and 
F=AOB®C, = A OB © Cn. Operations 1, 3, and 5 are explained in 
the discussion of Fig. 4-68. Operation 10 shifts the A bit one bit place to the 
left. Rotate left is possible in a cascaded PALU if the Cou for the MSB 
PALU module is connected to the Cin input for the LSB module. 
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Operation* 


1 Aplus B plus Cy A®BOChn Cin(A ® B) + AB 
2 A minus B A@®BOCn C(A © B) + AB 


B plus 1 if — 


A=B (A © B)Cin Ca + A@B 


A minus 1 if 
k Cin = i} as Cin A 


A®B A®B 
A:B A'B 
A+B A+B 
Complement of A | 
Shift A left 


* Subtraction operations assume 2’s complement arithmetic (LSB Ci, = 1) 


Fig. A4-3. Sample functions generated by the l-bit PALU represented in Fig. A4- 
Zz. 


Operation 4 in Fig. A4-3 is the COMPARATOR operation, A = B, which 
appears on the LSB output (F) of a cascaded PALU unit. The results shown 
for this operation derive from the circuit of Fig. 4-30. The CARRYout of 
one stage of the COMPARATOR is the CARRYin for the following stage, 
which yields 

F = (A = B) = (ABC) ©- Cin * (ABCin) 
= (A + B + Cn): Cn: (A + B + Cun) 
= (A © B)Čin 
and 
Cua = AB Cin + Cin + ABCin 
= Cn t APB 
= C,(AOB)+A@B 
CinE + D 


From these results we see that D = E = A © Band F = E - Cin. 

A 1-bit slice PALU, like a 1-bit slice PARALLEL ADDER, is of little 
use until it is cascaded. Shown in Fig. A4-4 is the J™ module for a cascaded 
PALU of arbitrary size. The modules of a cascaded PALU are operated off 
common D, E, and R buses as shown. Notice the similarity between Fig. 
A4-4 and 4-73. 


4 / Combinational Logic Design 


Bya1 Asai B; Ay By_,Ajz-4 
(H) (H) (H) (H) (H) (H) 


-Bus (H) —* 
ni 4 a eee ee eee Se 
Alo Y , | = 


R -Bus (H) 


Fy , 1(H) F; (H) F; _ (BH) 


Fig. A4-4. A cascaded segment showing the J" module of a PALU of arbitrary 
size. 
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CHAPTER 5 


Synchronous 
Sequential 
Machines 


5.1 
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INTRODUCTION 


Up to this point we have considered only combinational logic machines, 
those whose outputs depend solely on the present state of the inputs. AD- 
DERs, DECODERs, MUXs, ROMs, ALUs, and the many other combi- 
national logic machines are remarkable and very necessary machines in their 
own right. But they all suffer the same limitation. They cannot perform 
operations that depend on past as well as present input information. A ROM 
cannot remember the result of a previous set of input instructions, and an 
ADDER cannot count without changing the input data after each addition 
operation. In short, combinational logic devices lack true memory and, so, 
lack the ability to perform sequential operations. Yet their presence in a 
sequential machine may be indispensible. 

We deal with sequential devices all the time. In fact our experience with 
such devices is so commonplace we take them for granted. For example, 
many of us have had the experience of being delayed by a modern four-way 
traffic control light system which is vehicle actuated with pedestrian over- 
rides and the like. Once at the light we must wait for a certain sequence of 
events to take place before we are allowed to proceed. The controller for 
such a traffic light system is a fairly complex digital sequential machine. 

Then there is the familiar elevator system for a multistory building. We 
may push the button to go down only to find that upward-bound stops have 
priority over our command. But once in the elevator and downward bound 
we are likely to find the elevator stopping at floors preceding ours in se- 
quence, again demonstrating a sequential priority. Added to these features 
are the usual safety and emergency overrides, and the fact that the elevator 


motor itself is probably controlled by a stepping motor controller. Obviously, 
modern elevator systems are controlled by rather sophisticated sequential 
machines. 

The list of sequential machines that touch our daily lives is vast. The car 
we drive, the home we live in, or our place of employment all use sequential 
machines of one type or another. Automobiles use digital sequential ma- 
chines to control starting, braking, fuel injection, cruise control, and safety 
features. Most homes have automatic washing machines, microwave ovens, 
audio and video devices of various types, and, of course, computers. Some 
homes have complex security and energy control systems. It is common to 
find audio playback equipment that will permit search, scan, programming, 
queuing, and auto repeat or stop of the recordings. All these remarkable but 
now commonplace gifts of modern technology are made possible by the use 
of digital sequential machines—the subject of this and the remaining chapter 
of this text. 

The machines we have just mentioned are called sequential machines 
because they possess true memory capability and can issue time-dependent 
sequences of logic signals controlled by present and past input information. 
These sequential machines may also be synchronous because the data path 
is controlled by a system CLOCK. In synchronous sequential machines input 
data are introduced into the machine and are processed sequentially ac- 
cording to some algorithm, and outputs are generated—all regulated by a 
system CLOCK. Sequential machines whose data path is CLOCK inde- 
pendent (i.e., self-timed) are called asynchronous sequential machines, the 
subject of Chapter 6. 

This chapter is about synchronous sequential machines—their design, 
analysis, and operation. Moreover, it is in this chapter that we establish a 
firm foundation for the design of synchronous controllers, which are the 
machines that control traffic light systems, elevators, computers, and audio 
playback equipment, to name but a few. At chapter’s end we will introduce 
the reader to system-level design. 


5.2 A SEQUENCE OF LOGIC STATES 


Let us suppose we have built a synchronous sequential machine by some 
means and that this machine is a multiple-input/three-output device repre- 
sented by the block symbol of Fig. 5-1(a). Suppose also we were to fix the 
inputs, activate the machine, and detect (say, with an oscilloscope) the volt- 
age waveforms from its output terminals as shown in Fig. 5-1(a). This se- 
quential machine is synchronous in its operation, since all signals change 
synchronously with respect to one another. 

Now, assuming that the voltage signals represent positive logic sources, 
we construct the logic waveforms as in Fig. 5-1(b). A group of logic wave- 
forms such as these is commonly known as a timing diagram. Notice that 
the logic waveforms of a timing diagram are always represented as having 
zero rise and fall times, whereas the physical voltage waveforms must have 
finite rise and fall times. Finite rise and fall times are a consequence of the 
fact that changes in the physical state of anything cannot occur instanta- 
neously. Logic-level transitions, on the other hand, are nonphysical and so 
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Synchronous 
sequential 


machine 


(a) (b) 


Fig. 5-1. A repetitive sequence of logic events from a synchronous sequential 
machine. (a) Block diagram and output voltage waveforms. (b) Timing diagram 
representing the positive logic interpretation of the voltage waveforms. 


occur abruptly at the ACTIVE and INACTIVE transition points of the phys- 
ical waveform as indicated by the vertical dotted lines in Fig. 5-1. 

From the timing diagram of Fig. 5-1(b) we can determine the sequence 
of states through which this machine must transit. By reading the logic levels 
of the timing diagram in the direction of increasing time, we observe the 
state sequence 


ABC 


0 1 
01 
10 
10 
time 1 1 
El 
0 0 
00 
0 1 


<a PRESENT STATE at some point in time 


O m. O0 m O m.e O m 0 


which is a binary count assumed to be repetitive as long as the sequential 
machine is operating properly. 
A logic state is defined as follows: 
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The unique set of logic values that characterize the logic status of a 


machine at some point in time is called a logic state. 


Any variable whose_logic values contribute to the logic status of a machine 
‘is called a state variable. The sequential machine illustrated in Fig. 5-1 has 
~ three staté-variables whose logic values define the eight unique states of the 
sequence. We have chosen the STATE 101 in the sequence (see arrow) as 
the PRESENT STATE of this machine at some point in time. Knowing that 
101 is the PRESENT STATE, then we also know that 100 was the PRE- 
VIOUS STATE and that 110 must be the NEXT STATE. Thus, each state 
in the sequence of Fig. 5-1(c) isa PRESENT STATE, at one time or another, 
with its own associated PREVIOUS and NEXT states. In contrast, any of 
the combinational logic machines discussed in Chapter 4 have but one state 
corresponding to a unique set of inputs—there are no associated PREVIOUS 
and NEXT states for a combinational (nonsequential) logic machine. 

A sequential machine, such as the one represented in Fig. 5-1, has a finite 
number of states into which it can reside during its operation. Such sequential 
machines are commonly known as finite state machines (FSMs). An FSM 
of N state variables can have no more than 2% states and no less than two. 
That is, 


2 < number of states = 2% 


Usually, the number of state variables to be used is determined by the num- 
ber of states required by the FSM. For example, two states require one state 
variable, three or four states require two state variables, five to eight states 
require three state variables, and so on. More state variables can be used 
than are needed to satisfy the 2% state requirement, but this is done only 
rarely to overcome certain design limitations. 

The simple synchronous FSM illustrated in Fig. 5-1 turns out to be a 
binary counter. It is one of a countless number of FSMs that could be de- 
signed given no restriction on the number of state variables the machine can 
have. In this chapter we will design and analyze sufficient numbers and 
complexities of FSMs so as to demonstrate the methodology to be used. 


5.3 MODELS FOR SEQUENTIAL MACHINES 


The use of models in designing sequential machines is important because 
they permit the design process to be organized and standardized. The use 
of models also provides a means of communicating design information from 
one person to another. References can be made to specific parts of a design 
by using standard model nomenclature. Without having specifically stated 
so, we used two forms of a single model to design combinational logic in 
Chapter 4. These forms, commonly known as sum-of-products (SOP) and 
product-of-sums (POS), are used universally by logic designers to com- 
municate design information. 
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The Basic Model 


In this section we will heuristically develop the most general model be- 
ginning with the most elemental forms. We will show that all other models 
are degenerate forms of the general model. 


In Sect. 5.2 we described an FSM (a binary counter in this case) that issues 
a sequence of eight unique states before repeating the sequence. Each state 
in that sequence becomes the PRESENT STATE at some time and has 
associated with ita NEXT STATE which is predictable given the PRESENT 
STATE. Now, the question is: What logic elements are required to do what 
this machine does? To answer this question, let us examine the thinking 
processes we use to carry out sequences of events each day. Whether the 
sequence is the daily routine of going to work or just giving our telephone 
number to someone, we must be able to remember our present position in 
the sequence and know what the next step must be. It is no different for a 
sequential machine. There must be a MEMORY section, as in Fig. 5-2(a), 


T NEXT STATE function 


PRESENT 
> STATE 
outputs 


NEXT STATE] NS 
MEMORY >> Outputs 


PS 
feedback 


(a) (b) 
T NEXT STATE function 


Inputs 
PRESENT 
NEXT STATE ° STATE 


forming : outputs 
logic 


PS feedback 
loops 


(c) 


Fig. 5-2. Development of the basic model for a sequential machine. (a) The 
MEMORY section only. (b) The MEMORY and NEXT STATE forming logic 
sections showing feedback of the PRESENT STATE information. (c) The basic 
model. 
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5.3.2 The General Model 


which gives the PRESENT STATE. And there must be a NEXT STATE 
logic section, as in Fig. 5-2(b), which determines the NEXT STATE given 
the PRESENT STATE information from the MEMORY section. Then, to 
be able to vary the sequential behavior of the FSM, we need external inputs. 
Putting all this together leads to the basic model for a sequential machine 
given in Fig. 5-2(c). 


The basic model of Fig. 5-2(c) represents a minimum configuration if the 
FSM is to issue a sequence of logic states which depends on the settings of 
the external inputs as well as the PRESENT STATE (feedback) information. 
The sequence may be as simple as a single logic variable that changes be- 
tween logic 0 and logic 1, or it may be as complex as several juxtaposed 
logic variables that change through a sequence of logic states in accordance 
with some algorithm. In any case, an FSM that conforms to the basic model 
is limited to PRESENT STATE outputs only. If outputs other than the 
PRESENT STATE outputs are to be issued, output forming logic must be 
added. Shown in Fig. 5-3 is the basic model with an output-forming logic 
section. This model, commonly known as the Moore model, is characterized 
by a PRESENT STATE (PS), NEXT STATE (NS), INPUT STATE (IP), 
and OUTPUT STATE (OP), which have the functional relationships 


PS = f(NS) 
NS = gUP, PS) (5-1) 
OP = h(PS) 


Any FSM that conforms to the functional requirements of Eqs. (5-1) is called 
a Moore machine. The name Moore is attached in honor of E. F. Moore, a 
pioneer in sequential circuit design. 

The OUTPUT STATE of an FSM may depend on the INPUT STATE 
as well as the PRESENT STATE. The model shown in Fig. 5-4 permits this. 
It is the most general model and is called the Mealy model after G. H. Mealy, 
another pioneer in the field of sequential machines. Here, the PRESENT 
STATE, NEXT STATE, and INPUT and OUTPUT states are functionally 
related by 


PS = f(NS) 
NS = gUP, PS) (5-2) 
OP = AUP, PS) 


NEXT STATE| NS 


Inputs MEMORY 


Fig. 5-3. Moore’s model for a sequential machine. 
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Inputs NEXT STATE] VS 


MEMORY 


Fig. 5-4. Mealy’s model for a sequential machine. 


Any machine that conforms to these functional relationships, and hence to 
the model of Fig. 5-4, is called a Mealy machine. Thus, the output logic for 
a Mealy machine depends on the external inputs, whereas for the Moore 
machine it does not—the only difference between the two types of sequential 
machines. Hereafter, reference made to a Mealy machine or a Moore ma- 
chine will imply this difference. 


5.4 THE STATE DIAGRAM 


5.4.1 
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The basic model of Fig. 5-2(c) and the Moore and Mealy models given in 
Figs. 5-3 and 5-4 permit external inputs to influence the sequential behavior 
of an FSM. A simple example would be to add an external input to the binary 
counter represented in Fig. 5-1 so that it could count down as well as up. 
A more complex example is the use of several inputs to cause an FSM to 
enter one of several possible sequences (or routines) each with subroutines 
and outputs, all controlled by external inputs whose values change at various 
times during the operation of the FSM. Obviously, some means must be 
found by which both simple and complex sequential FSM behavior can be 
represented in a precise and meaningful way. The fullv documented state 
diagram discussed in this section provides this means. 


Features of the State Diagram 


The important features of a state diagram are illustrated in Fig. 5-5. Included 
are the PRESENT STATE ©, the PREVIOUS STATE (d), the NEXT 
STATES) and(g), and the various input branching conditions. Branching 
from STATE © to STATE (f) can occur only under input conditions XY, 
whereas branching from STATE © to STATE(®) is conditional on input Y 
independent of X. The branching condition XY is the input requirement for 
the FSM to hold (branch to itself) in STATE@—it is its own NEXT STATE. 
Branching from STATE @ to STATE © is unconditional since it does not 
depend on a specific input requirement. 

The identifying state symbols d, e, f, and g are useful in discussing the 
various states, but they are not essential. The state code assignment (e.g., 
... 010... for PRESENT STATE ©) is more important. Each state of a 
fully documented state diagram must be given a state code assignment before 
the design process can continue. The logic variables that represent the state 
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PREVIOUS STATE 


PRESENT STATE 


Identifying state symbol 


State code assignment 


Branching 


paths ONT Tl if xX 


NEXT STATEs Conditional 


output 
Fig. 5-5. Features of the state diagram. 


code bits are called the state variables for the FSM. The names commonly 
given to state variables are A, B, C, . . . meaning Q4, Oz, Qc,... We will 
learn that a wise choice of state code assignments can mean the difference 
between a good design and a poor design, or between one that will succeed 
and one that will fail. 

Output notation is also straightforward. There are two kinds of outputs 
that can be represented in a state diagram. Referring to Fig. 5-5, the output 


LOAD +] 


is an unconditional output issued any time the FSM is in STATE ©. The 
up/down arrows (¢ | ) signify that LOAD becomes ACTIVE (up arrow, 1) 
when the FSM enters STATE (©) and becomes INACTIVE (down arrow, 
)) when the FSM leaves STATE (©. The second type of output, indicated 
by 


CNT? | if X 


is an output that is generated any time the FSM is in STATE ® but only if 
X is ACTIVE—hence, CNT is a conditional or Mealy output. 

There are two important requirements that any fully documented state 
diagram must meet. The first is that all possible branching conditions from 
a given state must be accounted for. This “‘accountability’’ requirement is 
met if the sum rule 


S (outgoing branching conditions) = 1 (5-3) 


is satisfied. Equation (5-3) requires that all possible outgoing branching con- 
ditions from each state OR (Boolean SUM) to logic 1. This rule must be 
satisfied when it is the intent that no particular branching condition restric- 
tions be imposed on the FSM design. 

While satisfying the SUM (> = 1) rule is a necessary condition for state 
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branching accountability in a fully documented state diagram, it is not suf- 
ficient to ensure that the branching conditions are nonoverlapping, that is, 
mutually exclusive or unique. This is the second requirement of any fully 
documented state diagram, which can be stated as follows: 


Each possible branching condition from a given state must be asso- 


ciated with no more than one branching path. 


If the mutually exclusive requirement is not obeyed for a given state, then 
branching from that state could be ambiguous. 

Testing for branching accountability and mutual exclusivity at STATE 
(@) in Fig. 5-5, indicates that Eq. (5-3) is satisfied since 


XY+XY+Y=1 


and that each branching condition is mutually exclusive of the others. Thus, 
the second requirement is met in STATE ©) since there is no possible set 
of input conditions that could force the FSM to transit along two different 
paths. We will return to the subjects of branching condition requirements 
in Sect. 6.3 where they will be considered on a more formal basis. 


5.4.2 Flowcharts Versus the State Diagram 
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[|__| 


Action block 


[> 


Decision symbol 


Fig. 5-6. Flow chart 
symbols. 


The state diagram is the single most important means of describing the se- 
quential behavior of an FSM. Its use is essential to the design of most se- 
quential machines. However, for the design of complex FSMs, it may be 
difficult to directly construct the state diagram from a verbal description of 
the FSM’s operations. In such cases a ‘‘thinking aid” can be useful in con- 
ceptualizing and developing the detailed sequential behavior of an FSM. The 
flowchart is the thinking-aid tool we recommend for this purpose. Once the 
flowchart is constructed, it is a simple matter to transform it to the state 
diagram, the essential design tool. 

Shown in Fig. 5-6 are the two symbols used in flowcharting an algorithm. 
A third symbol, the terminal symbol used to denote an initial or start-up 
condition, will not be used in this text. The action block is used to indicate 
one or more outputs or to indicate a delay of one time unit (no output). The 
decision symbol is used to indicate a binary answer such as yes or no, or 
true or false, to a question asked. Thus, with use of the latter two symbols, 
a complex algorithm can be broken down into decisions and actions which 
can then be converted into a state diagram. 

Figure 5-7 demonstrates that a state begins with an action block and ends 
with the next action block, including any intervening decision paths. The 
decision symbol in Fig. 5-7(a) asks if X is ACTIVE. If the answer is yes 
(meaning X), then the process proceeds and the FSM transits from STATE 
@ to STATE ©. If the answer is no (meaning X), then the process does not 
proceed forward and the decision on X must be made again after an additional 
unit of time has elapsed. In effect, the decision “‘no’’ requires the FSM to 
transit out of and immediately back into STATE @). This information is 
vividly depicted by the state diagram segment in Fig. 5-7(b). Remember that 
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b 
Output CLR 


(a) 


Fig. 5-7. Sequence of steps 
showing that a state begins 
with an action block and ends 
with the next action block. (a) 
(a) (b) Flow chart. (b) State diagram. 


all decision symbols immediately following an action block are associated 
with that block. 

The branching conditions from a given state are determined by tracing 
the decision paths from the reference action block to all other next nearest 
action blocks. This is demonstrated in Fig. 5-8. Decision symbols in Fig. 5- 
8(a) first ask if X is ACTIVE then if Y is ACTIVE. The resulting decisions 
determine the branching conditions for the state diagram shown in Fig. 5- 
8(b). Because each decision symbol provides both yes and no paths, the 
sum rule and mutually exclusive branching requirements are automatically 
satisfied, a fact easily verified from the state diagram. 

Unconditional and conditional outputs are unambiguously stated in the 
action block where the algorithm requires that they be issued. Examples of 
both types of outputs are given in Fig. 5-8. Action block b contains the 


DONE Tl 
REC lif Y 


(b) | 
Fig. 5-8. (a) Flow chart segment showing decision paths and conditional and 
unconditional outputs. (b) State diagram for the flow chart of (a). 


ra 
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unconditional output CLR (for CLEAR) while action block c contains un- 
conditional output DONE and output REC (for RECYCLE) conditional on 
input Y. All such outputs are transferred directly to the state diagram, as 
can be seen from Fig. 5-8(b). 

Again we emphasize that the flowchart is to be regarded only as a thinking 
aid. Most of the FSMs designed in this chapter are simple enough that flow 
charting is unnecessary. Still, a reader who finds that flowcharts are helpful 
in constructing fully documented state diagrams should use them. 


5.5 THE BASIC MEMORY CELL 
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The concept of MEMORY was introduced in Sect. 5.3. There we showed 
that no sequential machine could operate without MEMORY. But what con- 
stitutes the MEMORY of an FSM? To answer this question, we will first 
need to know what kind of device remembers a logic 1 or a logic 0 indefinitely 
or until directed to change to the other value. This section is devoted to 
examining this specific issue. 


A Heuristic Development of the BASIC CELL 


Imagine there exists a loop of wire for which a time At is required for an 
electrical signal to traverse the loop. Let this wire loop be modeled by Fig. 
5-9(a), where the traverse time (representing the real wire) is isolated as a 
lumped path delay element, and the connecting wire is treated as being ideal. 
Now suppose there is introduced by some means a positive voltage pulse 
of duration equal to or greater than the path delay At of the loop. Defining 
the state parameters 


QO, = PRESENT STATE 
O,+1 = NEXT STATE 


and assuming a positive logic interpretation of the pulse, it follows that the 
NEXT STATE and PRESENT STATE are equal to logic 1 (0;41 = Q; = 
1) for as long as the signal exists. Of course, in this simple wire loop it could 
not be otherwise. 

But the wire loop of Fig. 5-9(a) is a lossy system, meaning that power 
is dissipated and is not restored. So the voltage level of Q, will in time fall 
to zero. To prevent this from happening, two INVERTERs can be added 


Lumped path delay 


/ MEMORY elements N 


connecting wires 


(a) (b) 
Fig. 5-9. A wire loop used as a primitive form of MEMORY. (a) Wire loop with a 


lumped path delay, At. (b) Wire loop with a lumped path delay, and two 
INVERTERSs used to restore the signal. 
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(a) 


Fig. 5-10. SETting the MEMORY. (a) Circuit of Figure 5-9(b) with INVERTER 2 
replaced by a NAND gate. (b) The Operation table derived from (a). 


to restore the signal as shown in Fig. 5-9(b). Now, 0,41 = Q; = 1 logically 
for as long as the INVERTERs are operating. Remember that INVERTERs 
are restoring switches since they are capable of amplification. 

We have just demonstrated by Fig. 5-9 that a wire loop can function as 
a primitive form of MEMORY. The problem is that the loop has no input, 
and thus no user access, and so there is no means by which a logic signal 
can be introduced, or altered once introduced. This is remedied in Fig. 5- 
10(a) by replacing INVERTER 2 of Fig. 5-9(b) with an OR operation. Here, 
we choose a NAND gate for this purpose. As a result, the MEMORY can 
now be SET and maintained by setting S(L) = 1(L). Reading for the NEXT 
STATE we find 


Q1 =S +Q: 


Then, if we introduce the logic values for S one at a time into this expression, 
we obtain the operation table for this circuit given in Fig. 5-10(b). 

The logic circuit of Fig. 5-10(a) is not yet suitable as a memory element. 
It cannot be RESET, meaning that the output cannot be brought to logic 0 
once the circuit has been SET. This deficiency can be corrected by replacing 
the remaining INVERTER, shown in Fig. 5-10(a), with an AND operation 
performed by another NAND gate. The result is the NAND-centered (all 
NAND) BASIC CELL presented in Fig. 5-11(a), which is seen to conform 
to the basic model of Fig. 5-2. A 1(L) = OCA) introduced at the R(L) input 
simultaneously with a 0(L) at the S(L) input RESETs the BASIC CELL, 
and a 1(L) on the S(L) input SETs it. Further examination of this deceptively 
simple little machine is necessary. 

Reading the BASIC CELL of Fig. 5-11(a) gives us the SOP results 


Oni =S + RO, (5-4) 


for the NEXT STATE parameter in terms of the PRESENT STATE pa- 
rameter, Q,;. Then by introducing all possible logic value combinations for 
S and R into Eq. (5-4), we generate the operation table for the BASIC CELL 
given in Fig. 5-11(b). Notice that this BASIC CELL can be SET for either 
the (S, R) = (1, 0) or (1, 1) input combination. It is for this reason we state 
the following: 
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(c) 
Fig. 5-11. The NAND-centered BASIC CELL. (a) Logic circuit showing 
combined SET and RESET capability. (b) Operation table derived from 
Eq. (5-4). (c) State diagram derived from the operation table in (b). (d) State 
transition table derived from the state diagram in (c). 


Note also that the term HOLD for the (S, R) = (0, 0) input condition means 
‘“‘no change’’; that is, Q;41 = Q;. — 

The state diagram for the BASIC CELL is given in Fig. 5-11(c). It is 
obtained directly from the operation table of Fig. 5-11(b) by looking for the 
S, R branching conditions required for SET, RESET, and HOLD. For ex- 
ample, the SET operation (0 — 1) is permitted for inputs SR + SR = S, 
while for RESET (1 — 0) SR is required. A (0 — 0) transition, on the other 
hand, occurs for SR + SR = S, since it is both a HOLD operation and a 
RESET; hence, HOLD RESET. Similarly, a 1 — 1 transition is permitted 
by SR + SR + SR = S + R, since it is both a HOLD operation and a 
SET; hence, HOLD SET. Notice that once the SET and RESET branching 
conditions are known (S and SR, respectively), the appropriate HOLD con- 
ditions follow immediately from the $, = 1 rule given by Eq. (5-3). 

- There is another table in Fig. 5-11(d), called the state transition table, 
that is extremely important for design purposes. It is most easily obtained 
from the state diagram by reading the branching conditions for the 0 — 0, 
0 — 1, 1 — 0, and 1 — 1 transitions in Q. Thus, the 0 — 0 transition is 
caused by S (.e., S = 0, R = 9), the 0 — 1 transition is produced by S 
(i.e., S = 1, R = 6), the 1 — 1 transition results from S$ + R (meaning S 
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NEXT STATE 
logic 


Fig. 5-12. Timing diagram 
illustrating the operation of the 


aml = LoT Ls S-dominant BASIC CELL. 


= 1,R=oorS = ẹ, R = 0), and the 1 — 0 transition is forced by SR (S 
= 0, R = 1). The don’t care ($) represents an unspecified input condition. 

The operation and state transition tables in Fig. 5-11 provide the same 
CELL operation information. The difference in their appearance lies in the 
fact that the operation table is input oriented (inputs explicitly given) while 
the state transition table is output oriented (outputs explicitly given). The 
latter table will prove to be the more useful in design work. 

The operation of the SET-dominant BASIC CELL is best summarized 
by the MIXED LOGIC timing diagram shown in Fig. 5-12. This diagram is 
most easily constructed from the operation table by noting the branching 
conditions for SET, RESET, and HOLD. The path delays through the 
NAND gates are not included. | 

The NAND-centered BASIC CELL in Fig. 5-11 is not the only BASIC 
CELL form that can be heuristically derived from the wire loop circuit of 
Fig. 5-9(b). By replacing the INVERTERs with conjugate NOR gates one 
at a time to SET and RESET the MEMORY, there results the NOR-centered 
BASIC CELL in Fig. 5-13(a). From this circuit we read 


Or+1 a R ° (S + O;) (5-5) 


for the NEXT STATE parameter in terms of the PRESENT STATE pa- 
rameter. Now, by introducing all possible S, R input combinations into Eq. 
(5-5), we obtain the operation table shown in Fig. 5-13(b). Then, by using 
this table, we construct the state diagram given in Fig. 5-13(c), which, in 
turn, is used to produce the state transition table presented in Fig. 5-13(d). 


MEMORY 


Q,(H) 
Q, HOLD 
0 RESET 
1 SET 
Q,,1=R(S+Q,) Eq. (5-5) Eon 


(a) 


(b) 
Fig. 5-13. The NOR-centered BASIC CELL. (a) Logic circuit with lumped path 
delay element. (b) Operation table derived from Eq. (5-5). 
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S+R 


SR. 
R 


C , att 
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(c) (d) 
Fig. 5-13 (contd.). (c) State diagram derived from the operation table in (b). 
(d) State transition table derived from the state diagram in (c). 


An inspection of the operation table, the state diagram, or the state tran- 
sition table in Fig. 5-13 indicates that this BASIC CELL is RESET by one 
of two possible sets of input branching conditions, SR + SR = R, whereas 
a single branching condition, SR, SETs it. For this reason we make the 
following statement: 


The NOR-centered BASIC CELL of Fig. 5-13(a) is RESET-dominant. 


The reader should compare the results given in Fig. 5-13 with those for the 
SET-dominant BASIC CELL in Fig. 5-11. 

The timing diagram for the RESET-dominant BASIC CELL is shown in 
Fig. 5-14. For comparison purposes it is constructed by using the same 
waveforms for S(H) and R(H) as were used for S(L) and R(L) in Fig. 5-12. 


| Notice that the output responses for the two types of BASIC CELLs are 


identical except for the S$, R = 1, 1 input condition where their SET- or 
RESET-dominant character becomes evident. 

When used for design purposes, the state transition tables for the SET- 
and RESET-dominant BASIC CELLs require that a specific BASIC CELL 
(NAND or NOR centered) be used. However, these tables are neither easy 
to remember nor convenient to use. To overcome this apparent difficulty 
we can combine them into one by using common S, R branching conditions 
for each Q, —> Q;+, transition. For example, (S, R) = (0, 6) is common for 
the 0 — 0 transition; (S, R) = (1, 0) is common for the 0 — 1 transition; 


Sie Ll 
R(H) ee ee E Fig. 5-14. Timing diagram 


illustrating the operation of the 
RESET-dominant BASIC 


om I LE Loe ez. 
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5.5.2 Mixed-Rail Outputs 


(c) 


Fig. 5-15. State transition tables for the BASIC CELL. (a) SET-dominant format. 
(b) RESET-dominant format. (c) Generic (combined) format in which the (S, R) 
= (1, 1) condition is not represented. 


and so on. The result is the generic (combined) form of the state transition 
table given in Fig. 5-15. This table applies to either the NAND and NOR 
centered BASIC CELL. 

It is important that the reader notice that the (S, R) = (1, 1) condition 
is not represented in the generic form of the state transition table given in 
Fig. 5-15(c). Therefore, when this table is used for design purposes, the FSM 
resulting from this design will be incapable of logically producing the (S, R) 
= (1, 1) condition. In most cases the simplicity and versatility of the generic 
form of the state transition table make it the form of choice for design pur- 
poses. We will use only the generic form in this text. 


There is another property of the two types of BASIC CELL we have yet 
to discuss. The outputs of two NAND (or NOR) gates are logically identical 
under certain conditions. This is demonstrated in Fig. 5-16 by using the 
NAND BASIC CELL. Here, we have neglected the lumped path delay 
element, At, and have oriented the two NAND gates so as to emphasize the 
‘“‘cross-coupling’’ appearance of this BASIC CELL. Reading the two outputs 
from the NAND gates, we obtain (S + RO,)(H) and R -(S + RO,)(L), as 
indicated in Fig. 5-16(a). Then by introducing all possible combinations of 
the S, R input conditions into these output expressions, we produce the 
operation table in Fig. 5-16(b). An inspection of this table reveals that the 
two outputs are logically identical except for the (S, R) = (1, 1) input con- 
dition where they differ. This leads to the following important conclusion: 


The BASIC CELL exhibits mixed-rail outputs under the condition that 
(S, R) = (1, 1) never occurs. 
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S + RQ, (H) 


R(S + RO,)(L) AMBIGUOUS 


(b) 
Fig. 5-16. (a) The NAND-centered BASIC CELL with mixed-rail outputs. (b) 
Operation table for the NAND-centered BASIC CELL showing the requirements 
for mixed-rail outputs. 


Mixed-rail outputs are defined as any two outputs from a logic device that 
are identical logically but of opposite ACTIVATION levels when no account 
is taken of path delay. 

The mixed-rail output response to input change for a NAND-centered 
BASIC CELL is shown in Fig. 5-17(a). This demonstrates that the output 
response is not instantaneous as the table in Fig. 5-16(b) might lead one to 
believe. Rather, following a gate path delay of tı, the OR operation responds 
to a SET condition and then the AND operation responds, with a gate path 
delay t2 separating the two responses. Conversely, following a gate path 
delay t2, the AND operation responds first to the RESET condition then 
the OR operation with a gate path delay 7; separating them. Notice that the 
mixed-rail output response for the NOR BASIC CELL in Fig. 5-17(b) is the 
dual of that for the NAND BASIC CELL in Fig. 5-17(a). The timing char- 
acteristics for the BASIC CELL will become important in later discussions 
of two-phase CLOCKing (Sect. 5.6.2) and of HAZARD production in syn- 
chronous FSMs (Sect. 5.8.3). 
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(a) 
Fig. 5-17. The mixed-rail output response of a BASIC CELL to an input change. 
(a) NAND-centered BASIC CELL. 
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Fig. 5-17 (contd.). (b) NOR-centered BASIC CELL. 


To summarize, we may represent the NAND and NOR (i.e., SET- and 
RESET-dominant) BASIC CELLs in MIXED LOGIC form as in Fig. 5-18 
but with the understanding that the (S, R) = (1, 1) input condition never 
be permitted. If (S, R) = (1, 1) happens to occur, the NAND-centered 
BASIC CELL will SET with Q(H) = 1(A) and O(L) = 0(L) showing loss 
of the mixed-rail output property. Similarly, if (S$, R) = (1, 1) occurs, the 
NOR-centered BASIC CELL will RESET giving Q(A) = 0(A) with Q(L) 
= 1(L), again showing loss of the mixed-rail output property. The circuit 
symbols, also shown in Fig. 5-18, will be used frequently to represent the 
BASIC CELLs. 

One final but important point is noteworthy. Since the generic form of 
the state transition table of Fig. 5-15(c) does not contain the (S, R) = (1, 
1) input condition, its use in FSM design ensures the mixed-rail output char- 
acter for the design regardless of which type of BASIC CELL is used. In 


S(L) = Q(H) ri — Q(H) 

Q(L 

RAJ Q(L) S(H) (L) 
(b) 


(a) 
Fig. 5-18. (a) The NAND and (b) the NOR BASIC CELLs and their circuit 


symbols showing mixed-rail outputs that are valid only if the condition (S, R) = 
(1, 1) never occurs. 
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the following section on FLIP-FLOP design, use of the generic form of the 
state transition table for the BASIC CELL will prove to have a distinct 
advantage since the resulting FLIP-FLOPs will inherit the mixed-rail output 
property. 


5.6 DESIGN AND ANALYSIS OF FLIP-FLOPS 


5.6.1 
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The BASIC CELL, to which we devoted the last section, is not by itself an 
adequate MEMORY element for a synchronous sequential machine. It lacks 
versatility, and, more important, its operation cannot be synchronized with 
other parts of a logic circuit or system. It is an asynchronous FSM without 
a timing control input. In this section we will use the BASIC CELL as the 
building block for the design of more versatile, CLOCK-regulated, MEM- 
ORY elements called FLIP-FLOPs—devices that can perform properly as 
the MEMORY elements for synchronous FSMs. 
Before continuing it should be helpful to define FLIP-FLOP: 


A FLIP-FLOP is a one-bit MEMORY element that exhibits sequential 


behavior regulated exclusively by a CLOCK input. 


A FLIP-FLOP samples input data by means of a CLOCK signal, stores the 
immediate results, and then outputs a signal at some later time determined 
by the CLOCK-triggering mechanism. CLOCK-triggering mechanisms con- 
stitute one important means by which FLIP-FLOPs (FFs) are classified. 


CLOCK-Triggering Mechanisms 


The CLOCK (CK), as the name implies, is usually thought of as a regular, 
rectangular logic waveform having some specific duty cycle as in Fig. 5- 
19(a). However, regularity need not be a requirement. The CLOCK pulses 
may be quite irregular as in Fig. 5-19(b). A regular CLOCK waveform has 
a period Tcg = 1/fcx associated with it, whereas an irregular CLOCK wave- 
form does not. But whatever the case may be, it is the CLOCK that regulates 
the state-to-state transitions in a synchronous FSM through the action of 
FLIP-FLOPs—the MEMORY elements. 

It is the function of CLOCK to sample the NEXT STATE signals of a 
synchronous FSM and effect a state transition based on those input con- 
ditions. The term triggering is used to describe this action. Because CLOCK 


Rising edge ~ Tox >: 


(a) CK ; __| L L_J LJ L] L ae 


a Falling edge 


(b) cK; TE IT] fl 


Fig. 5-19. CLOCK logic waveforms. (a) Regular. ( b) Irregular. 
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(d) 
Fig. 5-20. FLIP-FLOP triggering circuit symbology. (a) Rising edge-triggering. 
(b) Falling edge-triggering. (c) Positive pulse-triggering. (d) Negative pulse- 
triggering. 


is an input that acts somewhat like an ENABLE, the FLIP-FLOP is triggered 
on either the rising edge or falling edge of the CLOCK waveform. FLIP- 
FLOPs whose triggering mechanisms ‘‘lock out” any logic noise that is 
generated in the NEXT STATE function shortly after initiation of the state 
change are called edge-triggered FLIP-FLOPs (ET-FFs). Thus, in such 
FLIP-FLOPs CLOCK performs two important operations: it samples the 
NEXT STATE function(s) thereby initiating a state change, and it locks out 
any logic noise that may be produced in the NEXT STATE forming logic 
of the FSM during the initiation of that state change. The triggering edge 
indicator symbols used for FLIP-FLOPs are shown in Figs. 5-20(a) and (b), 
where the plain arrow symbol is used for rising edge-triggered FLIP-FLOPs 
(RET FFs) and the arrow with the ACTIVE LOW indicator bubble is used 
for falling edge-triggered FLIP-FLOPs (FET FFs). 

Not all FLIP-FLOPs are edge triggered in the sense just described. There 
are FLIP-FLOPs that trigger on the rising or falling edge of the CLOCK 
waveform but that lack the triggering mechanism required to lock out the 
NEXT STATE function(s) following initiation of the state change. These 
FLIP-FLOPs, for one reason or another, require that the NEXT STATE 
function(s) be sampled by a very narrow CLOCK pulse to ensure proper 
operation. We call FLIP-FLOPs of this type pulse-triggered (PT) FLIP- 
FLOPs for want of a better name. Shown in Figs. 5-20(c) and (d) are the 
circuit symbols used for positive pulse-triggered (PPT) FLIP-FLOPs and 
negative pulse-triggered (NPT) FLIP-FLOPs, respectively. Here we notice 
the absence of the arrow symbol used to indicate edge triggering. 

Another class of FLIP-FLOPs requires the use of both the rising edge 
and the successive falling edge of the CLOCK waveform to execute a state 
change. The name given to this class of memory element is master/slave 
(MS) FLIP-FLOP, a name that implies a two-step triggering mechanism. 

In this section we will design pulse-triggered FLIP-FLOPs first, then 
move on to master/slave FLIP-FLOPs, and conclude with the design of the 
more complex edge-triggered FLIP-FLOPs. 
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(a) (b) 
Fig. 5-21. The NOR-centered BASIC CELL used to produce a two phase 
nonoverlapping CLOCK ACTIVE HIGH. (a) Logic circuit. (b) Timing diagram. 


5.6.2 Two-Phase CLOCKing 


In VLSI (very-large-scale integrated circuit) technology there is a need to 
operate synchronous FSMs with what is called a two-phase (2®) nonover- 
lapping CLOCK. The 2®@ CLOCK can be obtained in a number of ways. 
One method uses a logic device already familiar to us—the BASIC CELL. 
Shown in Fig. 5-21(a) is a NOR-centered BASIC CELL configured with an 
INVERTER and additional path delays At in the cross-coupled leads. The 
purpose of the INVERTER is to preserve the mixed-rail output feature by 
preventing the (S, R) = (1, 1) condition from ever occurring. The additional 
At path delays Gf needed) increase the margin of safety for the nonoverlap- 
ping waveforms. 

The resulting 2 CLOCK waveforms from the circuit of Fig. 5-21(a) are 
given in Fig. 5-21(b). This is called a two-phase nonoverlapping CLOCK 
ACTIVE HIGH, or 26 CK(H), where we have taken Q(H) as ®,(H) and 
OQ(L) as ®2(H). Here, nonoverlapping means that the two waveforms, ®, 
and ®,, will never be ACTIVE at the same time. The interval, t2 + At, is 
a measure of the extent to which the two CLOCK phases are nonoverlapping. 
Obviously, both waveforms cannot be at 50% duty cycle at the same time 
or they would cease to be nonoverlapping. Notice that by taking Q(L) = 
®,(L) and O(H) = ©®,(L), a 2 CK(L) is produced for nonoverlapping 
INACTIVE regions. 

The additional path delays, At, shown in Fig. 5-21(a) may be necessary 
to prevent overlap of the waveforms. In a VLSI system such delays can be 
produced by normal inertial effects in leads, but these effects are usually 
unpredictable. If more control is needed over the At values, use can be made 
of a series of INVERTERs or a suitable delay circuit consisting of an RC 
(resistor/capacitor) component coupled with a noninverting driver (buffer). 


5.6.3 Pulse-Triggered FLIP-FLOPs 
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In this section we will illustrate the design process by designing the so-called 
pulse-triggered FLIP-FLOPs. To do this, use will be made of the BASIC 
CELL that we heuristically developed in Sect. 5.5.1. The character of the 
PT FFs and the reasons why they are classified as pulse-triggered FLIP- 
FLOPs will be made clear in the treatment that follows. 


5 / Synchronous Sequential Machines 


Fig. 5-22. The basic model used 
to design pulse-triggered FLIP- 
FLOPS. 


The model to be used in the design of the PT FFs is shown in Fig. 5-22. 
It is seen to be the basic model of Fig. 5-2(c) but with a BASIC CELL as 
the MEMORY. Thus, it is a degenerate form of the general model given in 
Fig. 5-4. 7 


The D FLIP-FLOP. The D FLIP-FLOP is characterized by the operation 
table in Fig. 5-23(a), which indicates that it can either SET or RESET. This 
table applies to any D-FF regardless of its triggering mechanism. The op- 
eration table may be regarded as the defining instrument for the FLIP-FLOP 
exclusive of any triggering information. 

The operation of the PT D-FF is explicitly given by its state diagram 
presented in Fig. 5-23(b). This state diagram is constructed from the oper- 
ation table by first assuming (in this case) a two-state FSM that can change 
state only when CLOCK goes ACTIVE. Next, the SET and RESET branch- 
ing conditions are determined from the operation table by reading SET (0 
— 1) as D with CLOCK or DCK, and by reading RESET (1 —> 0) as D with 
CK or DCK. The HOLD branching conditions, D + CK for 0 > 0 and D 
+ CK for 1 > 1, follow from the >) = 1 rule [Eq. (5-3)] since DCK + 


DCK = 1 and DCK + DCK = 1, respectively. Thus, by knowing one 


Seti. Dar 


(b) (c) 
Fig. 5-23. Characterization of the D FLIP-FLOP. (a) Operation table. (b) State 
diagram for the pulse-triggered D-FF, derived from the operation table, showing 


the transparent property for CK = 1. (c) State transition table derived from the 
state diagram. 
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outward branching condition, we can find the second one by taking the 
complement of the first. Remember that Q is the state variable with logic 
values 0 (INACTIVE) and 1 (ACTIVE). Therefore, SET means Q goes or 
remains ACTIVE (0 — 1 or 1 — 1) and RESET means Q goes or remains 
INACTIVE (1 — 0 or 0— 0). 

The state diagram of Fig. 5-23(b) identifies an RET D-FF (FET if we 
complement CK and CK over the diagram). But on the state diagram we 
have drawn attention to the fact that when CLOCK is ACTIVE (CK = 1), 
QO tracks D, that is, the FLIP-FLOP is transparent. Thus, when CLOCK is 
ACTIVE, logic noise can be transferred from input to output. To prevent 
this from happening, narrow CLOCK pulses must be used to minimize 
CLOCK’s ACTIVE duration. Accordingly, this FLIP-FLOP is called a pos- 
itive pulse-triggered D-FF even though a state transition is initiated on the 
rising edge of the CLOCK waveform. The PT D-FF is also called a TRANS- 
PARENT D LATCH or GATED D LATCH. 

The state transition table for the D-FF is given in Fig. 5-23(c). It is derived 
directly from the state diagram by reading the HOLD, SET, and RESET 
branching requirements exclusive of CLOCK. For example, the 0 — 0 
HOLD RESET branching condition is D or logic 0, the 0 —> 1 SET condition 
is D hence logic 1, and so on. Like the operation table of Fig. 5-23(a), this 
state transition table is used to characterize any D-FF regardless of its trig- 
gering mechanism. Extensive use will later be made of it in the design of 
FSMs whose MEMORY elements are D-FFs. 

Although the operation table, state diagram, and state transition table 
offer much of the same information regarding the operation of the FLIP- 
FLOP, only the state diagram provides the details of its sequential behavior. 
We already know that the state diagram for the PT D-FF predicts the trans- 
parent mode when CLOCK is HIGH, yet this information is not available 
from an inspection of either the operation table or the state transition table. 
Also, the state diagram defines the PT D-FF as a two-state FSM, information 
not obtainable from the tables. In short, the operation and state transition 
tables place no restriction on the CLOCKing mechanism or the number of 
states to be used in the design of the FLIP-FLOP—it is the function of the 
state diagram to do this. 

Now that we have characterized the PT D-FF, let us continue with the 
design process. We have already identified the MEMORY element for this 
FSM as the BASIC CELL, which is characterized by the state transition 
table in Fig. 5-24(a). By using this table and the state diagram for the PPT 
D-FF, we plot the NEXT STATE logic K-maps for SET and RESET, as 
shown in Fig. 5-24(b). The procedure is simply to AND the 1, 0, or ¢ ap- 
pearing in the S or R column of the S/R state transition table with the ap- 
propriate branching condition for SET (0 > 1), RESET (1 — 0), or HOLD 
(0 — 0 or 1 — 1) obtained from the D-FF state diagram. By ANDing with 
the input requirements of Fig. 5-24(a), we identify the MEMORY element 
as the BASIC CELL. For example, the 0 —> 0. HOLD RESET transition 
requiresaD + CK branching condition. Therefore, a 0 - (D + CK) is placed 
in cell 0 of the SET K-map while a  - (D + CK) is placed in cell 0 of the 
RESET K-map. The 0 — 1 SET transition requires a DCK branching con- 
dition, so a 1 - (DCK) must be ORed into cell 0 of the SET K-map while a 
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(c) (d) 
Fig. 5-24. Design of the pulse-triggered D-FF. (a) State transition table for the 
MEMORY (BASIC CELL). (b) NEXT STATE logic K-maps and minimum cover. 
(c) Logic circuit based on the NAND BASIC CELL. (d) Circuit symbol. 


0 - (DCK) must be ORed into cell 0 of the RESET K-map. Similarly, a 1 
— 1 HOLD SET transition requires that a b - (D + CK) be placed into cell 
1 of the SET K-map while a 0 - (D + CK) must go into cell 1 of the RESET 
K-map. This process continues until all the outgoing branching conditions 
have been accounted for in the K-maps. The final step in the plotting of the 
K-maps is, of course, to reduce the entries to their simplest form as indicated 
in Fig. 5-24(b). Remember: The coordinates of a K-map cell represent the 
PRESENT STATE while the entry in that cell represents the NEXT STATE 
instruction for a given state variable bit. 

Once the mapping procedure is understood the reader may wish to use 
a “‘shortcut’’ approach. Observe that for every essential K-map entry [i.e., 
any 1 - ( ) entry] in a given cell of Fig. 5-24(b), there exists a -term entry 
in the same cell of the other K-map that is the complement of the essential 
entry. Thus, a DCK in cell 0 of SET K-map calls for a 6 - (DCK) = o- 
(D + CK) entry in cell 0 of the RESET K-map, and so on. By using this 
shortcut method, one can save time in the SET/RESET mapping process. 
However, the reader is cautioned not to lose sight of the reasons behind it. 
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Having plotted the K-maps, we now have an easy task to complete the 
design of the PPT D-FF. The minimum cover is found as shown in Fig. 5- 
24(b), which yields the logic circuit of Fig. 5-24(c) and its circuit symbol 
given in Fig. 5-24(d). Here, we have assumed that both the D and CK inputs 
arrive ACTIVE HIGH and that a NAND BASIC CELL is to serve as the 
MEMORY element. Had we wanted to implement this FF with a NOR- 
centered BASIC CELL, we would use the circuit symbol of Fig. 5-17(b) 
with two AND gates. This is equivalent to complementing on the ‘“‘inside’’ 
of the logic circuit in Fig. 5-24(c) so as to remove the ACTIVE LOW indicator 
bubbles. 

The operation of the PPT D-FF is best illustrated by the timing diagram 
in Fig. 5-25, where both the FLIP-FLOP and transparent modes are rep- 
resented. Notice that when CLOCK is HIGH, Q follows D, meaning all logic 
transitions appearing on the D input line will be transferred to the output 
during the ACTIVE period of the CLOCK waveform. For the sake of sim- 
plicity, all propagation delays have been neglected. 

The CK pulses required for the PPT D-FF can be produced by any one 
of several suitable pulse-narrowing circuits. One simple but effective circuit 
is shown in Figs. 4-96(a), a circuit which generates a POS HAZARD. The 
single INVERTER should be replaced by three INVERTERs so as to pro- 
duce pulses of reliable width but still narrow enough to minimize the AC- 
TIVE duration of the CLOCK signal. Of course, if it could be guaranteed 
that no unauthorized data transitions would occur in the D input signal during 
the time the CLOCK waveform is ACTIVE, then there would be no need 
for pulse-narrowing circuits. 


The T FLIP-FLOP. The design of the ‘‘toggle’’ or T FLIP-FLOP follows in 
a manner similar to that of the D-FF. We begin by characterizing this FLIP- 
FLOP as in Fig. 5-26. The operation table in Fig. 5-26(a) indicates that a T- 
FF can either HOLD or TOGGLE. TOGGLE means that the FF alternates 
between SET and RESET on each successive triggering edge of the CLOCK 
waveform. 

The state diagram for the PT T-FF is presented in Fig. 5-26(b). It is 
derived from the operation table by assuming a two-state FSM whose state 
transitions are initiated on the rising edge of the CLOCK pulse. The branch- 
ing conditions for the 0 — 1 and 1 — 0 transitions are determined by reading 


ce ILL LLL ELLIE 


FLIP-FLOP mode Transparent 
mode 


Fig. 5-25. Timing diagram for the pulse-triggered D-FF showing FLIP-FLOP and 
transparent modes. 
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Fig. 5-26. Characterization of the T FLIP-FLOP. (a) Operation table (b) State 
diagram for the pulse-triggered T-FF, derived from the operation table, showing 
an oscillation for the (T, CK) = (1, 1) condition. (c) State transition table derived 
from the state diagram. 


TOGGLE as TCK for SET and TCK for RESET. The HOLD condition for 
each state follows either from the SUM rule or from the operation table. 

The state transition table, given in Fig. 5-26(c), is easily derived from 
either the operation table or from the state diagram. The state transition 
table, like the operation table, provides the same information about the op- 
eration of any T-FF independent of the triggering mechanism. Only the state 
diagram explicitly characterizes the PT T-FF triggering mechanisms. 

Notice that the state diagram of Fig. 5-26(b) clearly predicts that this 
FLIP-FLOP will break into oscillation for the T = CK = 1 condition. That 
is, When CK samples T HIGH on the rising edge, the 0 — 1 transition takes 
place, but if J and CK remain HIGH, a 1 — 0 transition is required. This 
creates an endless cycle (oscillation) for as long as T and CK are both AC- 
TIVE. When one of the inputs goes INACTIVE, the FF will stabilize into 
one of the two states. To prevent the oscillation (if that is possible), this T- 
FF must be operated with positive CLOCK pulses of very short duration; 
hence the reason for calling it a PPT T-FF. 

The design of the PPT T-FF continues by mapping the state diagram. As 
in the design of the PT D-FF, the SET and RESET K-map cell entries are 
determined by ANDing each branching condition in the state diagram with 
the appropriate S or R input requirement of the BASIC CELL given in the 
state transition table of Fig. 5-27(a). Thus, for the 0 — 1 SET transition a 1 
- (TCK) is placed in cell 0 of the SET K-map, but for the 1— 1 HOLD SET 
condition, a @ : (T + CK) must be placed in cell 1 of the SET K-map, and 
so on. In short, the mapping process involves matching a transition branching 
condition in the state diagram with the input requirement of the MEMORY 
element for that transition, and then placing the ANDed result in the ap- 
propriate cell of the K-map. Once this is understood, the reader is encour- 
aged to simplify the mapping process by recognizing that each don’t care 
entry in a cell is the complement of the essential entry in the same cell of 
the other K-map. 
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Fig. 5-27. Design of the pulse-triggered T-FF. (a) State transition table for the 
MEMORY (BASIC CELL). (b) NEXT STATE logic K-maps and minimum cover. 
(c) Logic circuit based on the NOR BASIC CELL. (d) Circuit symbol. 


The design of the PPT T-FF is completed by extracting minimum cover 
from the K-maps and then implementing the results as shown in Figs. 5- 
27(b) and (c). In this case we have chosen to use a NOR-centered BASIC 
CELL to illustrate flexibility of the design process. Recall that use of the 
generic form of the state transition table for the BASIC CELL permits this 
since the (S, R) = (1, 1) condition does not occur in the table. Whatever 
form of the BASIC CELL is used, the circuit symbol for the PPT T-FF 
remains the same as that in Fig. 5-27(d). 

The timing diagram in Fig. 5-28 summarizes the operation of the PPT T- 
FF. Shown are the TOGGLE mode and the oscillatory behavior predicted 
from the state diagram. To prevent oscillation while in the TOGGLE mode, 
the ACTIVE durations of the CLOCK waveform must not exceed the worst 
case path delay for the FF, which is that for the AND gate and BASIC 
CELL combined. Use of a pulse-narrowing circuit (for CLOCK) of the type 
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Fig. 5-28. Timing diagram for the PT T-FF showing the TOGGLE mode and 
oscillatory behavior under the T = CK = 1 condition. 


Q(H) 


described in the previous example is obviously necessary if proper operation 
of the PT T-FF is to be made possible. 


The JK FLIP-FLOP. The operation table that characterizes any JK FLIP- 
FLOP is given in Fig. 5-29(a). This table indicates that the JK-FF possesses 
HOLD, RESET, SET, and TOGGLE operations. A comparison of this table 
with those in Figs. 5-23(a) and 5-26(a) suggests that the JK-FF can perform 
the combined operations of the D and T FLIP-FLOPs, and this is true. In 
fact the JK-FF is sometimes called the universal FLIP-FLOP since only 
minor external logic is needed to convert it to either a D-FF or a T-FF. This 
subject will be explored further in Sect. 5.6.6. 

The state diagram for the PPT JK-FF is shown in Fig. 5-29(b). Its con- 
struction is derived from the operation table by assuming a two-state machine 
and by assuming that CLOCK samples (triggers) on the rising edge of its 
waveform. The branching conditions are determined by reading the oper- 


(b) (c) 
Fig. 5-29. Characterization of the JK-FF. (a) Operation table. (b) State diagram 
for the PT JK-FF derived from the operation table showing oscillation under the 
J = K = CK = 1 condition. (c) State transition table derived from the state 
diagram. 
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ation table for SET, RESET, and HOLD. For example, the 0 — 1 transition 
is produced by both the SET and TOGGLE operations, meaning that JK 
+ JK = J with CK, or JCK, is the required branching condition for this 
transition. Similarly, the 0 —> 0 HOLD RESET transition requires JK + 
JK + CK = J + CK as the branching condition, a result that could have 
been deduced from the >) = 1 rule knowing the 0 — 1 branching condition. 
The remaining two branching conditions for 1 — 0 and 1 — 1 transitions are 
determined in a like manner. | 

The state transition table given in Fig. 5-29(c) also characterizes any JK- 
FF since no triggering mechanism is specified. It is easily derived from the 
state diagram by noting the input branching requirements for the transitions 
exclusive of CLOCK. Thus, the 0 — 0 transition requires J (K is irrelevant), 
so a logic 0 is placed in the J column and a don’t care is placed in the K 
column. Or the 1 — 0 transition occurs under input condition K, which places 
a logic 1 in the K column and a 6 in the J column (J is irrelevant). Remem- 
bering this and the other state transition tables and knowing how to use them 
in sequential FSM design will be important to the reader in the sections to 
come. 

The state diagram of Fig. 5-29(b) contains other useful information not 
available in either the operation table or the state transition table. Under 
the condition J = K = CK = 1, it is predicted that this JK-FF will break 
into an oscillation and will continue to oscillate until one of the inputs goes 
INACTIVE, the final state being unpredictable. As in the case of the PPT 
T-FF, the oscillatory behavior of the PPT JK-FF can be prevented only by 
using very narrow CLOCK pulses from a pulse-narrowing circuit of the type 
described previously for the PPT T-FF or by requiring that inputs J and K 
never be ACTIVE at the same time. This is the reason for classifying this 
FF as pulse triggered. Figure 6-55(b) shows one possible application of NPT 
JK-FFs in PULSE mode circuits. 

The procedure for completing the design of the PPT JK-FF follows from 
the two previous design examples. The K-maps for SET and RESET are 
plotted by ANDing each outgoing branching condition with the associated 
S, R input requirements taken from the state transition table in Fig. 5-27(a). 
The results are presented in Fig. 5-30(a). Once plotted, minimum cover is 
extracted from the K-maps and then used to implement the NEXT STATE 
logic for the BASIC CELL (NAND in this case) as shown in Figs. 5-30(a) 
and (b). Notice the presence of the Q-output feedback loops which account 
for the TOGGLE character and oscillatory behavior of this FLIP-FLOP 
similar to that of the previous T-FF. 

A fully detailed circuit is used to implement the PPT JK-FF in Fig. 5- 
30(b) so as to demonstrate the use of the asynchronous overrides, PRESET 
(PR) and CLEAR (CL), which are commonly found on FLIP-FLOPs of all 
types. Because a NAND-centered design is used, the overrides are presented 
ACTIVE LOW. For normal operation of'the FLIP-FLOP both PR(L) and 
CL(L) must be INACTIVE [0(L) = 1(H)]. Then, if PR(L) goes ACTIVE 
[1(L)] with CL(L) INACTIVE [0(L)], the FLIP-FLOP is SET. That is, the 
1(L) to NAND gate 3 forces its output to 1(H); the 1(L) = O(H) presented 
to NAND gate 2 introduces a 0(L) = 1(H) to NAND gate 4 which causes 
its output, O(L), to be 1(L), thereby completing the SET condition of the 
FLIP-FLOP. Similarly, if CL(L) becomes ACTIVE [1(Z) = 0(H)] while 
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(a) (b) (c) 
Fig. 5-30. Design of a PT JK-FF. (a) NEXT STATE logic K-maps for SET and 
RESET. (b) Logic circuit with PRESET and CLEAR overrides. (c) Circuit symbol. 


PR(L) is INACTIVE, the FLIP-FLOP is RESET. Simultaneous ACTI- 
VATION of both overrides SETs Q(H) and RESETs Q(L)—a loss of the 
mixed-rail feature, as expected. The circuit symbol representing the PPT 
JK-FF with ACTIVE LOW asynchronous overrides is shown in Fig. 5-30(c). 

If we had used a NOR-centered BASIC CELL instead of NAND based, 
NOR gates would be needed for the NEXT STATE forming logic. In this 
case the PR and CL asynchronous overrides would be ACTIVE HIGH and 
would be held INACTIVE [0(4)] for normal operation of the FLIP-FLOP. 
The SET and RESET of this FLIP-FLOP takes place if PR(H) and CL(A) 
are ACTIVATED separately. Without INVERTERs the inputs to this FLIP- 
FLOP would have to arrive ACTIVE LOW. 

The operation of the PPT JK-FF is illustrated by the timing diagram in 
Fig. 5-31. Here, it is observed that ACTIVE J only causes a SET with 
CLOCK, ACTIVE K only causes a RESET with CLOCK, and when both 
J and K are ACTIVE the FLIP-FLOP TOGGLES with each pulse of 
CLOCK. Then when J, K, and CLOCK are all ACTIVE, the FLIP-FLOP 
breaks into oscillation as predicted from the state diagram. The asynchro- 
nous overrides, PR and CL, interrupt the ‘‘normal’’ operation as shown. 


5.6.4 Master/Slave FLIP-FLOPS 


It should seem obvious to the reader that the pulse-triggered FLIP-FLOPs 
have some severe limitations and problems relative to their use as MEMORY 
devices. For example, the PT D-FF becomes transparent when CLOCK is 
ACTIVE, allowing input data (logic noise and all) to be transferred to the 
output of the FLIP-FLOP. Worse yet, the PT JK-FF breaks into oscillation 
when J, K, and CLOCK are all ACTIVE. In this section we will consider 
a better alternative to the pulse-triggered FLIP-FLOPs. 
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Fig. 5-31. Timing diagram for the PT JK-FF showing the main features. 


The Master/Slave D FLIP-FLOP. One solution to the PT-FF problem is the 
use of a master/slave FLIP-FLOP configuration which involves the coupling 
of two PT FFs. Shown in Fig. 5-32(a) is the logic circuit for an MS D-FF, 
and in Fig. 5-32(b) its circuit symbol. It is seen to be composed of two PT 
D-FFs coupled together with an INVERTER such that the master D-FF is 
triggered on the rising edge of the CLOCK pulse while the slave D-FF is 
triggered on the falling edge of the same CLOCK pulse. So at no time is the 


Master Slave 


(a) (b) 


(c) 
Fig. 5-32. The master/slave D-FF. (a) Logic circuit composed of coupled 
PT D-FFs. (b) Circuit symbol. (c) Electronic realization. 
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entire device transparent to the input D. Data are CLOCKed to the input 
of the slave D-FF on the ACTIVE transition of CLOCK but are not 
CLOCKed to the output of the FLIP-FLOP until the INACTIVE transition 
of CLOCK arrives, a two-stage process. However, during the ACTIVE pe- 
riod of CLOCK (CK = 1), the master D-FF is transparent to D. So, the 
only requirement is that the D input be stable at its proper logic level just 
before, during and just after the INACTIVE transition of the CLOCK wave- 
form to ensure proper operation of the FLIP-FLOP. From this information 
we conclude that the MS D-FF is only a partial solution to the PT-FF prob- 
lem. The transparency mode found in the PT D-FF has been eliminated but 
now there exists a half-CK-cycle delay in the output response to an input 
change, a feature that was not present in the PT D-FF. 

Figure 5-33 summarizes the operation of the MS D-FF. Here, the half- 
cycle delay in output response to an input change is clearly observed. Notice 
that while the master ‘“‘cell’’ is transparent to D for ACTIVE CLOCK, the 
slave ‘‘cell’’ is not. This, of course, is a consequence of the fact that the 
master and slave sections are never CLOCKed at the same time. 

In Sect. 5.6.3 we took special care to emphasize the fact that the operation 
table and state transition table characterize a FLIP-FLOP independent of 
any triggering mechanism. Not surprisingly, then, the tables of Figs. 5-23(a) 
and (c) also characterize the MS D-FF. It is important for the reader to 
remember this fact, as the state transition table will become an important 
instrument for design. 

Because of the simplicity of their physical configuration, MS D-FFs have 
become very important in VLSI design. Shown in Fig. 5-32(c) is one elec- 
tronic realization of an MS D-FF. As can be seen, it is composed of just 
two NMOS pass transistor switches and two INVERTERs alternatively 
placed. To avoid the FLIP-FLOP transparency problem, the transistor 
switches are operated by a 2® nonoverlapping CLOCK of the type produced 
by the NOR-centered BASIC CELL in Fig. 5-21. Charge is stored long 
enough in the capacitances of the pass transistor and INVERTER switches 
to prevent loss of the data information between the ACTIVE periods of the 
two phases. A Q(L) output can be generated by tapping off the input to the 
second INVERTER as shown in Fig. 5-32(c). This has the effect of producing 
a O(L) signal that always leads Q(H) in time. Such is not the case for the 
mixed-rail outputs from a BASIC CELL (see Fig. 5-17). 


D(H) 
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ace is Eo 


Fig. 5-33. Timing diagram for the MS D-FF showing that it solves the 
transparency problem of the PT D-FF. 
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The Master/Slave JK FLIP-FLOP. The master/slave configuration, as a so- 
lution to the PT-FF problem, is not as straightforward for the JK-FF as it 
was for the D-FF. We will now discover that the common MS JK-FF solves 
the oscillation problem encountered with the PT JK-FF, but it creates an- 
other problem almost as serious. 

Usually, the MS JK-FFs are configured by two GATED BASIC CELLs 
(master and slave) as shown in Fig. 5-34—the GATED BASIC CELL is one 
where the S and R inputs are ENABLED by the CLOCK through the action 
of two ANDing operations. An inspection of the circuit in Fig. 5-34(a) reveals 
that oscillation is not possible for the J = K = CK = 1 condition, as was 
the case for the PT JK-FF. This is so because the INVERTER ensures that 
the slave CELL will never be CLOCKed at the same time that the master 
CELL is CLOCKed. The MS JK-FF operates by loading the master 
CLOCKed SR CELL on the rising edge of the CLOCK waveform and then 
updating the output via the slave CELL on the falling edge, a process no 
different than that of the MS D-FF. The MS JK-FF is sometimes called a 
pulse-triggered device and is given the circuit symbol shown in Fig. 5-34(b). 
The reason it is classified this way will be made evident following a more 
detailed description of its operation. 

The normal operation of the MS JK-FF is illustrated by the timing dia- 
gram in Fig. 5-35. Here, the half-cycle delay in output response to an input 
change is evident. However, a closer inspection of the circuit in Fig. 5-34 
reveals a serious problem called error catching (also called 1’s or 0’s catch- 
ing), illustrated in Fig. 5-35. While CLOCK is ACTIVE (CK = 1), the master 
CELL can be irreversibly SET or RESET by logic noise (glitches) in the J 
and K input signals allowing erroneous data to be CLOCKed to the output 
by the slave CELL on the falling edge of CLOCK. For example, if Q and 
CLOCK are ACTIVE and K undergoes an unauthorized positive (ACTIVE) 
glitch, the master CELL will be irreversibly RESET causing the output to 
be RESET by the slave CELL on the next falling edge of the CLOCK 
waveform. Similarly, if Q is INACTIVE when CLOCK is ACTIVE, an 


Slave 


(a) (b) 
Fig. 5-34. (a) The MS JK-FF configured with GATED BASIC CELLs. (b) Circuit 
symbol. 
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Normal MS JK-FF operation Error-catching 
problem 
Fig. 5-35. Timing diagram for the MS JK-FF of Figure 5-34 showing normal 
FLIP-FLOP operation and the error-catching problem. 


unauthorized positive glitch in J will irreversibly set the master CELL, caus- 
ing, in turn, the FLIP-FLOP to SET (via the slave CELL) on the next falling 
edge of CLOCK. 

The error-catching problem of the MS JK-FF just described is not shared 
by the MS D-FF. It will be recalled that the only requirement in the use of 
the MS D-FF is that the D input signal be stable at its proper logic level just 
before, during and just after the INACTIVE transition of CLOCK, thereby 
permitting the D signal to assume any logic level prior to that time. This is 
not the case for the MS JK-FF whose J and K input signals must be logically 
noise free throughout the ACTIVE period of CLOCK to avoid an irreversible 
error SET or RESET of the master CELL and the eventual error SET or 
RESET of the FLIP-FLOP on the next falling edge of CLOCK. In addition, 
the J and K input signals must also be stable at their proper logic levels just 
before, during and after both the rising and falling edges of CLOCK. Ob- 
viously, the requirements for proper operation of the MS JK-FF are more 
stringent than are those for the MS D-FF. We will return to this subject later 
in Sect. 5.6.7. 

If FSMs are to be designed by using the MS JK-FFs as MEMORY ele- 
ments, care must be taken to ensure that unauthorized transitions do not 
occur on J or K input lines during the ACTIVE period of CLOCK. One 
approach to accomplish this is to trigger the MS JK-FF by using very narrow 
pulses. But to do this would defeat the purpose in using the MS JK-FF. A 
better approach is to design the MS JK-FF around the MS D-FF rather than 
around the GATED BASIC CELL. This device will have the less stringent 
triggering requirements of the MS D-FF while still providing the JK operating 
features. Section 5.6.6 will explore this subject in greater detail. 


5.6.5 Edge-Triggered FLIP-FLOPs 


The complete solution to the pulse-triggered FLIP-FLOP problem is the 
edge-triggered FLIP-FLOP. Within these devices triggering occurs on either 
the rising edge or falling edge of the CLOCK waveform but thereafter ‘‘locks 
out” any changes that occur on the input data lines until the next triggering 
edge of CLOCK. The output is updated immediately following the triggering 
edge of CLOCK plus an intervening path delay. Therefore, the only re- 
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quirement for proper operation of the ET FLIP-FLOP is that the input signals 
be stable at their proper logic levels just before, during, and just after the 
sampling interval (triggering edge) of the CLOCK waveform. In this section 
we will design a rising edge-triggered D-FF from first principles and then 
discuss the operation of a falling edge-triggered JK-FF. 


The RET D FLIP-FLOP. The operation table and state transition table given 
in Figs. 5-23(a) and (c) characterize the RET D-FF, but they do not provide 
detailed information concerning its sequential behavior. This latter infor- 
mation is best obtained by considering its state diagram and positive logic 
timing diagram presented in Fig. 5-36. In STATE @ the FLIP-FLOP is in 
a RESET condition (Q is INACTIVE) and CLOCK is INACTIVE (CK). 
On the rising edge of CLOCK, the FLIP-FLOP will sample D. If CLOCK 
samples D LOW, hence DCK, the FLIP-FLOP will transit to STATE @ 
where it retains the RESET condition. If, instead, CLOCK samples D 
HIGH, hence DCK, then the FLIP-FLOP will make the transition @— © 
and issue the output Q—a SET condition. The FLIP-FLOP will remain in 
STATE © for as long as CLOCK is ACTIVE, hence the HOLD condition, 
CK, on STAT E@® in the state diagram. To sample D again, CLOCK must 
first go LOW (CK) which accounts for the transition @— ©. In STATE © 
CLOCK is LOW but Q is still ACTIVE. On the rising edge of CLOCK, the 


Sampling states 


(b) 
Fig. 5-36. Sequential description of an RET D-FF. (a) State diagram. (b) Positive 
logic timing diagram for (a). 
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FLIP-FLOP will sample D again. If CLOCK samples D HIGH (DCK), then 
the FLIP-FLOP will transit back to ® where Q remains ACTIVE. But if 
CLOCK samples D LOW (DCK), the FLIP-FLOP must transit@— @, a 
RESET condition (Q is INACTIVE) which is maintained for as long as 
CLOCK is HIGH. To further sample D, CLOCK must first go INACTIVE 
forcing the FLIP-FLOP to transit from @to @thus completing the sequence 
of steps represented by the state diagram. 

The operation of the RET D-FF is unique in the sense that once a tran- 
sition occurs from a sampling state (STATE @ or STATE (©), variation in 
the logic level of D can have no effect on the output Q until the next rising 
edge of the CLOCK waveform. This is a consequence of the four state 
operation. The PT D-FF, which is defined by the two-state state diagram in 
Fig. 5-23(b), does not share this ‘‘lockout’’ feature. It should be remembered 
that for the PT D-FF, Q tracks D when CK is HIGH—that is, it becomes 
transparent. 

Design of the RET D-FF follows the same procedure used for the PT 
FLIP-FLOPs in Sect. 5.6.3 except now there are two state variables (A and 
B) instead of one. We will use the basic model of Fig. 5-2(c) with two BASIC 
CELLs for the memory as indicated in Fig. 5-37. The procedure requires 
that we characterize the BASIC CELL by its state transition table in Fig. 
5-38(a) and use it together with the state diagram of Fig. 5-36(a) to plot the 
NEXT STATE K-maps given in Fig. 5-38(b). Recall that the plotting pro- 
cedure requires ANDing the S, R information in the state transition table 
for the BASIC CELL with the appropriate branching conditions for SET, 
RESET, and HOLD taken from the state diagram. A shortcut method for 
plotting these K-maps exists by realizing that each o-term in a given cell is 
the complement of the essential entry in the same cell of the other K-map. 
Thus, the 0 cell entry for S4 is DCK so the 0 cell entry for R4 is ọ - (D + 
CK), and so on. The output K-map, also presented in Fig. 5-38(b), is plotted 
directly from the state diagram. 

The design of the RET D-FF is completed by extracting minimum cover 


5 NEXT STATE l 
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Fig. 5-37. The basic model of Figure 5-2(c) with two BASIC CELLs as the 
MEMORY stage. 
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(c) (d) 
Fig. 5-38. Design of the RET D-FF by using the basic model of Figure 5-37. 
(a) Characterization of the MEMORY element. (b) NEXT STATE and output K- 
maps. (c) Implementation by using NOR BASIC CELLs and mixed NEXT STATE 
logic. (d) Circuit symbol for an RET D-FF. 


from the NEXT STATE K-maps in Fig. 5-38(b) and implementing these 
results as shown in Fig. 5-38(c). Observe that we have chosen two NOR 
BASIC CELLs for the MEMORY and NAND/NOR gates for the NEXT 
STATE forming logic. Notice also that the output K-map is read as Q = B, 
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Fig. 5-39. Timing diagram for the RET D-FF. 


which requires that the mixed-rail outputs are taken from BASIC CELL B. 
The circuit symbol for the RET D-FF is given in Fig. 5-38(d). 

The operation of the RET D-FF is summarized by the MIXED LOGIC 
timing diagram presented in Fig. 5-39. The reader can gain a good under- 
standing of the differences that exist between the three types of D-FF trig- 
gering mechanisms (PT, MS, and ET) considered so far by comparing the 
timing diagrams of Figs. 5-25, 5-33, and 5-39. In doing so the relative sim- 
plicity of the ET FF operation can be appreciated. 


The FET JK FLIP-FLOP. The sequential behavior of the falling edge-trig- 
gered JK-FF is clearly indicated by the state diagram and timing diagram 
shown in Figs. 5-40(a) and (b). Assume that the FLIP-FLOP is RESET into 
STATE (@)at some point in time. On the falling edge of the CLOCK wave- 
form, the FF samples the inputs. If CLOCK samples J LOW, hence 
JCK, the FLIP-FLOP transits @—> @), retaining the RESET condition. But 
if CLOCK samples J HIGH (JCK), the FLIP-FLOP SETs into STATE ® 
and HOLDs there for as long as CLOCK is LOW (INACTIVE). On the 


CK 


CK 


(a) 
Fig. 5-40. Sequential behavior and symbology for the FET JK-FF. (a) State 
diagram. 
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(b) (c) 
Fig. 5-40 (contd.). (b) Positive logic timing diagram. (c) Circuit symbol for the 
FET JK-FF. 


rising edge of CLOCK the FLIP-FLOP will transit ® — © and retain its 
SET condition for the ACTIVE CLOCK duration. In STATE © the FLIP- 
FLOP will again sample the inputs on the falling edge of CLOCK. If CLOCK 
samples K LOW, the FLIP-FLOP will SET back into STATE © with a 
branching condition KCK. Or if CLOCK samples K HIGH (hence, 
KCK), the FLIP-FLOP will RESET into STATE @ and remain there for 
the INACTIVE CK interval. Then, on the rising edge of CLOCK the FLIP- 
FLOP will transit @— @, thereby retaining the RESET condition and com- 
pleting the sequence. The circuit symbol for the FET JK-FF is given in Fig. 
5-40(c). 

Although the sequential behavior of the FET JK-FF is described by both 
the state diagram and the timing diagram in Fig. 5-40, the state diagram 
representation provides the more lucid description. For example, the TOG- 
GLE mode is clearly indicated for J and K ACTIVE by the sequence... 
@->O-©O- @-@..., each transition being initiated on the falling 
edge of the CLOCK waveform. Should the reader have difficulty deducing 
the branching conditions for the @— @ and ©@—> © transitions, the $, = 
1 rule can be applied. Thus, the branching condition for the @—@ transition 


is found from (KCK + CK) = KCK, since for STATE Othe three outgoing 
branching conditions must yield (KCK + CK) + KCK = 1 according to 
the sum rule. Completion of this design is left as an exercise for the reader. 

Some additional comments are in order regarding the operation of the 
FET JK-FF. First, observe from Fig. 5-40 that the FLIP-FLOP effectively 
‘locks out” logic level variations in the J and K input signals that may occur 
between successive sampling intervals of CLOCK. Therefore, the only re- 
quirement is that the J and K inputs be stable at their proper logic levels 
during the sampling interval, that is, just before, during and just after the 
triggering edge of the CLOCK waveform. Also, notice that an RET JK-FF 
is defined by the state diagram of Fig. 5-40(a) if CK and CK are comple- 
mented throughout. Finally, remember that the operation and state transition 
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(a) (b) 
Fig. 5-41. The data lockout FLIP-FLOP. (a) Logic circuit as configured from 
RET JK-FFs. (b) Circuit symbol. 


tables given in Figs. 5-29(a) and (c) characterize a JK-FF of any type (PT 
or MS or ET) because there is nothing in these tables that specifies a par- 
ticular triggering mechanism. 

There is another type of edge-triggered FLIP-FLOP that combines the 
characteristics of the MS-FF with those of the ET-FF. It is called the data- 
lockout (DL) FLIP-FLOP. The DL FLIP-FLOP has the half-CK-cycle delay 
in output response to input change of the MS FLIP-FLOP but with the data 
‘‘lockout’’ feature of the edge-triggered FLIP-FLOP. The DL JK-FF can 
be configured from ET JK-FFs, as shown in Fig. 5-41(a) and has the circuit 
symbol given in Fig. 5-41(b). A DL D-FF version is similarly configured by 
using ET D-FFs. Data-lockout FFs can also be designed as single asyn- 
chronous FSMs but, because of their somewhat more complex sequential 
nature, such designs are postponed until Sect. 6.7.2. 


5.6.6. FLIP-FLOPs Designed from Other FLIP-FLOPs 


This section, unpretentious as it sounds, actually brings us to an important 
juncture in the development of a design methodology for synchronous FSMs. 
In the previous sections on FLIP-FLOP design we used the BASIC CELL 
as a MEMORY element, but the BASIC CELL has no CLOCKing mech- 
anism associated with it. The CLOCKing mechanism, or triggering mech- 
anism as we have called it, was introduced by the external logic required 
to satisfy the sequential behavior represented by the state diagram of the 
FLIP-FLOP. Now, we will design simple FSMs (FLIP-FLOPs) by using 
other FLIP-FLOPs which have a triggering mechanism associated with 
them. 
In this section we will make use of the following very important fact: 


The triggering mechanism of a device being designed inherits the trig- 
gering mechanism of the FLIP-FLOPs used as the MEMORY elements 


for the design. 


This means that a PT T-FF can be designed from a PT D-FF or an ET JK- 
FF can be designed by using an ET D-FF, and so on. The process of designing 
FLIP-FLOPs from other FLIP-FLOPs is sometimes called FLIP-FLOP con- 
version. Designing FLIP-FLOPs of different triggering mechanism than the 
MEMORY element FLIP-FLOP is far more difficult to accomplish and un- 
necessary, the exceptions being the design of the MS FFs or the DL FFs. 

There is another related but important point that must be remembered. 
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To design an FSM by using a particular type of FLIP-FLOP (D, T, JK, etc.), 
it is necessary that the FLIP-FLOP be characterized and that this infor- 
mation be introduced into the design process. Therefore, we emphasize the 
following: 


It is the state transition table that characterizes the FLIP-FLOP MEM- 
ORY element, and it is this information that must be introduced into 
the design process by ANDing the input requirements of the state tran- 


sition table with the appropriate branching conditions taken from the 
state diagram of the FSM to be designed. 


The reader may recall that this is precisely what was done in the design of 
the PT- and ET-FFs where use was made of a MEMORY element (the 
BASIC CELL) with no built-in CLOCKing mechanism. What is different 
now is that the choice of FLIP-FLOP MEMORY element determines the 
triggering mechanism for the FSM (FLIP-FLOP in this case) to be designed. 

Having digested this important information, we are ready to begin the 
design of FLIP-FLOPs by using other FLIP-FLOPs as the MEMORY. We 
will carry out three such designs, leaving a variety of other possible designs 
to the imagination of the reader. 


T-FFs Designed from JK-FFs. Type T-FFs are usually not commercially 
available, and so they must be designed (converted) from other types of 
FLIP-FLOPs. The state diagram for the T-FF FSM is given in Fig. 5-42(a). 
The input CK has been excluded from this state diagram because it is under- 
stood to be an inherent part of the MEMORY element FLIP-FLOP, which, 
in this case, is chosen to be a JK-FF. 

Shown in Fig. 5-42(b) is the state transition table for the JK-FF. It is this 
information that must be introduced into the design process so as to char- 
acterize the MEMORY element. This is done by ANDing the information 
in the J, K columns with the appropriate branching conditions taken from 
state diagram and then placing the results in the NEXT STATE K-map as 
shown in Fig. 5-42(c). Thus, the 0 > 0 (HOLD RESET) transition places a 
0 - T in cell 0 of the J K-map and a  - T in cell 0 of the K K-map. The 0 
— 1 (SET) transition ORs a 1 - T into cell 0 of the J K-map but ORs ao- 
T into cell 0 of the K K-map. Or the 1 — 1 (HOLD SET) transition places 
a ġo- T in cell 1 of the J K-map while placing a 0 - T in cell 1 of the K K- 
map, and so on. 

Once this JK mapping procedure is understood, the reader may wish to 
use a shortcut method by noting that for every essential entry in the J, K 
K-maps there exists a ọ entry in the same cell of the other K-map. Notice 
that d - X terms will never be entered into the J, K K-maps as was the case 
for the S, R K-maps used in the design of FLIP-FLOPs from BASIC CELLs. 
To this extent J, K mapping is simpler than S, R mapping. Use of this 
information can lead to significant savings of time and effort during the J, 
K mapping process. Again, care should be taken not to forget the underlying 
reasons for the shortcut approach. The reader will have ample opportunity 
to practice the J, K mapping method in later sections of this chapter. 
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(d) (e) 
Fig. 5-42. Design of T-FFs from JK-FFs. (a) State diagram for the T-FF. 
(b) Characterization of the JK-FF MEMORY element. (c) NEXT STATE logic 
K-maps and minimum cover. (d) Logic circuit and circuit symbol for an MS 
T-FF. (e) Logic circuit and circuit symbol for a RET T-FF. 


The minimum cover for the J and K K-maps, given in Fig. 5-42(c), is 
implemented in Figs. 5-42(d) and (e) for an MS T-FF and an RET T-FF, 
respectively. In fact, any other triggering mechanism could have been cho- 
sen, for example, pulse triggering or data lockout. Observe that the external 
logic consists only of connecting the J and K leads together to produce the 
T-FF. 


JK-FFs Designed from D-FFs. Here, we have the opportunity to designa | 
FLIP-FLOP having two data inputs (J and K) from one having just one (D). 
The result of this design example will prove to be useful in several ways as 
we shall soon discover. 

Shown in Fig. 5-43(a) is the state diagram for the FSM we want to de- 
sign—a JK-FF. This state diagram is actually derived from the state diagram 
for a PT JK-FF exclusive of the CK input. But since this FSM will inherit 
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Fig. 5-43. Design of JK-FFs from D-FFs. (a) State diagram for the JK-FF. 

(b) Characterization of the D-FF MEMORY element. (c) NEXT STATE logic K- 
map and minimum cover. (d) Logic circuit and circuit symbol for an FET JK-FF. 
(e) Logic circuit and circuit symbol for an MS JK-FF. 


the triggering character of the MEMORY element (a D-FF of our choice), 
it provides all the information necessary to determine the NEXT STATE 
logic for the JK-FF. 

The NEXT STATE logic K-map for this FSM is found by ANDing the 
information in the D column of the state transition table in Fig. 5-43(b) with 
the associated branching conditions read from the state diagram given in 
Fig. 5-43(a). The result is the K-map given in Fig. 5-43(c), which has a 
minimum cover given by 
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D = QJ + OK (5-6) 


This expression is important because it forms the basis for converting D K- 
maps to J, K K-maps, and vice versa. We will have cause to use Eq. (5-6) 
in Sect. 5.7. 

Implementation of the minimum cover expressed by Eq. (5-6) is shown 
in Figs. 5-43(d) and (e) for a FET JK-FF and an MS JK-FF. Notice that the 
external NEXT STATE logic is identical for both but that the MEMORY 
elements differ in their triggering character and the presence of PR and CL 
overrides. 

The MS JK-FF shown in Fig. 5-43(e) is of interest because it does not 
have the error-catching problem that the MS JK-FF of Fig. 5-34(a) has. This 
is so because the device of Fig. 5-43(e) has the same CLOCKing charac- 
teristics exhibited by the MS D-FF in Fig. 5-32(a), a FLIP-FLOP which has 
no error-catching problem. So at the expense of a little additional hardware, 
an MS JK-FF can be produced that will have the less stringent input re- 
quirements of the MS D-FF. 


Unusual FLIP-FLOPs Designed from JK-FFs. As a final example, we will 
design a special SET/TOGGLE (ST) FLIP-FLOP by using a JK-FF as the 
MEMORY element. The operation table given in Fig. 5-44(a) characterizes 
the ST-FF. From it we construct the state diagram shown in Fig. 5-44(b). 
This is easily accomplished by recognizing that the 0 — 1 transition is pro- 
duced by both SET and TOGGLE operations giving a branching condition 
of ST + ST + ST = S + T. The 0—> 0 HOLD RESET branching condition 
(ST) follows from the >} = 1 rule. Similarly, the 1 — 0 transition can occur 
only by a TOGGLE operation giving ST as the branching condition, and so 
on. 


SET 
O, TOGGLE 
1 SET 

Q, HOLD 


(a) (b) (c) 


Fig. 5-44. Design of a special SET/TOGGLE FLIP-FLOP. (a) Operation table. 
(b) State diagram. (c) State transition table for the JK-FF. 
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(d) 


(e) 
Fig. 5-44 (contd.). (d) NEXT STATE logic K-maps. (e) Logic diagram and circuit 
symbol for the RET ST-FF. 


By ANDing each outgoing branching condition of the state diagram in 
Fig. 5-44(b) with the appropriate J, K input requirements given in the state 
transition table of Fig. 5-44(c), we obtain the NEXT STATE K-maps shown 
in Fig. 5-44(d). Implementation of the minimum cover derived from these 
K-maps yields the logic circuit presented in Fig. 5-44(e). Since we have 
assumed the use of a RET JK-FF as the MEMORY element, the resulting 
ST-FF is also an RET FF, as indicated by its circuit symbol in Fig. 5-44(e). 
However, any triggering mechanism (PT, MS, ET, or DL) could have been 
chosen. 
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Several times in the previous discussions we have made mention of the fact 
that a FLIP-FLOP will operate reliably only if the data inputs remain stable 
at their proper logic levels just before, during, and just after the triggering 
edge of the CLOCK waveform. To put this on a more formal and quantitative 
basis we say that the data inputs must meet the setup and hold-time re- 
quirements established by CLOCK, the sampling variable for synchronous 
FSMs. Referring to Fig. 5-45, the reader should note the following definition: 


Setup time (tsu) is the time interval immediately preceding the ACTIVE 
(or INACTIVE) transition point (t+) of the triggering edge of CLOCK 


during which all data inputs must remain stable at their proper logic 
levels to ensure that the intended transition will be initiated. 


In Fig. 5-45 we show that the setup time starts just before the CLOCK 
waveform begins its triggering ascent (or descent) and ends at the ACTIVE 
(or INACTIVE) transition point, t», of the triggering edge. If the setup time 
requirement is not met by the data inputs, there is no guarantee that CLOCK 
will sample the input data as intended and failure is possible. For this reason 
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(a) (b) 
Fig. 5-45. CLOCK voltage waveform showing setup and hold-time requirements 
for edge-triggered FLIP-FLOPS. (a) Rising edge-triggering. (b) Falling 
edge-triggering. 


the setup time is an important design parameter. Manufacturers will normally 
provide worst case setup time data for their FLIP-FLOPs. 

The hold time is also an important design parameter. Again, referring to 
Fig. 5-45, we give the following definition: 


The hold time (t;)is the interval of time immediately following the AC- 
TIVE (or INACTIVE) transition point (tẹ) during which the data inputs 


must retain their proper logic levels to ensure that the intended tran- 
sition of the FSM will be successfully completed. 


Together the setup and hold times make up the sampling interval of the 
CLOCK waveform. That is, 


Sampling interval = tsu + tp (5-7) 


So, it can be stated that all data inputs must remain stable at their proper 
logic levels during the sampling period of CLOCK to ensure that the FLIP- 
FLOP will transition as intended. 

The setup and hold-time requirements established by CLOCK are defined 
in Figs. 5-45(a) and (b) for RET-FFs and FET-FFS, respectively. Here, 
assuming positive logic, it is observed that the setup time always ends at 
the ACTIVE (or INACTIVE) transition point which is the upper (or lower) 
extremity of the region of uncertainty between the LOW and HIGH noise 
margins. Consequently, the setup time always includes the region of un- 
certainty and, as it turns out, is usually much larger than the rise or fall 
times for ordinary CLOCK waveforms. 

The hold time begins at the ACTIVE (or INACTIVE) transition point 
and for ET-FFs ends following a period of time often much shorter than the 
setup time. For MS JK-FFs of the type shown in Fig. 5-34(a), the hold time 
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Fig. 5-46. Setup and hold-time requirements for an MS JK-FF of the type shown 
in Figure 5-34(a). 
may be larger than the setup time as illustrated in Fig. 5-46. The hold time 
between the ACTIVE and INACTIVE transition points is necessary to en- 
sure that the master CELL will not be irreversibly SET or RESET due to 
logic noise on the J, K lines while CLOCK is HIGH. Notice that between 
the ACTIVE and INACTIVE transition points the master CELL is ENA- 
BLED while the slave CELL is DISABLED and that the reverse is true 
following the INACTIVE transition point. In this figure account has not 
been taken of the path delay through the coupling INVERTER. 
Awareness and proper use of the setup and hold-time requirements of 
FLIP-FLOPs is vital to good sequential machine design practice. A short 
discussion at the end of Sect. 5.8.4 explains why this is important. In Chapter 
6 we will extend the concept of setup and hold-time requirements beyond 
FLIP-FLOPs to asynchronous FSMs of all types. 
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We have designed or otherwise discussed pulse-triggered FLIP-FLOPs, 
master/slave FLIP-FLOPs, edge-triggered FLIP-FLOPs, and data-lockout 
FLIP-FLOPs. All these FLIP-FLOPs can function as the MEMORY for 
synchronous FSMs. However, some of these FLIP-FLOPs find specific ap- 
plication in modern design, while others are of little or no interest. The PT- 
FFs are the least important class of FLIP-FLOPs. Because of their stringent 
CLOCKing requirements, they are rarely used as memory elements. The 
PT D-FFs are of interest mainly as transparent D LATCHes with applica- 
tions such as holding registers in microprocessor circuits and as special 
modules in asynchronous circuits. The MS-FFs have found extensive use 
as MEMORY elements in MSI, LSI, and VLSI applications primarily be- 
cause their electronic simplicity and compactness make them economically 
attractive. Of course, care must be taken in using the MS-FFs to ensure that 
the strict requirements on setup and hold time are met as discussed in Sects. 
5.6.4 and 5.6.7. 

Where nearly ideal, high-speed sampling is required, and economic con- 
siderations are not a factor, ET-FFs may be the MEMORY elements of 
choice. The setup and hold-time requirements for these FLIP-FLOPs are 
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the least stringent of all, and they possess none of the problems associated 
with either the PT- or MS-FFs discussed earlier. In this section we will 
undertake three relatively simple synchronous FSM designs by using ET- 
FFs. It is the purpose of this section to demonstrate by example the design 
methodology to be used, with emphasis on the procedure required to gen- 
erate the NEXT STATE and output logic functions of an FSM. This will 
involve nothing new. Rather, it will be an extension of Sect. 5.6.6 applied 
to FSMs of two- and three-state variables. 


5.7.1 Design of a Sequence Detector 


Suppose it is required that we design a synchronous FSM that will produce 
a signal (say, Z) any time the sequence. . . 001 . . . appears in a continuous 
stream of data on a synchronized input line, X. The block diagram in Fig. 
5-47(a) details the I/O specifications, where we have assumed rising edge 
triggering and an ACTIVE HIGH input and output. 

The state diagram of Fig. 5-47(b) represents the Moore version of this 
sequence detector. The reader may verify that it satisfies the algorithm by 
following the sequence beginning with STATE @. Thus, if this FSM detects 
the order X, X, and X (meaning 0, 0, and 1), each on a successive rising 
edge of the CLOCK waveform, the transitions are O > ©), © > ©, and © 
— @, whereupon an output is issued in STATE @. On the other hand, if 
the sequence is broken at any stage, the FSM will not issue Z. For example, 
if X (logic 1) is detected in STATE @® on the rising edge of CLOCK, the 


€p ZTlirx 
X 


(a) (b) (c) 
Fig. 5-47. Representation of an FSM that will detect the sequence . . . 001... 
(a) Block diagram. (b) and (c) Moore and Mealy versions of the state diagram. 
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sequence is broken and the FSM will transit back to STATE @. Or if the 
FSM detects X (logic 0) in STATE ©, the FSM will HOLD in STATE © 
until X is detected on the rising edge of CLOCK at which time the FSM will 
go to STATE @and issue Z. Once in STATE @ the FSM will either transit 
to STATE ® under input condition X or will transit to STATE @ under X 
where the sequence will begin all over again. 

The state diagram representing the Mealy version of the sequence de- 
tector is presented in Fig. 5-47(c). It is obtained from the Moore version in 
Fig. 5-47(b) by merging STATEs © and @ to form STATE © with a con- 
ditional output. The reader can easily verify that the Mealy version also 
satisfies the algorithm for the sequence detector by again tracing the decision 
paths from STATE @ through STATE ©. 

Some explanation is required regarding the conditional output shown in 
STATE © of Fig. 5-47(c). The output Z is issued conditionally on X, which 
is an exiting (branching) condition. This is perfectly acceptable, however, 
since if X meets the setup and hold-time requirements of CLOCK, the FSM 
will also issue Z long enough to trigger any next-stage switching device for 
which Z is an input. In other words, a successful transition from STATE © 
must also result in the successful output of Z. 

For the purposes of this discussion, let us design this sequence detector 
by using FET D-FFs as the MEMORY. The state transition table for the D- 
FF, reproduced in Fig. 5-48(a), is the means by which the MEMORY element 
is characterized. It is this information together with the sequential infor- 
mation contained in the state diagram that must be introduced into the design 
process. This we will do for both versions of this machine represented in 
Fig. 5-47. 

In Fig. 5-48(b) are shown the NEXT STATE and output K-maps and 
minimum cover for the Moore version of the sequence detector. Since there 
are two state variables (Q4 = A and Q, = B), there must be two NEXT 
STATE K-maps, one for D4 (input to D-FF A) and one for Dg (input to D- 
FF B). The NEXT STATE K-maps are plotted by ANDing the input re- 
quirements indicated in the state transition table of Fig. 5-48(a) with the 
appropriate branching conditions read from the state diagram of Fig. 5-47(b), 
the same procedure that was followed in Sect. 5.6.6. For example, cell 0 
(representing STATE @) for bit A takes a (0 - X) + (0 - X) = 0, while cell 
1 (STATE@) requires (0 - X) + (1 - X) = X, and cell 3 (STATE is given 
a(1-X) + (1: X) = 1, and so on. Or for bit B, cell 0 requires a (0 - X) + 
(1 - X) = X, while cell 2 (representing STATE @) takes (1 - X) + (0: X) 
= X, and so on. Remember that the cell coordinates of a NEXT STATE 
K-map represent the PRESENT STATE while the entry for each cell rep- 
resents the NEXT STATE instruction for a particular state variable bit. 

The output K-map in Fig. 5-48(b) is obtained directly from the state 
diagram in Fig. 5-47(b) by observing that an output exists only in STATE 
@); hence the 1 in cell 2 of the Z K-map. 

The same procedure is used for the design of the Mealy version of the 
sequence detector. By ANDing the input requirements indicated in the state 
transition table of Fig. 5-48(a) with the appropriate branching conditions 
taken from the state diagram in Fig. 5-47(c), there results the NEXT STATE 
K-maps and minimum cover given in Fig. 5-48(c). Notice that the unused 
STATE 10 is represented as a don’t care in all K-maps, including that for 
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(a) 


Da= BX X Z=AX 
Fig. 5-48. Design of the sequence detector represented in Figure 5-47. 
(a) Characterization of the D-FF MEMORY. (b), (c) NEXT STATE K-maps, 
output K-maps, and minimum cover for the Moore and Mealy machines of 
Figures 5-47(b) and (c), respectively. 


the output Z, and that it is used to extract minimum cover as we have done. 
Obviously, the minimum cover for Mealy version is simpler than that for 
the Moore version, a consequence of the presence and use of the don’t care 
in cell 2. 

Since the Mealy version provides the simplest NEXT STATE logic, we 
will choose it to implement this FSM. Shown in Fig. 5-49 is the MIXED 
LOGIC circuit for the sequence detector designed as a Mealy machine by 
using the minimum cover given in Fig. 5-48(c). It can be seen that this ma- 
chine satisfies the functional relationships given by Eqs. (5-2) in Sect. 5.3.2, 
which require that Z = f(X,A,B). Remember that A = Q, and B = Qg and 
that these are the PRESENT STATE parameters since they are the outputs 
of the MEMORY section. 


NEXT STATE MEMORY Output 
forming logic section forming logic 


X(H, e 
aw Q,(H) = A(H) 
CK(H) Q,(L) = A(L) 
Q,(H) = B(H) 
Q,(L) = B(L) 


5 Fig. 5-49. Logic circuit for the Mealy machine of Figure 5-47(c) as determined 
from the minimum cover given in Figure 5-48(c). 
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5.7.2 Design of a Binary Up-counter 


CK(H) 


N Binary 
counter 


A(H) B(H) C(H) >- 


(a) 


11 


10 


In Sect. 5.2 we discussed the concept of a logic state sequence produced 
by the FSM represented as a block diagram in Fig. 5-1. There the sequence 
was shown to be a repeating three-bit binary up count. We will now design 
this FSM by using as the MEMORY FLIP-FLOPs that yield the simplest 
NEXT STATE logic and that are triggered on the rising edge of the CLOCK 
waveform. 

Shown in Figs. 5-50(a) and (b) are the block diagram and state diagram 
for the three-bit binary up-counter. A brief inspection of the state diagram, 
or the timing diagram of Fig. 5-1(b), reveals the TOGGLE character inherent 
in the binary number system. For this reason it is logical to assume that a 
T-FF would be a good choice for the MEMORY element, and it is. The state 
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(e) 


Fig. 5-50. Design of a 3-bit binary up counter by using JK-FFs configured as 
T-FFs for the MEMORY (a) Block diagram. (b) State diagram. (c) 
Characterization of the MEMORY. (d) K-maps. (e) Logic circuit. 
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transition table, used to characterize the MEMORY, is given in Fig. 5-50(c), 
and the resulting NEXT STATE K-maps and minimum cover are provided 
in Fig. 5-S0(d). The K-maps are plotted by ANDing the input information 
in the T column of the state transition table with the appropriate uncondi- 
tional branching conditions of the state diagram. Thus, one simply places a 
logic 1 in any cell for which the NEXT STATE is a bit TOGGLE operation 
(0O— 1lorl— 0). 

The logic circuit for this binary counter is shown in Fig. 5-50(e). It is 
composed of three RET JK-FFs, which have been configured as T-FFs, and 
the minimum NEXT STATE logic taken from Fig. 5-50(d). The T-FFs, it 
will be recalled, are not usually available commercially and so must be ob- 
tained from other FFs, usually of the JK type. Observe that we have assigned 
Qa = A, Qg = B, and Qc = Cas a means of simplifying the nomenclature 
for the state variables. 


5.7.3 Design of a Binary/Gray Code Counter 


X(H) 


CK(L) 


B(H) 


(a) 


Binary/Gray 
code 
Q> Up-counter 


C(H) 


For our third worked exercise let us design a two-bit binary/Gray code up- 
counter which has a count mode control X and four outputs B, C, RED, and 
GRN (for GREEN), as indicated in Fig. 5-51(a). The input X determines the 
count sequence according to the following: 


If X, then BC = . . . 00 — 01 — 10 — 11 — 00... (binary) 
with output RED. 
If X, then BC = . .. 00 — 01 — 11 — 10 — 00 . . . (Gray) 


with output GRN. 
The count status outputs, B and C, are to be taken as two state variables. 
The output RED is to activate a red LED (light-emitting diode) any time the 
FSM is counting in binary, and the output GRN is to activate a green LED 


Q,0,0, =ABC 


REDTJ if X 
GRNÎ} if X 


Binary 


GRNTJ REDTJ if X REDTL 
GRNTJ if X 


Gray code 


X 


(b) 
Fig. 5-51. Representation of a 2-bit binary/Gray code up-counter. (a) Block 
diagram. (b) State diagram. 
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any time the FSM counts in Gray code. The mode control X is changeable 
at any time except during the sampling interval given by Eq. (5-7), and the 
FSM is to be triggered on the falling edge of 1-Hz (1-cycle/sec) CLOCK 
waveform. 

The state diagram that satisfies the requirements for this counter is shown 
in Fig. 5-51(b). The state variables B = Qg and C = Qc are chosen as the 
count outputs. A third state variable, A = Q4, is used so that all states in 
the state diagram will be unique, as they must be. The choice of state vari- 
ables to represent the count is, of course, arbitrary, but it is ‘‘logical’’ to 
assign the count to juxtaposed bits. From Fig. 5-51(b), it is seen that the 
right loop represents natural two-bit binary count under the input condition 
X while the left loop represents two-bit Gray code count under input con- 
dition X, both count sequences being on state variables B and C. Notice 
that this FSM has but one decision state, STATE ©, since for all other states 
branching is unconditional. 

Let us first design this counter by using D-FFs. Shown in Fig. 5-52(a) is 
the state transition table for the D-FF which characterizes the MEMORY. 
By ANDing the input requirements of this table with the associated branch- 
ing conditions taken from the state diagram of Fig. 5-51(b), we generate the 
NEXT STATE K-maps and minimum cover given in Fig. 5-52(b). Notice 
that don’t cares are placed in cells 4 and 5 since STATEs 100 and 101 are 
unused. Minimum NEXT STATE logic cover is extracted from these maps 
by making use of these don’t cares. 

The K-maps for outputs GRN and RED are presented in Fig. 5-52(c). 
The entries for these K-maps are read directly from the state diagram. For 
example, cells 0 and 1 take the EVs representing the conditional outputs for 
STATEs 000 and 001, cells 4 and 5 represent don’t care states, and the 


RED =AX+AB 


(b) (c) 
Fig. 5-52. Design of the binary/Gray code up-counter with D-FFs. 
(a) Characterization of the MEMORY. (b), (c) NEXT STATE and output K-maps 
and minimum cover. : 
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(b) 
Fig. 5-53. Design of the binary/Gray code up-counter with JK-FFs. 
(a) Characterization of the MEMORY. (b) NEXT STATE logic K-maps and 
minimum cover. 


remainder of the cells take 1’s or 0’s depending on whether or not a given 
output is ACTIVE. 

For comparison purposes we will now use JK-FFs as the MEMORY for 
this counter. Presented in Fig. 5-53(a) is the state transition table for the JK- 
FF MEMORY element reproduced here from Fig. 5-44(c) for the conve- 
nience of the reader. Following the procedure established in Sect. 5.6.6, we 
use this table together with the state diagram of Fig. 5-51(b) to plot the NEXT 
STATE logic K-maps shown in Fig. 5-53(b). Notice that don’t cares are 
again placed in cells 4 and 5 of all K-maps since these cells represent unused 
states. The output K-maps for the JK-FF design remain the same as in Fig. 
5-52(c). 

The minimum cover for the NEXT STATE logic obtained from the JK- 
FF K-maps is much’ simpler than that extracted from the D-FF K-maps of 
Fig. 5-52(b). A gate/input tally of 3/7 for the JK K-maps compares to 9/21 
for the D K-maps. This difference is due solely to the presence of the four 
don’t cares in the state transition table for the JK-FF, don’t cares which are 
not present in the state transition table for either the D-FF or the T-FF. 
From this information we can make the following statement: 


However, there is a trade-off. The use of JK-FFs requires twice as many 
NEXT STATE variables; hence twice as many K-maps must be plotted, as 
for either D-FFs or T-FFs. Thus, one must labor harder to achieve reduced 
hardware requirements. The design of the three-bit binary up-counter given 
in Sect. 5.7.2 is one of the few exceptions to this rule. 

There is a method that will minimize the effort required to plot NEXT 
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Fig. 5-54. Conversion of D K-maps to JK K-maps by using Eq. (5-6). 


STATE JK K-maps. This method involves first plotting the D K-maps (or 
T K-maps) and then transforming them to JK K-maps. In Fig. 5-54 we dem- 
onstrate this method by using the results of the binary/Gray code counter 
design. The procedure is based on the transformation equation D = 
OJ + OK (Eq. (5-6) in Sect. 5.6.6) and is stated as follows: 


D map — J map: Take all that is not in the state variable domain of 
the D K-map and transfer it to the J K-map (hence D = QJ); then fill 
in the remaining cells with don’t cares. 


D map —> K map: Take all that is in the state variable domain of the 
D K-map and transfer it complemented to the K K-map (hence D = 
OK); then fill in the remaining cells with don’t cares. 


The utility of this procedure lies in the fact that the D K-maps are easier to 
plot than the JK K-maps, and the transformation process that follows is 
easily executed. 

Returning to the design example of this section, we implement the binary/ 
Gray code up-counter by using the simpler JK NEXT STATE logic of Fig. 
5-53(b) and the output logic of Fig. 5-52(c) to yield the results shown in Fig. 
5-55. Here, we have chosen to use an assortment of gate-level logic to im- 
plement the NEXT STATE functions. Observe that by proper selection of 
the FLIP-FLOP outputs and external logic, the use of INVERTERs can be 
minimized. 

The binary/Gray code up-counter just designed is a self-correcting 
counter. To understand what this means, consider that on power-up, this 
FSM may initialize into any one of the eight states, including either of the 
unused (don’t care) states, 100 or 101. If the counter powers up into one of 
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Fig. 5-55. JK-FF implementation of the binary/Gray code up-counter of 
Figure 5-51. 


the six states of the state diagram in Fig. 5-52(b), it will function properly 
according to the logic level of X. However, if it should power up into STATE 
100 or STATE 101, the FSM must be forced into the main routine (the state 
diagram) if it is to be self-correcting. This means that the NEXT STATE 
for either STATE 100 or STATE 101 must be a state existing in the state 
diagram. To determine if this is so, we introduce the present state values 
for each don’t care state, in turn, into the logic expressions for Da, Dg, and 
De given in Fig. 5-52(b). The result indicates that 100 — 00X = (001 or 000), 
and 101 — 11X¥ = (110 or 111), all of which are part of the main routine. 
Thus, there are no extraneous subroutines into which the FSM can initialize, 
and so the counter is self-correcting. 


5.6 DESIGN CONSIDERATIONS 


5.8.1 


There are a number of design intricacies and problem areas that we have 
purposely avoided in the previous sections. We did this because we wanted 
to focus the reader’s attention on basic design concepts. Now, we move on 
to consider some of the design intricacies and problem areas that are certain 
to be encountered in any serious design endeavor. We believe that proper 
design techniques for the error-free operation of synchronous sequential 
machines must be given the highest priority. 


Logic Optimization and State Code Assignment Rules 


For the simple FSMs that have been considered so far, the state code as- 
signments of the state diagrams were either provided by the authors without 
explanation [e.g., Figs. 5-36(a) and 5-47(b)] or fixed by the nature of the 
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Logically adjacent states 


(b) 
Fig. 5-56. Logic adjacency rules for state code assignment. (a) “Into” rule. 
(b) “Out of’ rule as it applies to multiple branching. 


FSM [e.g., Fig. 5-50(b)]. However, there are guidelines, or rules as we call 
them, that if applied can significantly reduce the complexity of the NEXT 
STATE logic functions for a given FSM. In Fig. 5-56 we illustrate the two 
logic adjacency ‘‘rules.’’ The rules require that we make logically adjacent 
certain groups of states of a state diagram depending on the interbranching 
relationship between these states and others. The two rules (actually guide- 
lines), named the ‘“‘into’’ rule and the “‘out of’ rule, are stated as follows: 


‘‘Into’’ Rule—The states of a state diagram that branch into a common state, 
as in Fig. 5-56(a), should be made logically adjacent provided that the 
branching conditions f(X, Y,...), (X, Y,...), A(X, Y, .. .), and so 
on, for these states possess the commonality required for logically ad- 
jacent patterns. 


“Out of’? Rule—Those states that are the NEXT STATEs of a common 
state, as in Fig. 5-56(b), should be made logically adjacent in accordance 
with their input branching conditions. 


The proper application of the ‘“‘into’’ rule is illustrated in Fig. 5-57(a). 
Here, sufficient commonality exists between the branching conditions to 
yield the logically adjacent patterns shown in the D K-maps. However, by 
replacing the pivotal STATE 010 with 000, we break the unit distance coding 
and produce XOR-type EV patterns, as shown in Fig. 5-57(b). Of course, 
if a multilevel XOR optimization is the object of the design, then nonlogic 
adjacent state code assignments may be desirable. 

Proper application of the ‘‘out of”? rule is illustrated in Fig. 5-58(a) for 
the case of three state variables, four-way branching, and use of D-FFs as 
the MEMORY. Here, the entries in cell 4, for each of the three NEXT 
STATE variables, are seen to be simple subfunctions. But violation of the 
‘‘out of’ rule may lead to more complex subfunction entries as indicated in 
Fig. 5-58(b) and (c). Usually, the more complex the subfunction entries, the 
more complex will be the NEXT STATE logic functions. Notice that in 
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Logically adjacent states 


(a) 


States not logically adjacent 


(b) 


Fig. 5-57. Proper and improper application of the “into” rule assuming use of 
D-FFs. (a) Proper application showing logically adjacent patterns in the NEXT 


STATE logic K-maps. (b) Improper application showing absence of logically 
adjacent patterns. 
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NEXT STATE NEXT STATE 
function function 
(Cell 4) (Cell 4) 
D; =1 Da =1 
Dz = X Dz = X@® Y 
Do =Y Do =Y 
(b) 
NEXT STATE 
function 
(Cell 3) 
Da =X+Y 
Dg =X+Y 


(c) 


Fig. 5-58. Proper and improper application of the “Out of’ rule to four-way 
branching assuming the use of D-FFs. (a) Proper application leading to minimum 
subfunction entries. (b), (c) Improper application showing more complex 
subfunction entries. 


these examples the HOLD condition XY is treated as one of the four branch- 
ing conditions, as it must be. 

We emphasize that the “‘into’’ and ‘“‘out of” rules are to be regarded as 
guidelines, not as hard, fast rules that must be followed at any cost. Their 
application to the state code assignment process for a state diagram can 
significantly reduce the complexity of the NEXT STATE logic functions. 
But this is not guaranteed. Furthermore, not all possible applications of these 
rules may be permitted within a given state diagram, particularly one having 
complex branching conditions. The state diagram of Fig. 5-47(b) is a simple 
example of this fact. The point is that the optimization process is not as 
straightforward as simply applying an adjacency rule or two. Nor can it be 
stated that a given rule favors one type of FLIP-FLOP over another type, 
though such rules have been attempted. The best advice that can be given 
to the reader at this time is to use these rules (guidelines) intelligently and 
cautiously on a trial-and-error basis, keeping in mind that their function is 
to help optimize (reduce) the NEXT STATE logic functions for a given 
synchronous FSM. 

One further point needs to be made. In attempting to apply the logic 
adjacency rules, it may be necessary to increase the number of state variables 
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which may, in turn, increase circuit complexity. In such cases, one must 
weigh the advantages gained by applying the logic adjacency rules with the 
disadvantages wrought by an increase in state variable count. 


5.8.2 Output Race Glitches 


Improper design of an FSM can lead to logic noise in the output, and this 
noise, in turn, can cause the premature triggering of a nonsynchronous next 
stage switching device to which the FSM is attached. So it may be important 
that FSMs be designed to output “‘clean’’ logic signals free of unwanted 
logic transients called glitches. 

There are two main sources of output logic noise in an FSM. They are 


1. Glitches produced by state variable race conditions. 
2. Glitches produced by STATIC HAZARDs in the output logic. 


In this and the following section we will consider these two sources of logic 
noise in turn, with emphasis placed on their removal by proper design meth- 
ods. 

Before beginning this task, it will be helpful to define the two types of 
glitches that are encountered as follows: 


The positive (+) glitch 


The negative (—) glitch | | 


Such output glitches may, or may not, develop to an extent that they cross 
the switching threshold (transition point) of a next-stage device. However, 
if glitches are formed that cross the switching threshold, incorrect operation 
of an asynchronous next-stage device can result. Therefore, if we cannot 
guarantee that output glitches will not develop to this extent, we must elimi- 
nate them by one means or another. 


Effect of Race Conditions. A race condition exists in an FSM any time a 
state-to-state transition involves a change of two or more state variables. 
Since no two state variable bits can change precisely at the same time, the 
FSM must cycle asynchronously along one of two (or more) alternative paths 
to reach the destination state, each alternative path being through a non- 
destination (race) state. If output discontinuities exist along alternative 
paths, output race glitches can occur. These glitches are also called FUNC- 
TION HAZARDs and are discussed in Sect. 4.12 relative to combinational 
logic circuits. 

Several examples of output race glitches produced by race transitions 
involving a change of two state variable bits are illustrated by the state 
diagram and K-map segments given in Fig. 5-59. Possibilities for race glitch 
production arise from the various combinations of conditional outputs, un- 
conditional outputs, don’t care states, and conditional and unconditional 
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in Z map else 
(-) glitch in Z. 
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Use ġasa0 (~) glitch 
` in Z map else in Z 


(+) glitch in Z. 


Use 9 as a 0 in Y map 
else (+) glitch in Y. 
Choice of 1 or Oin 

Z map 


(+) glitch in Y. 
Early ACTIVATION of Z 


(c) 
Fig. 5-59. (a) and (b) State diagram and K-map segments showing single output 
race glitch production for transitions involving changes in two state variables. (c) 


Race glitch analysis applied to an FSM having two output variables. 
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branching, as indicated in Figs. 5-59(a), (b), and (c). Notice that the presence 
of don’t care states (unused states) may or may not produce output glitches 
depending on how they are used in the output K-map segments associated 
with the state diagram segments. The presence of a don’t care in a K-map 
requires that it be assigned either a logic 1 or a logic 0 when looping out 
cover, the decision often being influenced by the presence of race conditions 
such as those described here. 

Figure 5-59(c) deals with the issues of multiple outputs and output AC- 
TIVATION skew. With regard to multiple outputs, it is important to un- 
derstand that a don’t care state may be assigned different logic levels (1 or 
0) in different output K-maps so as to minimize or eliminate race glitch 
production. Thus, the use of each don’t care must be considered separately 
for each output. 

Early or late ACTIVATION or DEACTIVATION of an output (called 
output ACTIVATION skew) is usually not considered to be a problem unless 
the timing constraints are so stringent that such ACTIVATION skews are 
prohibited. If such stringent timing constraints exist, problems other than 
ACTIVATION skew are likely to be far more serious and design limiting. 

Additional explanation of Figs. 5-59(b) and (c) may be helpful to the 
reader. Both examples show conditional branching for the@— © transition. 
This means that if the branching condition meets the setup and hold-time 
requirements of CLOCK, the race condition will take place, and any outputs 
conditional on race states will be affected accordingly. Thus, the conditional 
output in Fig. 5-59(b) will not be ACTIVATED because it does not depend 
on the input branching condition required to initiate the race. On the other 
hand, two of the three conditional outputs in Fig. 5-59(c) will be ACTI- 
VATED since they both depend on the same branching condition that ini- 
tiated the race, namely, X. The conditional output Y in STATE @ will not 
be activated any time after X goes ACTIVE and, hence, cannot be ACTI- 
VATED when the race condition is initiated. 

The presence of one or more output race glitches may or may not pose 
a problem for the designer. If, for example, the outputs of an FSM drive 
devices that are not sensitive to logic noise, elimination of the output race 
glitches would not be necessary. In the discussion that follows, we will 
assume that the presence of output race glitches is undesirable and that they 
should be eliminated. 


Elimination of Output Race Glitches. There are two methods by which output 
race glitches can be eliminated. They are as follows: 


1. Eliminate the race condition. This can be accomplished by revising the 
state code assignment, by providing additional state variables, or by using 
fly states, all of which have the potential for increasing the complexity 
of the NEXT STATE logic. 

Revision of the state code assignment, as a means of removing the 
race condition, is sometimes difficult if not impossible to carry out. But 
it is an option which should be considered by the designer, particularly 
if it reduces the complexity of the NEXT STATE logic as well as elim- 
inates the race condition. Providing additional state variables is almost 
always a viable option for removing the race condition, but it is nearly 


5.8 / Design Considerations 381 


382 


certain to increase the hardware requirements of the FSM. Remember 
that a MEMORY element (FLIP-FLOP) is required for each state vari- 
able. 

A fly state is a one-way branching state which has been inserted be- 
tween two states for the purpose of either creating a logically adjacent 
transition or adding a unit of time delay, or both. Any unused state can 
be used as a fly state, and on rare occasions a used state can serve as a 
fly state. The use of a fly state to create logic adjacency is illustrated 
in Fig. 5-60(a) for the case of a two-bit race condition. Notice that the 
don’t care (unused) state becomes part of the state diagram with the 
removal of the race condition. The transition sequence of the FSM is 


Used state with 
\ unconditional output 


Logically adjacent states 


4 Unused state È 
Unused state becomes a fly state 


(a) 


(b) 


Fig. 5-60. (a) Use of an unused (don’t care) state as a fly state to remove the 
race condition causing the glitch. (b) A typical example of the use of a fly state 
to remove a race glitch. 
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now (a)— (@’) > ©) with an added CLOCK time period. An example of 
the use of a fly state to remove a race glitch is given in Fig. 5-60(b). Here, 
we have taken the unused 111 STATE as the fly state to remove the 
alternative race path through the 010 output STATE. 


2. Filter Out the Race Glitch. This approach requires that an AND gate or 
FLIP-FLOP be placed on any output line (of an FSM) on which a glitch 
can occur. The logic circuits provided in Fig. 5-61 illustrate how this can 
be accomplished. In Fig. 5-61(a) an AND gate is placed on the output 
Z(H) of the RET FSM with an INVERTER providing the CK(L) EN- 
ABLE input to the AND gate. However, this method has the inherent 
disadvantage that Z'(H) follows CK(L) = CK(A) for sustained Z(H) 
signals. Hence, this method has limited use. A better method is shown 
in Fig. 5-61(b). Here, an FET D-FF is positioned on the output of the 
RET FSM. The FET D-FF functions as an effective filter for logic noise 
of any origin provided that the logic noise occurs as a result of a state 
transition immediately following the triggering edge of a CLOCK wave- 
form. We assume that the CLOCK waveform is symmetric (or nearly 
symmetric) with an ACTIVE HIGH period greater than the pulse widths 
of the glitches to be filtered. 

The timing diagram of Fig. 5-61(c) illustrates the results of applying 
the filter method of Fig. 5-61(b) to glitches produced by the race con- 


Z(H) with 


Inputs FSM Z’ (H) 
producing glitch-free 
output and delayed 


logic noise 


CK(H) 


CK(L) ENABLE input 
to the AND gate 


(a) 


Z(H) with Z’ (H) 
Inputs FSM glitch-free 
producing and delayed 
output M 
logic noise 


CK(H) 


(b) 


Fig. 5-61. Methods for filtering out logic noise by producing a half-cycle CK 
delay of the output from an FSM. (a) Logic circuit showing the use of an AND 
gate and an INVERTER. (b) Logic circuit showing the use of an FET D-FF. 
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CK(H) | | _| | 4 {| = = 


Z(H) 
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ii 


Z’ (H) te cal 


(Glitch-free) 


<?¢—__ + CK cycle delay 


(c) 
Fig. 5-61 (contd.). (c) Timing diagram showing the results of applying the method 
of Figure 5-61(b) to logic noise of the type produced in Figure 5-59. 


ditions shown in Fig. 5-59. Race glitches produced in output Z(H) never 
reach the output Z'(H) because the logic noise is dissipated before the 
falling edge of CLOCK enables the signal Z(H) to pass through the fil- 
tering device. The one-half CLOCK cycle delay of the output is the price 
that must be paid for this filtering action. Had we chosen to use an RET 
D-FF in place of the FET D-FF in Fig. 5-61, the filtering action would 
still take place but a full-CK-cycle delay in the output would result. In 
this case the output signal would be in phase with CLOCK rather than 
being antiphase to it as in Fig. 5-61. 


An Example. As a practical example of race glitch analysis, consider the 
synchronous pulse width adjuster (PWA) shown in Fig. 5-62. Before begin- 
ning the analysis a short description of its operation is in order. It is the 
function of this FSM to generate a clean pulse P of width determined by 
the width of the input pulse X as indicated by the timing diagrams in Fig. 
5-62(a). The intervals for which X is ACTIVE are to be one, two, or three 
CLOCK periods (Tcx) and are to be widely separated in time from each 
other by intervals of at least 5Tcx during which X must be INACTIVE. (It 
takes 4Tcx to complete the sequence.) The state diagram that meets the 
requirements of the PWA is shown in Fig. 5-62(b). Obviously, it is a Mealy 
machine of one input and one output. Notice that X implies logic 1 while 
X implies logic 0. Note also that the state codes have been assigned to satisfy 
both the ‘“‘into’’ and ‘‘out of’ rules, given in Sect. 5.8.1, for NEXT STATE 
optimization purposes. 

In Fig. 5-63 we present the output race glitch analysis for the PWA. 
Shown are the three race conditions relative to states®, ©, and ©. Notice 
that two of the three possible race glitches are unavoidable should the FSM 
take the alternative paths that lead to race glitch production. The transition 
(b) — © through STATE @ will unavoidably produce a (+) glitch in P. A 
(+) glitch due to the transition ® —> (©) through the don’t care (unused) 
STATE 101 can be avoided by using the p as a logic 0 in the P K-map. 
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(a) (b) 
Fig. 5-62. (a) Positive logic timing diagrams and (b) State diagram for a 
synchronous pulse width adjuster (PWA). 
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Fig. 5-63. Race glitch analysis for the pulse width adjuster of Figure 5-62. 
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However, the transition@-— (f)through the -STATE 101 requires that the 
don’t care be used as a logic 1 in the P K-map. Since we cannot have it 
both ways in the same output K-map, one of the race glitches through the 
o-STATE will be unavoidable should the FSM take that alternative path. 

To issue a clean output pulse interval, a requirement of the PWA, it is 
necessary that the output P be free of all glitches. One method of accom- 
plishing this would be to filter out any glitches that may occur by placing 
an edge-triggered FLIP-FLOP on the output line as was done in Fig. 5-61(b). 
The trouble with this approach is that it delays the final output by one-half 
of a CLOCK cycle, a condition that may or may not be acceptable. There 
is a better way. By changing the state code assignment of STATE (c)in Fig. 
5-62(b) to 101, the PWA becomes race glitch free. However, the ‘‘out of’ 
rule is no longer satisfied relative to STATE ©. A much better solution is 
to merge STATEs © and @ and merge STATEs ©, Q), and (g) to form a 
four-state state diagram that is race glitch free and that conforms completely 
with the ‘‘out of’ rule. It is left as an exercise for the reader to demonstrate 
this. Thus, the state diagram of Fig. 5-62(b) is unnecessarily complex, though 
it served our purpose in studying output race glitches. 


5.8.3 STATIC HAZARDs in the Output Logic 
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In Sect. 4.12 the subject of HAZARDs (STATIC HAZARDs) was discussed 
as was appropriate for combinational logic circuits. What was said there 
with regard to HAZARDs is applicable here to the output logic of synchro- 
nous FSMs with two important qualifications. First, we must be conscious 
of the sequential details of the FSM in question: 


A HAZARDous transition can exist in the output of a synchronous 


sequential machine if, and only if, that transition exists as part of the 
normal sequential operation of that machine. 


Thus, it seems clear that we must somehow incorporate the use of the state 
diagram into the STATIC HAZARD analysis procedure. 

Second, we must be aware of the mixed-rail output characteristics of the 
FLIP-FLOPs that are used for the FSM’s MEMORY. From the discussion 
in Sect. 4.12 and the timing characteristics for the BASIC CELLs given in 
Fig. 5-17, the conditions for SOP and POS HAZARD production can be 
established for output logic which is driven solely by the mixed-rail outputs 
(i.e., the state variables) from FLIP-FLOPs. These conditions are given in 
Fig. 5-64, and require that the mixed-rail outputs, Q(H) and O(L), perform 
the same complementary function as do INVERTERs in purely combina- 
tional logic machines. Therefore, the conditions of Fig. 5-64 apply unam- 
biguously to the output logic of a Moore machine, provided that that output 
logic has no INVERTERs. Purely combinational logic circuits, as in Sect. 
4.12, require INVERTERs to perform the complementary operations. In 
such circuits SOP HAZARDs can be produced only by 1 — 0 input changes 
while POS HAZARDs can be produced only by 0 — 1 input changes, in- 
dependent of input ACTIVATION LEVELs. 

For a Moore machine, compatibility between the requirements of Fig. 
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Conditions for SOP HAZARD Production 
(1) 1 — 0 change in Q when Q(A) leads Q(L). 
(2) 0 — 1 change in Q when Q(L) leads O(A). 


Conditions for POS HAZARD Production 


(3) 0 — 1 change in Q when Q(A) leads Q(L). 
(4) 1 — 0 change in Q when Q(L) leads Q(H). 


Fig. 5-64. The four conditions for HAZARD production in output logic driven by 
the mixed-rail outputs of FLIP-FLOPs. 


5-64 and the character of the mixed-rail FLIP-FLOP outputs represented in 
Fig. 5-17 means that STATIC HAZARD production is possible. If there is 
no agreement between these figures, HAZARDs (as we define them) will 
not be produced. Accordingly, we draw the following conclusions relative 
to Moore machines: 


FLIP-FLOPs whose mixed-rail outputs derive from NAND BASIC 
CELLs can produce HAZARDs only in POS output logic, but can do 
so on either a 0 —> I or 1 = 0 change in Q. 


FLIP-FLOPs whose mixed-rail outputs derive from NOR BASIC 
CELLs can produce HAZARDs only in SOP output logic, but can do 


so on either a 0 —> 1 or l —> 0 change in Q. 


FLIP-FLOPs whose mixed-rail outputs derive from INVERTERS, such 
as in Fig. 5-32(c), can produce HAZARDs in SOP output logic on a 
0 — I change in Q, or in POS output logic on a I —> 0 change in Q. 


Thus, the OQ waveforms of Fig. 5-17(a) satisfy the conditions for POS HAZ- 
ARD productions while those of Fig. 5-17(b) satisfy the conditions for SOP 
HAZARD production. Obviously, these conclusions are useful only if the 
FLIP-FLOP technology (NAND centered or NOR centered), is known to 
the designer. Furthermore, these conclusions are based on the assumption 
that output logic gates of the same logic family have approximately the same 
propagation delay and that the lead delays for these gates are uniform enough 
so that they can be disregarded. Asymmetric path delays associated with 
output logic gates or their leads may alter the conclusions given and may 
cause HAZARDs to be produced under different sets of conditions. 

HAZARD production in the output logic of Mealy machines occurs under 
the same conditions as those established for the Moore machine except, in 
this case, the external inputs can form their own coupled terms. Thus, it is 
possible to have externally initiated HAZARDs produced in the output logic 
in addition to those produced by state variables. It must be remembered that 
in the output logic of Mealy machines, the complementary operations in- 
volving the external inputs must be performed by INVERTERs and that 
HAZARD analysis relative to these external inputs must proceed as dis- 
cussed in Sect. 4.12. 
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Summary. STATIC HAZARDs are of concern only in the output forming 
logic of synchronous state machines. HAZARDs formed in the NEXT 
STATE forming logic are filtered by the MEMORY FLIP-FLOPs. STATIC 
HAZARDs produced in the output forming logic are of two types: those 
internally initiated by coupled state variables in either Moore or Mealy ma- 
chines, and those externally initiated by external inputs in Mealy machines. 
Internally initiated HAZARDs can by eliminated by HAZARD cover or by 
hardware compatibility between FLIP-FLOPs and the output forming logic. 
Externally initiated HAZARDs can be eliminated by HAZARD cover. Any 
STATIC HAZARD can be eliminated by using a filtering stage on the FSM 
output. 

There still remains the question of whether or not a HAZARD analysis 
is necessary. In fact, a complete HAZARD analysis need not be undertaken 
for any one of the following reasons: 


¢ It is ascertained that the existance of HAZARDous transitions in output 
logic of an FSM poses no problem for the next stage. 


It is decided that filtering devices will be placed on the FSM’s outputs to 
eliminate output race glitches or other logic noise. 


e For a Moore machine it is known that the choice of output logic hardware 
in combination with the nature of the mixed-rail outputs of the FSM’s 
FLIP-FLOPs cannot produce HAZARDs. Of course, this can be known 
by the designer only if the FLIP-FLOP technology (NAND or NOR) is 
known. 


If none of the reasons given for the exemption of HAZARD analysis 
apply, a complete study of the HAZARD problem should be carried out on 
the FSM. To do this we recommend the following procedure: 


1. Map each output logic function, extract minimum or reduced cover, and 
identify all coupled variables and associated coupled terms as discussed 
in Sect. 4.12. 

2. Deduce the state-to-state transitions and branching requirements for each 
potential HAZARD from its coupled terms. This should be done in con- 
junction with the conditions for HAZARD production given in Fig. 5-64 
and with the conclusions derived from them. 

3. Compare the results of step 2 with the requirements of the state diagram. 
If agreement is found between the state diagram and a pair of coupled 
terms, determine the HAZARD cover and add it to the output expression 
to be implemented as discussed in Sect. 4.12. Disagreement between the 
state diagram and the requirements of a pair of coupled terms means that 
those coupled terms will not produce a HAZARD in the FSM under study 
and that HAZARD cover need not be added. 


An Example. The presence of output race glitches aside, let us apply the 
foregoing procedure to the pulse width adjuster of Fig. 5-62. For the purposes 
of this discussion, let us assume the use of RET D-FFs each with mixed- 
rail outputs from a NOR BASIC CELL as in Fig. 5-17(b). Thus, SOP HA- 
ZARDs are possible while POS HAZARDs are not. 

Presented in Fig. 5-65 is the SOP HAZARD analysis for this FSM. The 
minimum SOP cover, given in Fig. 5-65(a), reveals a HAZARD for either 
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010 <> 110 (NA) 
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Psop=CX + AB + AC + AX 
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(c) 
Fig. 5-65. HAZARD analysis for the pulse width adjuster of Figure 5-62. 
(a) K-map and minimum SOP cover for output P showing an SOP HAZARD, 
produced by 111 — 100 race transition, and its cover. (b) Output logic with unit 
path delays, tp. (c) Timing diagram showing development of the (—) glitch SOP 
HAZARD. 


the 111 — 101 — 100 or the 111 — 110 — 100 race path initiated by a I > 
0 change in C. This was determined from the coupled terms CX + AC which 
require a change in C (see rectangular arrows) to initiate one of the two 
transitions represented by 1?1 <> 1?0 under X branching conditions. Here, 
the use of a question mark (?) represents the unspecified state variable B, 
meaning Qg. From an inspection of the state diagram, we see that only the 
111 — 100 transition under X branching conditions satisfies all requirements 
of the coupled terms. Since, by Fig. 5-64, SOP HAZARD production is 
possible for a 1 — 0 change in C when C(H) leads C(L), and since this 
condition is satisfied by the NOR BASIC CELL shown in Fig. 5-17(b) rep- 
resenting the outputs of FLIP-FLOP C, this is a valid HAZARDous tran- 
sition. The other possible transition, 1 ? 1 —> 1 ? 0, for a 0 —> 1 change in 
C under branching condition X does not exist in the state diagram, and so 
is not a valid HAZARDous transition. Also, it is found that the coupled 
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f 
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terms AB + AC are not applicable (NA) to HAZARD production since nei- 
ther of the two unconditional transitions required by the coupled terms, and 
represented by 010 <> 110, exists in the state diagram of Fig. 5-62(b). 

Once the PWA has stabilized into STATE 111, it will transit to STATE 
100 if X is sampled LOW on the next triggering edge of CLOCK. It will 
make this transition by one of the two alternative race paths, shown in Fig. 
5-63, depending on which FLIP-FLOP (B or C) changes first, but both in- 
volving a 1 — 0 change in C. In either case the HAZARD cover is the same 
and is found by ANDing the residues of the coupled terms. The results are 
then added to the expression to be implemented, as indicated in Fig. 5-65(a). 

The development of the SOP HAZARD for the 101 — 100 race path is 
shown in the timing diagram of Fig. 5-65(c). Here, we assume the FLIP- 
FLOPs are NOR based. The output logic circuit is provided in Fig. 5-65(b) 
to help the reader account for the unit path delays, tp. These delays are 
assigned to each NAND gate and to the INVERTER. Since, by Fig. 5-17(b), 
QO(H) leads Q(L) for a 1 — 0 change in Q, boxed t, delays are also placed 
on all O(L) input lines to account for the mixed-rail timing character of the 
FLIP-FLOP outputs. Thus, the term AC(L) responds to a change in C(H) 
after a 2r, delay, one 1, for the C(L) output of FLIP-FLOP C (indicated by 
C in the term AC) and one r, for the NAND gate. The term CX(L), on the 
other hand, responds to the change in C(H) after only one path delay due 
to the NAND gate. When the two terms are ORed together, there results 
the SOP HAZARD shown in Fig. 5-65(c). It is important to note that the 
HAZARD cover, AX(L), is always logic 1 for either path of the 111 — 100 
race transition and that adding it to the Psop minimum expression ‘‘ORs 
out” the HAZARD. Observe also that the term AB(L) is excluded from the 
timing diagram because it remains INACTIVE over the HAZARDous tran- 
sition. 

We know that STATIC HAZARDs will not be produced in POS output 
logic driven solely by edge-triggered FFs whose mixed-rail outputs are de- 
rived from NOR BASIC CELLs. Now, suppose we assume that the edge- 
triggered FFs are to be NAND based, that is, with mixed-rail outputs derived 
from NAND BASIC CELLs. An inspection of Figs. 5-17(a) and 5-64 indi- 
cates that the conditions are favorable for POS HAZARD production but 
not for SOP HAZARD production. Let us now consider the POS HAZARD 
problem. 

The POS HAZARD analysis for the PWA is provided in Fig. 5-66 by 
assuming the use of ET FLIP-FLOPs with mixed-rail outputs from NAND 
BASIC CELLs. The minimum POS cover, shown in Fig. 5-66(a), is read in 
MAXTERM code and reveals a POS HAZARD for only the 001 — 101 —> 
111 race path initiated by a 0 — 1 change in A (that is, A— A in MAXTERM 
code) under branching condition X. This is determined from the coupled 
terms (A + B + XA + C + X), which require a change in A, indicated 
by the rectangular arrows, to initiate one of the two race transitions rep- 
resented by 001 <> 101 under branching condition X. Since we have read 
this information, in MAXTERM code, it is necessary for comparison pur- 
poses that we complement (at least in our minds) either the branching con- 
dition of the state diagram or that implied by the POS expression, not both. 
Thus, only the 001 — 101 race transition satisfies all requirements of the 
POS-coupled terms. The 001 <> 011 race transitions do not satisfy these 
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B(H) 


A(L) 
C(L) 
X(H) 


A(H) 
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C(L) 


requirements. Notice that the other possible transition, 001 < 101, does not 
exist in the state diagram and, therefore, cannot be HAZARDous. 

Let us be clear on one point. The 001 — 111 transition will take place 
along one of two alternative race paths as shown in Fig. 5-63. For either 
race path the POS HAZARD cover is the same (though only one race path 
is HAZARDous) and is determined by ORing the residues of the coupled 
terms and then adding the result to the POS expression to be implemented, 
as indicated in Fig. 5-66(a). 

The development of the POS HAZARD for the 001 — 101 race path is 
illustrated in Fig. 5-66(c) with the help of the logic circuit of Fig. 5-66(b). 
Since, by Fig. 5-17(a), Q(H) leads Q(L) for a 0 — 1 change in Q, boxed 7, 
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001<¢— 101 (B + C + X) 


Pios = (A+ B+X)A+C+X)(A+B+C)- (B+ C+X) 
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B ‘ (B+C+X) (L) [ 


(B+C+X) (L) HAZARD cover 


(c) 
Fig. 5-66. POS HAZARD analysis for the pulse width adjuster of Figure 5-62. 
(a) K-map and minimum POS cover for output P showing a POS HAZARD, 
produced by the 001 — 101 race path, and its cover. (b) Output logic with unit 
path delays, tp. (c) Timing diagram showing development of the (+) glitch POS 
HAZARD and its elimination. 
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delays are assigned to all O(L) input lines to account for the mixed-rail timing 
character of the NAND based FLIP-FLOPs. Unit t, delays are also assigned 
to each NOR gate and to the external input INVERTER. Thus, A(H) leads 
A(L), causing the term (A + B + X)(L) to lead (A + C + X)(L) and the 
result is the development of the POS HAZARD. Observe that the term (B 
+ C + X)(L) is the HAZARD cover that removes the POS HAZARD. Also, 
note that the term (A + B + CXL) has been excluded from the analysis 
since it is always logic 1. In analyzing any POS timing diagram, we must 
remember that the waveforms for POS terms are ANDed together, not ORed 
as are the waveforms in SOP timing diagrams. 

On the strength of the HAZARD analysis alone, it would seem that the 
best choice of hardware for the PWA (if that choice is permitted) is SOP 
output logic in combination with NAND-based FLIP-FLOPs. This elim- 
inates the HAZARD problem while, at the same time, permits use of the 
simpler SOP output expression. Of course, if it is our plan to use an output 
filtering device to eliminate possible output race glitches, then any suitable 
hardware would suffice regardless of the existence or nonexistence of HA- 
ZARDs. 


Further Discussion of the Output Glitch Problem. There still remain a few 
important points worth considering before departing from this section. If a 
designer cannot guarantee, by the methods outlined in this and the previous 
section, the absence of all output glitches (race or HAZARD), then placing 
filtering devices on all output lines offers one feasible solution. This is a 
common practice when dealing with highly complex synchronous sequential 
machines. The advantage of the “‘filter’’ approach is that it avoids the need 
to run race and HAZARD glitch analyses on the FSM. A disadvantage is 
that it adds hardware and time delay to the operation of the FSM. So if it 
is the intent to optimize the design by minimizing hardware and time delay, 
complete race and HAZARD glitch analyses should be carried out and cor- 
rective measures taken. 

But there may be a much easier solution to the output glitch problem. 
If the FSM in question is to be the input stage to another synchronous FSM, 
no corrective action is necessary—the next-stage MEMORY section will 
serve as the filtering device for any logic noise generated on the output logic 
of the previous stage. Itis worthwhile to remember this fact, especially when 
dealing with system-level designs. Also, remember that glitches in the output 
signals from an FSM are of concern only if they have a potential to cause 
problems. For example, if the outputs of an FSM are to drive light-emitting 
diodes, there is no need to remove the logic noise (assuming it exists) since 
the response of the human eye is too slow to pick up the glitches in the 
LEDs. 


5.8.4 Asynchronous Inputs 
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The inputs to all FSMs considered so far were explicitly stated to be, or at 
least tacitly assumed to be, synchronous inputs. A synchronous input is one 
that is synchronized with CLOCK to the extent that it cannot change its 
logic level during a sampling interval (see Fig. 5-45). Any input that does 
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not meet this requirement is said to be an asynchronous input, defined as 
follows: 


An asynchronous input is one that can change logic levels at any time, 


particularly during the sampling interval established by the sampling 
variable. 


As was pointed out in Sect. 5.6.7, an input to a synchronous FSM must 
meet the setup and hold-time requirements established by CLOCK (the sam- 
pling variable) or proper transitions of the FSM cannot generally be guar- 
anteed. Simply stated, a synchronous FSM may not function properly if 
asynchronous inputs are present. Remember that CLOCK is, by definition, 
an asynchronous input. 


Rules Associated with Asynchronous Inputs. To reduce the probability for FSM 
malfunction, the following rules should be observed: 


1. Branching Dependency Rule 


Avoid branching dependency on more than one asynchronous input. 


The timing possibilities become too complex to predict the sequential 
behavior of an FSM when more than one asynchronous input controls 
the branching from a given state. Figure 5-67 demonstrates how a state 
diagram segment can be modified to satisfy the branching dependency 
rule. Since such modifications involve additional CLOCK periods (e.g., 
from STATE © to STATE ©), care must be taken to make certain that 


GO/NO-GO 
configuration 
(logically adjacent 
states) 


X,Y = Asynchronous inputs 


Fig. 5-67. Modification of a state diagram segment to eliminate state branching 
dependency on more than one asynchronous input. 
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all timing requirements specified for the design are met. The GO/NO-GO 
configuration featured in Fig. 5-67 will be discussed shortly. 


2. Conditional Output Rule 


Do not attempt to generate an output conditional on an asynchronous 


input. 


An output that is conditional on an asynchronous input can, under certain 
conditions, be no more that an erroneous glitch. This is so because the 
asynchronous input can change at any time even before the output has 
been fully developed. Worse yet is the case where both branching and 
output from a state are conditional on an asynchronous input. Again, the 
timing possibilities become too complex to predict the behavior of the 
FSM. Figure 5-68 illustrates this and shows how expansion from a Mealy 
segment to a Moore segment can remove the output dependency on an 
asynchronous input. However, there still remains a problem due to the 
two-way branching from STATE © which depends on the asynchronous 
input, X. This problem will be discussed next in connection with the 
application of the ‘‘out of’ rule as applied to asynchronous inputs. Notice 
the additional CLOCK period introduced by the expansion from a Mealy 
segment to a Moore segment in Fig. 5-68, which assumes that Z and W 
cannot be issued concurrently. 


3. Restatement of the ‘‘Out of’ Rule 


The NEXT STATEs of a common state whose branching is conditional 


on an asynchronous input must be made logically adjacent. 


If the ‘‘out of” rule (as it applies to asynchronous inputs) is not obeyed, 
there is a small but nonzero probability that an error transition will occur 
in the FSM. Thus, observance of the revised ‘‘out of’ rule is now a 
requirement, not just a guideline for logic optimization as it was for syn- 
chronous inputs in Sect. 5.8.1. 


X = Asynchronous input 


Mealy segment Moore segment 


Fig. 5-68. Modification of a state diagram segment to eliminate output 
generation dependency on an asynchronous input. 
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The GO/NO-GO configuration shown in the modified state diagram 
segment of Fig. 5-67 provides a reliable means of dealing with an asyn- 
chronous input. The fact that STATEs © and O) are logically adjacent 
ensures that no error transitions are possible and that the transition 
© — (c’)can occur only if X is sampled ACTIVE. By making STATEs 
@and © logically adjacent also ensures that no error transitions are pos- 
sible from STATE(c’), but it cannot always be known which path will be 
taken by the FSM, to STATE @or to STATE @, since the path decision 
must be made on the asynchronous input Y. However, the modified state 
diagram segment of Fig. 5-67 becomes completely acceptable if input 
Y is synchronized with CLOCK leaving X as the only asynchronous 
input other than CLOCK, the sampling variable. Thus, the GO/NO-GO 
configuration may be regarded as the only reliable means of handling 
asynchronous inputs short of synchronizing them. 


Synchronizing the Input. A reliable approach to dealing with the problem of 
asynchronous inputs is to synchronize each asynchronous input with the 
CLOCK waveform before it is introduced to the NEXT STATE logic section 
of the FSM. This is accomplished simply by placing an edge-triggered D- 
FF on the line of an incoming asynchronous input. Shown in Fig. 5-69(a) is 


Synchronized 
Asynchronized input 
input 


XŒ) X(H) 


Synchronous 
inputs 


CK(H) 
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oe Tp > Tox >! a not be detected 


X(H) ae ce eee © e 


(Asynchronous input) 


x(H) ee eee 


(Synchronized input) 


(b) 
Fig. 5-69. (a) Synchronization of an asynchronous input, X. (b) Timing diagram 
showing the results of applying a synchronizing cell to the asynchronous input. 
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the synchronizing ET D-FF cell, and in Fig. 5-69(b) a timing diagram illus- 
trating the results of its application to an asynchronous input X(H). Notice 
that successive asynchronous 0 — 1 — 0 pulses must be separated by at 
least one sampling period before they will appear as discrete synchronous 
pulses in the output of the synchronizing cell. More important, observe that 
this method is effective only if the individual asynchronous pulse widths are 
greater than the CLOCK period (T, > Tcx). A “short” asynchronous pulse 
which cannot be detected and synchronized is shown in Fig. 5-69(b). The 
subject of short asynchronous pulses will soon be discussed. 

In Fig. 5-69(a) an FET D-FF is used for an RET FSM so as to delay the 
synchronized signal X'(H) no more than a half CLOCK cycle. To achieve 
the same result, an RET D-FF could be used for an FET FSM. Had we 
wished to delay the signal by as much as a full CLOCK cycle, we could 
have done so by using FLIP-FLOPs of the same triggering edge as the FSM. 
This has the advantage of bringing the input in phase with the system 
CLOCK (as opposed to being antiphase with CLOCK), but it is susceptible 
to CLOCK distribution problems as discussed in Sect. 5.8.5. 


Stretching and Synchronizing the Input. There still remains the problem of 
‘‘short’’ asynchronous input signals (pulses) that may be missed because 
their ACTIVE periods are too short to be sampled by the triggering edge of 
the CLOCK waveform. An example of a short pulse is shown in Fig. 5- 
69(b). To deal with short asynchronous pulses of this type, it is necessary 
that they be stretched so that they will be caught and treated as ‘‘long’’ 
asynchronous inputs by the FSM. One means of stretching short input signals 
is illustrated in Fig. 5-70(a). Here, a SET-dominant BASIC CELL, called a 
catching cell, is used to intercept and stretch the signal. All that is required 
to catch the short signal is that the signal exist long enought to SET the 
BASIC CELL. Since the stretched signal from the catching cell is still asyn- 
chronous, it must be dealt with within the FSM. The GO/NO-GO configu- 
ration, shown in Fig. 5-70(b), provides the best means of accomplishing this. 
Once the synchronized input X’ has been sampled ACTIVE HIGH by 
CLOCK in STATE (q) and the transition is made to STATE), an output 


Catching 
cell 


Synchronous __» 
inputs 
X(L) 
stretched 


(a) i 
Fig. 5-70. Stretching of a short input signal, X. (a) Use of a NAND BASIC 
CELL to catch the signal. 
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states an oe 
CK(H) 


(b) (c) 
Fig. 5-70 (contd.). (b) The GOINO-GO configuration of the FSM which RESETs 
the catching cell. (c) Timing diagram showing the stretched signal X'(L) and 
path delay offsets for the FSM and catching cell. 


R(L) is issued to RESET the catching cell so as to ready it for the next 
signal. Since a short input signal can be stretched up to a CLOCK period 
by the GO/NO-GO configuration of Fig. 5-70(b), it follows that such short 
signals must be spaced apart by at least one full CLOCK period, otherwise 
data could be lost. Of course, if it is intended that the signal X be stretched 
further, the output R(L) can be issued in any state, including the final state 
of the sequence. But to do this would require proportionately greater spacing 
between short pulses if all data are to be detected. The timing diagram in 
Fig. 5-70(c) illustrates the stretching process just described. Notice that the 
offsets (dotted vertical lines) between CK(H) and R(L) and between R(L) 
and X'(L) represent path delays through the FSM and BASIC CELL, re- 
spectively. 

Another means of dealing with short asynchronous input signals is to 
remove the GO/NO-GO configuration from inside the FSM and place it in 
combination with the catching cell on the input to the FSM. This arrangement 
is called a stretching/synchronizing cell and is illustrated by the use of FET 
D- and JK-FFs in Figs. 5-71(a) and (b). The obvious advantage of this ar- 
rangement is that it permits the short asynchronous input signal to be caught, 
stretched and synchronized prior to its introduction into the FSM. This elim- 
inates the need to install a GO/NO-GO configuration in the state sequence 
(assuming one does not already exist) and it eliminates the need to generate 


X(H) X(H) 


X(L) 


(b) 


Fig. 5-71. Stretching and synchronizing of short asynchronous inputs. (a) FET D- 
FF version and (b) FET JK-FF version of the stretching/synchronizing cell. 
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Fig. 5-72. Logic circuit illustrating two options for RESETting the catching cell. 


an additional output R(L), but at the cost of an additional FLIP-FLOP—a 
trade-off of sorts. The two alternatives for RESETting the catching cell are 
shown in Fig. 5-72. 

The timing diagram in Fig. 5-73 illustrates the synchronizing and stretch- 
ing of short, asynchronous input pulses by using the FET D-FF version given 
in Fig. 5-71(a). In this diagram the small offsets (or shifts) in the D(H) wave- 
form represent the path delay through the BASIC CELL. All other path 
delays are excluded for simplicity. Here, it can be seen that pulses P1, P3, 
and P, are each caught by SETting the BASIC CELL and then are syn- 
chronized and stretched to one CLOCK period as shown. Pulse P2, however, 
is not caught because it occurred during the stretched period of P;. This 
leads to the following two catching rules for short pulses: 


1. Short positive (0— 1 — 0) pulses must exist long enough to SET a BASIC 
CELL. 


— oe Sampling interval of D-FF 


cm I ttl ttl eter et tt tw 


D(H) 


Fig. 5-73. Timing diagram showing the stretching and synchronizing of short, 
widely spaced 0 —> I — 0 pulses. 
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2. The outer edges of any two successive 0 —> 1 — 0 pulses (that is, the 
0 — 1 edge of the first pulse and the 1 — 0 edge of the second) must be 
separated by at least two successive sampling intervals of CLOCK if the 
second pulse is to be caught, synchronized, and stretched. 


Pulses P2, Ps, and Pe do not satisfy the requirements of the second catch- 
ing rule and so are not caught, synchronized, and stretched. One obvious 
solution to this problem is to increase the frequency of the CLOCK wave- 
form if it is possible and convenient to do so. If this cannot be done, the 
only other solution is to make certain that all data pulses arrive at intervals 
which satisfy the second catching rule. Failure to take either action will 
result in lost data. 

The positive pulses P4, Ps, and Psin Fig. 5-73 can be viewed as separating 
short negative (1 — 0 — 1) pulses. By the second catching rule, it follows 
that negative pulses cannot be synchronized and stretched without using a 
LOGIC LEVEL CONVERTER (an INVERTER) on the asynchronous input 
to complement the logic waveform. Even then the pulses must be separated 
in agreement with the second catching rule. Notice that removal of the IN- 
VERTER in Fig. 5-71(b) accomplishes the logic level conversion. 


Metastability and Synchronizer Circuits. Even with the use of a catching cell, 
there is still a very small but nonzero probability that a synchronizer ET 
FLIP-FLOP can be forced into a temporary metastable state that is either 
oscillatory or “‘hung up’? somewhere between SET and RESET. This is 
possible in any FLIP-FLOP, including those in the MEMORY stage, if a 
data input to the FLIP-FLOP changes in close proximity to the triggering 
edge (i.e., during the sampling interval) of the CLOCK waveform. As a 
result, a ‘‘runt pulse” of the type shown in Fig. 6-19, could be produced 
and could, in turn, cause the FLIP-FLOP to enter the metastable state. Such 
a pulse may lack sufficient energy to resolve the FLIP-FLOP into either a 
SET or RESET condition. 

Although there is only a very small probability that a synchronizer ET 
FLIP-FLOP could be forced into a metastable state, it can happen. The 
result could be the malfunction of the FSM to which the synchronizer FLIP- 
FLOP is attached. To greatly reduce the probability of such an occurrence, 
a second synchronizer FLIP-FLOP can be added as in Fig. 5-74(a), and for 
the case of At. = At, as in Fig. 5-74(b), both to be operated antiphase with 
the MEMORY FLIP-FLOPS. Here, it is assumed that if FF1 enters the 
metastable state on the rising edge of the CK waveform, there is an extremely 
high probability that it (FF1) will exit from that metastable state before the 
next rising edge of CK which must trigger FF2. Then, with probability near 
one, CK (in FF2) will sample a resolved condition from FF1 that is either 
a clean SET or clean RESET, but there is no way to predict which one. 

If the metastable state in FF1 should last longer than one CLOCK period, 
there still exists the strong likelihood that FF2 will resolve into either a clean 
SET and clean RESET condition. Even so, it is possible to further reduce 
the probability that the metastable state will be passed on to the FSM. This 
can be done either by adding a third ET FLIP-FLOP to those in Fig. 5-74(a) 
or by increasing the CLOCK period. However, the reader must be advised 
that no scheme is possible that will reduce the probability to zero. 
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5.8.5 CLOCK SKEW 
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Because the metastable state may endure for a period of time that is 
unpredictable, concern about metastability is justifiable, and many studies 
of the metastable state have been made. The Annotated References at the 
end of this chapter cites work pertinent to this subect. The subjects of met- 
astability and arbitration are covered in Sect. 6.9.1 of this book. Also, more 
information on these and related subjects can be gathered from sources cited 
in the Annotated References at the end of Chapter 6. 


In synchronous sequential machines the triggering edge of the CLOCK 
waveform is assumed to reach each FLIP-FLOP of the MEMORY at ap- 
proximately the same time. This has been assumed for all synchronous FSMs 
we have considered to this point. Sometimes, however, this does not happen 
due to the presence of asymmetric path delays in the CLOCK leads to the 
MEMORY devices. These delays can be caused by long wire leads, or by 
INVERTERs or DRIVERs placed in the CLOCK leads for fan-out purposes. 
When such delays become large enough to cause a shift in the triggering 
edge of one FLIP-FLOP relative to another, CLOCK SKEW is said to exist. 
CLOCK SKEW can become a serious problem if timing anomalies or in- 
correct data result. 

Figure 5-74 illustrates one type of problem that can occur as a result of 
CLOCK SKEW. Here, input data X( H) are supposed to pass serially through 
the two RET D-FFs on successive triggering edges of the CK(H) waveform. 
The physical arrangement of the FLIP-FLOPs is given in Fig. 5-74(a) where 
path delays Af, and Af, are indicated on the CLOCK leads to FLIP-FLOPs 
1 and 2, respectively. These delays may be present for a number of reasons 
some of which we have mentioned. However, their specific origin is un- 
important to this discussion. 

The proper operation of this FSM is illustrated in Fig. 5-74(b) for the 
case where the CLOCK lead delays are identical, At; = At. It is evident 
that FF2 picks up the output of FF1 on the following triggering edge of 
CLOCK such that the synchronized output of the second FLIP-FLOP goes 
ACTIVE at the same time that the synchronized output of the first FF goes 
INACTIVE. What we have just described is the operation of a two-bit serial- 


X(H) 


CK(H) 


(a) 


Fig. 5-74. Illustration of a CLOCK SKEW problem in a synchronous FSM. 
(a) Logic circuit showing path delays in the CLOCK input leads. 
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(c) 
Fig. 5-74 (contd.). (b) Timing diagram showing proper operation when At, = 
At. (c) Timing diagram showing a timing irregularity caused when At > Atı. 


in/parallel-out (SIPO) SHIFT REGISTER. SHIFT REGISTERs will be the 
subject of a detailed discussion in Sect. 5.10.1. 

When the CLOCK lead delays are unequal, as in Fig. 5-74(c), a CLOCK 
SKEW exists between the two FFs and a timing anomaly results. Now CK, 
of FF2 samples Q,(#) after a time equal to At) — At, rather than after a 
full CLOCK period as required for proper operation. Such timing anomalies 
can lead to unrecoverable errors in the operation of SHIFT REGISTERS 
and other devices. 

Another type of CLOCK SKEW problem can occur when the data are 
presented in parallel, as shown in Fig. 5-75(a). This arrangement is that of 
a 2-bit parallel-in/parallel-out (PIPO) SHIFT REGISTER. Figure 5-75(b) il- 
lustrates the proper operation of this FSM when the data input is the same 
for both FLIP-FLOPs and when the CLOCK lead delays are symmetric 
(equal). In this case both FLIP-FLOP outputs are identical. However, when 
the CLOCK lead delays become asymmetric, data can be missed by one of 
the FLIP-FLOPs as shown in Fig. 5-75(c). This speaks in favor of the an- 
tiphase synchronization of an asynchronous input illustrated in Fig. 5-69. If 
a full-cycle delay is used in synchronizing the input, there is the risk of 
missed data. Clearly, the presence of a CLOCK SKEW complicates further 
the problem of asynchronous inputs. 

The elimination of CLOCK SKEW in simple synchronous FSMs of the 
type just described is not usually a difficult task. Providing that the CLOCK 
SKEW is stable (that is, not time dependent), one simply balances the delays 
by using wire leads, INVERTER pairs, noninverting DRIVERs and the like. 
For high-frequency systems, transmission line delays on leads can be sub- 
stantial, and this can cause the balancing procedure to become more difficult. 
In any case, the elimination of the CLOCK SKEW problems can be ensured 
only if all CLOCK lead delays are symmetric or very nearly so. 
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Fig. 5-75. Sampling of incorrect data due to CLOCK SKEW. (a) Logic circuit 
showing CLOCK lead delays. (b) Timing diagram showing proper operation when 
At, = Atz. (c) Timing diagram showing sampling of incorrect data when 
At, > At). 


CLOCK SKEW problems are more difficult to diagnose and deal with 
in very complex systems where a SYSTEM CLOCK must drive synchro- 
nously the MEMORY elements of several independent devices. VLSI cir- 
cuits are a good example. It is here where the use of master/slave FLIP- 
FLOPs can be helpful. Because MS FFs have a half-cycle output response 
to input change, they can eliminate the effects of CLOCK SKEWs of du- 
ration less than their sampling interval (see Fig. 5-46). Of course, this is not . 
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the perfect solution, since MS FFs can themselves be a source of problems 
as was discussed in Sect. 5.6.4. The best advice that can be given to the 
designer of such systems is to ‘‘think symmetrically” when laying out a 
circuit. Try to avoid obvious sources of asymmetric path delays, particularly 
those associated with the SYSTEM CLOCK leads. Often, a conscious effort 
in this regard can save much time and expense. 


Initialization and Reset of the FSM 


System 


\ power up/down 
e—® 


SANITY circuit 


An important part of the operation of any sequential machine is that it be 
initialized (on power-up) into a specific state or that it be reset into a specific 
state once it is in operation. If initialization and reset of FSMs were not 
possible, one can imagine the chaos that could result. Take, for example, 
the cruise control of an automobile. Failure of it to initialize or reset into a 
start-up state could be disastrous. Imagine not being able to initialize or reset 
the controller of one’s computer. Equally important is the fact that no FSM 
should ever be designed such that it can initialize or reset into “‘hang’’ (un- 
used) states or subroutines which are not part of the desired sequence. 
Whether the FSM is the controller for an elevator or traffic light system, or 
the controller for a robot or audio playback system, it should be obvious 
that initialization and reset capabilities are vitally important. 


SANITY Circuits. What is needed is a signal that can be used to drive an 
FSM momentarily to a specific starting or reference state whenever it is 
necessary to do so—that is, during power-up to initialize the FSM or during 
operation to reset the FSM. Presented in Fig. 5-76(a) is a SANITY circuit 
as it might be used to power up or reset a three-bit MEMORY into the 001 
STATE. It is called a SANITY circuit because it adds “‘sanity’’ to a situation 
that could otherwise be chaotic for the designer. 


K,(H) Ja(H) K;(H) = Jy (HD) Ko(H) Jo(H) 


(a) 


Fig. 5-76. Use of a SANITY circuit to initialize or manually reset an FSM into 
the 001 STATE. (a) SANITY circuit and MEMORY section for the FSM. 
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Fig. 5-76 (contd.). (b) Initialization and (c) reset of the MEMORY showing the 
capacitor V-t characteristics and the resulting SANITY(L) logic signals. 


Figure 5-76(b) has been included to help the reader understand how the 
SANITY circuit operates. On system power-up, the SANITY circuit is con- 
nected to the supply voltage Vs, which charges the capacitor over time, and 
hence develops a voltage Vcap across it as shown. At t = 0, when power 
is first supplied to the SANITY circuit, V, = Vcap = 0 and the node x and 
SANITY(ZL) output are both at the logic level 0(H) = 1(L). This logic level 
ACTIVATEs the SANITY asynchronous overrides of the MEMORY ele- 
ments (the RET JK-FFs) driving them (the FLIP-FLOPs) momentarily into 
the 001 STATE. As the voltage Vcap continues to rise, a point is reached 
when the ACTIVE transition point of the INVERTERS is crossed bringing 
the node x and the SANITY(ZL) output to the logic level 1(H) = 0(Z), as 
indicated in Fig. 5-76(b). At this point and thereafter, all asynchronous 
overrides are DEACTIVATED and the MEMORY FLIP-FLOPs operate 
normally. 

It is important for the reader to understand that the initialization process 
just described is made possible by energizing the SANITY circuit at the 
same time that the system devices are powered up. Thus, the SANITY 
switch and the system power switch are one and the same. Also, for a suc- 
cessful initialization, it is necessary that the time constant for the SANITY 
circuit, RC, be adjusted so that the voltage Vcap reaches the ACTIVE tran- 
sition point t», shown in Fig. 5-76(b), after the system devices have 
equilibrated and after the CLOCK generating circuit has stabilized. In other 
words, the system devices and the CLOCK signal must be ready to operate 
normally the instant the SANITY asynchronous overrides are DEACTI- 
VATED at time t». 

The time constant we refer to is simply the product of resistance R and 
capacitance C; that is, 
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t = RC (5-8) 


where r is the time constant in units of seconds (s) when R is in ohms (Q) 
and capacitance is in farads (F). Thus, the unit equation for the time constant 
is (1 s) = (1 Q)(1 F). Typical values of the time constant for SANITY circuits 
range from 10 ms to 100 ms, with values for R and C commonly in the range 
of 5 KQ to 10 KQ and 2 uF to 10 uF, respectively. Values for t shorter than 
10 ms may not permit the CLOCK generating circuit to stabilize or may not 
permit switch contact noise (discussed later) to damp out. Values larger than 
100 ms may cause unnecessary delays in the initialization process and may 
even prevent the MEMORY FLIP-FLOPSs from initializing simultaneously. 
As a “‘rule of thumb” the SANITY circuit will reach its steady-state level 
after a period of about 5t following power-up, but the ACTIVE transition 
point of the threshold device will be reached well in advance of that. 

Once the FSM is in operation it may be desirable to reset it into a specific 
state. If the reset and initialization states are the same, a single SANITY 
circuit will suffice. This is the case in Fig. 5-76(a). Here, closure of the 
manual switch across the capacitor resets the MEMORY as indicated in Fig. 
5-76(c). Immediately following closure of the switch, the capacitor is dis- 
charged directly to ground, bringing the node x and SANITY(Z) output to 
OCH) = 1(L), abruptly ACTIVATING the SANITY asynchronous overrides 
and resetting the MEMORY. 

If the SANITY circuit input to each asynchronous override is ANDed 
with an appropriate ENABLE input, an FSM can be initialized (or reset) 
into any state. To do this requires as many ENABLE inputs and INVERT- 
ERs as there are FLIP-FLOPs. It is left as an exercise for the reader to 
show how this is accomplished. 

The SANITY circuit of Fig. 5-76(a) is adequate for many applications. 
However, there are other applications where it will not function properly. 
It suffers from fan-out capability, and it cannot be powered down and back 
up until a time about equal the time constant has elapsed. On power-down 
the capacitor must discharge through the resistor R, and this takes time 
determined by the time constant, RC. So, it is possible that the SANITY 
circuit will not reach a power-down condition before it is powered up again. 
Another problem is that a slow-input voltage change across the capacitor 
may cause a slow change in the output SANITY voltage, and this could fail 
to cause the SANITY asynchronous overrides of the MEMORY to be AC- 
TIVATED simultaneously. The ACTIVE threshold voltages for the F Fs will 
usually show some variation. 

An improved SANITY circuit is shown in Fig. 5-77. It features an in- 
creased fan-out capability due to the parallel INVERTERs, a diode through 
which the capacitor can be discharged on power-down, and the use of a 
Schmitt trigger gate which causes the SANITY output voltage to change 
abruptly. The inverting Schmitt trigger functions logically in the same way 
as any INVERTER, but it has a higher 0 — 1 threshold voltage and a higher 
amplification factor than does an INVERTER. Consequently, the output 
voltage of the Schmitt trigger will change very rapidly even with a slow rise 
in the capacitor voltage Vcap. Use of the Schmitt trigger ina SANITY circuit 
is not always necessary and is dependent on the type of logic family being 
used to implement the FSM as well as the value chosen for the time constant. 
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5.8.7 Debouncing Circuits 
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Manual reset 
switch SANITY (L) 
SANITY (H) 


Fig. 5-77. An improved SANITY circuit showing greater fan-out capability, faster 
capacitor discharge on power down, and sharper SANITY voltage transitions due 
to presence of the Schmitt trigger. 


Note that the SANITY circuit of Fig. 5-77 also provides a SANITY(H) 
output for devices (other than most FLIP-FLOPs) that have ACTIVE HIGH 
asynchronous PRESET and CLEAR overrides. 


A common problem in digital system design is to provide human interface 
to the system. The use of push-button switches is a typical example. Asyn- 
chronous input signals from push-button switches often produce a phenom- 
enon called ‘‘switch bounce’’ which derives from the mechanical structure 
of the switch. Multiple open/closed transitions may occur immediately fol- 
lowing the depression or release of a button switch. Shown in Fig. 5-78(a) 
is a simple nondebounced single-pole/single-throw (SPST). mechanical 
switch and the multiple logic transitions, or contact noise, that may occur 
as a result of closing or opening the switch. Serious problems can result in 
an FSM if a high-frequency CLOCK catches the bounce signals. This is 
equivalent to the introduction of false data. 

There are a number of circuits that can be used effectively to debounce 
a switch. The single-pole/single-throw switch of Fig. 5-78(a) can be de- 
bounced effectively by simply slowing down the rise (or fall) of voltage Vx 
following contact (or release) of the switch and by placing threshold devices 
such as a Schmitt trigger and an INVERTER on the output. Figure 5-78(b) 
shows how this can be accomplished. Here, following switch contact, the 
R-C component slows the voltage rise, as in Fig. 5-76(b), and a Schmitt 
trigger gate produces an abrupt change in the output voltage as its ACTIVE 
threshold is crossed. A similar behavior takes place for the voltage drop 
when the switch is opened. The result is the logic waveform shown in Fig. 
5-78(b). Notice that the logic transitions are delayed slightly from the action 
of the switch. These delays are a result of the charging and discharging 
characteristics of the R-C circuit and the position of the ACTIVE and IN- 
ACTIVE transition points of the Schmitt trigger. The delays can be adjusted 
by altering the time constant, RC, but they must be long enough to wait out 
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(b) 
Fig. 5-78. Debouncing of a normally closed single-pole/single-throw mechanical 
switch. (a) A non-debounced switch and the resulting timing diagram showing 
contact logic noise. (b) A debouncing circuit for the switch in (a) and the 
resulting bounce-free timing diagram. 


the bounce periods shown in Fig. 5-78(b). Typical bounce periods are of the 
order of 10 ms or less so the RC time constant must be of that same magnitude 
or greater. 

Use of a delay circuit like that in Fig. 5-78(b) is the only known method 
of debouncing a single-pole/single-throw switch. On the other hand, single- 
pole/double-throw (SPDT) switches can be debounced by using any one of 
a variety of different circuits. One circuit, shown in Fig. 5-79, performs a 
maximum speed debounce by making use of the SET and RESET action of 
a BASIC CELL. The manner in which it debounces a SPDT switch is re- 
markably simple. When the switch is thrown to the UP position the first 
contact bounce to achieve the 0(H) = 1(L) logic level on the S(L) line SETs 
the CELL. All subsequent bounces are ignored. Similarly, when the switch 
is thrown to the DN position, the first bounce to reach the 0(H) = 1(L) 
logic level on the R(L) line RESETs the CELL and all subsequent bounces 
are ignored. Observe that when the switch breaks with a given contact, any 
contact (release) noise that is produced can do nothing but HOLD the BASIC 
CELL in its present SET or RESET condition. Then when the switch makes 
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Fig. 5-79. Use of a BASIC CELL to debounce a single-pole/double-throw switch. 


contact with the next set of terminals, the CELL will alter its SET/RESET 
status, but only after a contact pulse has passed through a logic transition 
point. 


5.9 DESIGN AND ANALYSIS OF MORE COMPLEX SYNCHRONOUS FSMs 


In Sect. 5.7 we carried out the design of three simple FSMs, purposely 
avoiding the problem areas and design intricacies of Sect. 5.8. Now, it is 
necessary that we move on to more complex synchronous FSM designs 
where we can apply much of what we have learned in the previous sections. 
To assist in this endeavor we bring together the various parts of the design 
process into a more formal procedure. This will be followed by two examples 
illustrating some of the fine points of design. We conclude with a section 
dealing with the analysis of synchronous FSMs, roughly the reverse of the 
design process in one respect but similar in another. 


5.9.1 A Design Procedure 


For reference purposes in this section we present a seven-part design pro- 
cedure. Considering the magnitude of the design problem, such a procedure 
must necessarily be complex often involving an interdependency of its parts. 
While not every design consideration has been included, the procedure is 
complete enough to serve as a guideline for successful FSM design. 


Part I. Understand the Problem. 


1. Develop a thorough understanding of the functional requirements and 
I/O specifications of the FSM to be designed. 
2. Note any specific timing constraints that must be met. 


Part II. Construct a State Diagram. 


1. Choose a Moore or Mealy model and construct a fully documented state 
diagram that meets the requirements of the algorithm and timing con- 
straints of the FSM. Use flowcharts and timing diagrams if necessary. 

2. If asynchronous inputs are present, make certain that the branching de- 
pendency and conditional output rules given in Sect. 5.8.4 are obeyed. 
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Part Il. Make State Code Assignments. 


1. 


If optimization of the NEXT STATE logic is a requirement of the design, 
make state code assignments consistent with the logic adjacency rules of 
Sect. 5.8.1 wherever possible. In doing so, be aware of the asynchronous 
input problem. 


. If asynchronous inputs are present, decide at this point whether or not 


they are to be synchronized. If they are to be synchronized, proceed to 
Part IV. If not then make certain that the “‘out of’’ rule is satisfied by 
means of the GO/NO-GO configuration for each asynchronous input. This 
may require alteration of the state diagram and a reassignment of the state 
code. 


Part IV. Obtain the Ouput Functions. 


1. 


Choose the NEXT STATE and output logic hardware and MEMORY 
devices to be used and then determine the output functions. Knowing 
how the output functions are to be implemented and the character of the 
FLIP-FLOPs that will drive this implementation can influence the design 
strategy as discussed in Sect. 5.8.3. For ROM (or DECODER) imple- 
mentation of the output functions, the required CANONICAL data can 
be obtained directly from the state diagram (see Part V). Otherwise map 
the output logic and extract minimum or reduced cover. 


. Determine whether or not logic noise in the outputs of the FSM will be 


a problem (see Sect. 5.8.3). If logic noise does not pose a problem for 
the next stage, proceed to Part V. If such noise will be a problem and if 
output race glitches and/or HAZARDs exist, then corrective action must 
be taken: 


a. If output race glitches are present, plan to filter the outputs (Sect. 
5.8.2) or else eliminate the race conditions causing the glitches by using 
fly states or by returning to Part III for reassignment of the state codes. 

b. If output HAZARDs exist, plan to filter the outputs (if filtering has 
not already been planned due to race glitches) or use HAZARD cover 
to eliminate the HAZARD glitches. If neither of these options is ac- 
ceptable, return to Step II for reassignment of the state codes. Note 
that this last option is by far the most difficult to carry out. Also, 
remember that HAZARDs may or may not be possible in the output 
logic of synchronous FSMs depending on the type of output logic 
chosen and the FLIP-FLOP technology used (see Sect. 5.8.3). 


Part V. Obtain the NEXT STATE Logic Functions. 


1. 


Determine the NEXT STATE logic functions. For ROM or DECODER 
implementation the required CANONICAL data can be obtained from 
the state diagram at the same time that the output data are obtained in 
Part IV, step 1. Otherwise, map the NEXT STATE logic by using the 
appropriate state transition table to characterize the FLIP-FLOP MEM- 
ORY element and then loop out minimum or reduced cover. 


Part VI. Select the Initialization, Reset, and Debouncing Hardware. 


1. 


If applicable select the hardware necessary for initialization and reset of 
the FSM and for switch debouncing. Refer to Sects. 5.8.6 and 5.8.7. Make 
certain that all timing constraints are met. 
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Fig. 5-80. An abridged flow chart of the design procedure for synchronous FSMs 
Showing seven major parts. 


Part VII. Construct the Logic Diagram. 


1. Construct a complete logic circuit of the FSM in MIXED LOGIC notation 
and make any necessary comments for future reference. 


The seven-part design procedure can be altered somewhat to satisfy the 
needs of a particular design project. For example, a relatively simple FSM 
design will often allow Parts III and IV to be carried out as a single step. 
Decisions regarding asynchronous inputs or output logic noise may not be 
required for some designs, or there may be no need to select initialization, 
reset, and switch debouncing hardware. But significant deviation from this 
procedure, particularly for relatively complex FSM designs, can result in 
extra effort, additional costs, or even the failure of the design project. Fi- 
nally, it is always a good idea to test the FSM under expected operating 
conditions before it is put into use. In cases where real time testing is not 
convenient or permissible, computer-aided logic circuit simulations should 
be made. 

Presented in Fig. 5-80 is an abridged flowchart for the design procedure 
just given. The purpose of the flowchart is to help the reader gain a better 
perspective of the design process and to provide a quick reference guide. 
A brief inspection of the flowchart indicates that some detail has been omit- 
ted. Even so, it emphasizes those aspects of the design procedure that we 
believe are the most important. The design examples given next will follow 
the intent of this flowchart even though specific mention may not always be 
made of each step. 


5.9.2 Design of a One- to Three-Pulse Generator 


CK(L) 
SWO (H) 
SW1 (H) 


S(H) 


One- to three- 
pulse PULSE (H) 
Generator 


As our first example let us design a pulse generator that will issue one, two, 
or three clean, discrete pulses depending on the setting of two switches, 
SW1 and SWO. A general description of this device is provided in Fig. 5- 
81. The requirements of this FSM are that the pulses be of ACTIVE duration 
equal to the ACTIVE duration of the CLOCK, that the two switches be set 
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(a) (b) 
Fig. 5-81. Description of the one- to three-pulse generator. (a) Block diagram. 
(b) Operation table. 
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(c) 
Fig. 5-81 (contd.). (c) Timing diagram showing the generation of pulses. 


well in advance of the START (S) command, and that the switches remain 
stable at their settings for at least one CLOCK period following the START 
command. It is further required that the pulse generator be initialized into 
a nonoutput state, and that the START signal be returned to the INACTIVE 
condition following a pulse generating sequence and before initiating another 
pulse sequence. Such an FSM could be used to assist in the testing and 
debugging of another FSM. 

The inputs S$, SW1, and SWỌ are asynchronous inputs. However, switch 
inputs SW1 and SWỌ are of long duration compared to the CLOCK period 
and are set in advance of S, so they need not be synchronized or stretched. 
The START signal, assumed to be ACTIVATED by a push-button switch, 
should be debounced and either operated in a GO/NO-GO branching con- 
figuration or synchronized, as described in Sects. 5.8.4 and 5.8.7. 

The block diagram of Fig. 5-81(a) reveals the ACTIVATION levels for 
the various inputs and the output of the one- to three-pulse generator. Notice 
that the CLOCK signal is ACTIVE LOW, meaning that the FSM is to be 
triggered on the falling edge of the CLOCK waveform. This is necessary if 
one requirement of the pulse generator is to be met, namely, that the AC- 
TIVE duration of a pulse be equal to the ACTIVE duration of the CLOCK 
waveform. Had we chosen to use rising edge triggering, the ACTIVE widths 
of the pulses would be narrower than the ACTIVE duration of CLOCK by 
the amount of time equal to the propagation delay of the MEMORY. 

The operation table in Fig. 5-81(b) shows the four available options which 
range from no pulse generation to the generation of three discrete pulses 
depending on the prior settings of switches SW1 and SWO. Figure 5-81(c) 
illustrates the generation of first two discrete pulses, then one discrete pulse 
for which the switch settings are (SW1, SWO) = (1, 0) and (0, 1), respectively. 
Here, we assume that the asynchronous input, S, will be debounced and 
synchronized to the rising edge of the CLOCK waveform. For this purpose 
an RET synchronizing cell must be used. 

The flowchart that satisfies the algorithm and timing requirements for 
the one- to three-pulse generator is given in Fig. 5-82. The reader should 
use this flowchart in connection with the operation table of Fig. 5-81(b) to 
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Fig. 5-82. Flow chart for the 
one- to three-pulse generator. 


think through the operation of this FSM. As we indicated in Sect. 5.4.2, the 
flowchart should be viewed as a “‘thinking tool’ whose primary function is 
to assist in the construction of the state diagram for an FSM. The sequential 
behavior of the one- to three-pulse generator seems to be complex enough 
to warrant use of the flowchart for this purpose. 

Shown in Fig. 5-83(a) is the state diagram for the one- to three-pulse 
generator based on the flowchart in Fig. 5-82. Notice how much more vividly 
the sequential behavior is represented by the state diagram than by the flow 
chart. There are five states that require the use of at least three state variables 
which we name Q4 QrQc = ABC. The reader should verify that the outgoing 
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414 (c) glitches or HAZARDS. 


branching conditions for each state satisfy both the X, = 1 rule and mutually 
exclusive requirement set forth in Sect. 5.4.1. 

We must now make state code assignments for the five states as required 
in Part III of Fig. 5-80. Let us do so with the goal of achieving an output 
free of race glitches and HAZARDs. Also, let us continue to assume that 
the asynchronous input, S, is debounced and synchronized to the rising edge 
of the CLOCK waveform. Shown in Figs. 5-83(a) and (b) is one set of state 
code assignments that meet the requirements of our goal. Notice that com- 
pliance with either the “‘into”’ or ‘‘out of’ rule is not possible for most of 
the states. 

Moving on to Part IV of Fig. 5-80, we choose the NEXT STATE (NS) 
and output logic hardware and the MEMORY devices. Knowing at this time 
how the output logic section of an FSM is to be implemented and knowing 
the type of FLIP-FLOPs to be used forces us to deal with hardware-related 
problems that may affect our design strategy. For the present design, let us 
choose an FPLA implementation of the NS and output logic sections. So 
as to minimize the output requirements of the FPLA, we will choose to use 
FET D-FFs (as opposed to using JK FFs) for the MEMORY section. We 
will decide later if it is necessary to employ a particular FLIP-FLOP tech- 
nology. 

In Fig. 5-83(c) we carry out both race glitch and HAZARD analyses. 
Remembering that the FSM samples data on the falling edge of the CLOCK 
waveform (hence all conditional outputs are INACTIVE), we see that no 
race glitches can occur in the output if the don’t care in cell 2 is taken as a 
logic 0 in the K-map for P. An inspection of the resulting reduced cover for 
P reveals no coupled terms; hence no gate HAZARDs are present regardless 
of the FLIP-FLOP technology that is chosen. The output logic is glitch free 
as shown. 

The K-maps and minimum cover for the NEXT STATE logic functions 
are given in Fig. 5-84. Observe that full use is made of the don’t cares that 
arise from the unused states, an option which is always available for the 
NEXT STATE logic but which is not always available for the output logic 


BC 


Fig. 5-84. NEXT STATE K-maps and minimum cover. 
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Fig. 5-85. Model of Figure 5-4 as modified for array logic implementation of the 
NEXT STATE and output logic sections. 


due to possible race glitch formation. The NS logic cover together with that 
for the output function provide the p-term data which must be programmed 
into the FPLA. 

Presented in Fig. 5-85 is the general model for any sequential machine 
as modified to permit implementation of the NEXT STATE and output logic 
sections with array logic (ROMs or PLAs). It is sometimes referred to as 
Huffman’s model—after D. A. Huffman who, like Moore and Mealy, was 
a pioneer in the development of sequential machine design. Obviously, this 
model applies to either a Mealy or Moore machine since output dependency 
on the input is not specified. Such information is contained in the state 
diagram and in the program for the logic array. Input synchronizing cells 
and output filtering devices can be added as needed to any FSM modeled 
by Fig. 5-85. 

To implement the NEXT STATE and output logic of this FSM with a 
PLA-type device, it is helpful to construct a p-term table, as discussed in 
Sect. 4.11.2. This has been done in Fig. 5-86(a), where we assume the use 
of an 8 x 16 x 4 FPLA. There are seven inputs, nine p-terms, and four 
outputs that must be programmed. Since CLOCK is an ACTIVE LOW input, 
it is marked with an asterisk (*) as a reminder that each 1 or 0 appearing in 
that column must be complemented in the program for the PLA (see Sect. 
4.11.4). The abridged symbolic representation of the programmed FPLA is 
shown in Fig. 5-86(b). Notice that the CK(L) input has been accounted for 
in the programming of the FPLA. 

The logic circuit for the one- to three-pulse generator is given in Fig. 5- 
87. It should be compared with the model of Fig. 5-83. Observe that the 
SANITY(ZL) input is connected to the CL(L) override of each D-FF, meaning 
that on power-up, the FSM will initialize into STATE 000. No filtering device 
is necessary on the output P(A) since its signals are glitch free. 

Presented in Fig. 5-88 is the debouncing/synchronizing circuit for the 
pulse generator. It consists of a JK synchronizing cell connected in series 
with the debouncing circuit of Fig. 5-79. When switch S is pushed down, 
the UP terminal is connected to ground and the synchronizing cell is SET. 
Then when released, spring action connects the DN terminal to ground caus- 
ing the cell to be RESET. It is assumed that the switch is stable in a given 
terminal contact position for a period much longer than the CLOCK period. 
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(b) 
Fig. 5-86. FPLA implementation of the one- to three-pulse generator in Fig. 5-83. 
(a) p-term table showing nine p-terms. (b) An abridged symbolic representation of 
an X 16 X 4 FPLA programmed to provide the NEXT STATE and output 
logic. 


We have just completed the design of a synchronous FSM that can gen- 
erate one to three clean pulses. We could have designed an FSM that would 
generate any number of such pulses. The system-level design of a multipulse 
generator is featured in Problem 5.69 at the end of this chapter. 
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Fig. 5-87. Implementation of the one- to three-pulse generator with FET D-FFs 
and an 8 X 16 x 4 FPLA. 
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Switch S(H) 
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Fig. 5-88. Debouncing and synchronizing circuit for asynchronous input S(H). 


5.9.3 Design of a Digital Combination Lock 


For our second example we will design a circuit that can be used to unlock 
the access to something (say, a door to a room or automobile) by pushing 
buttons in some specific sequence. Such a device is usually called a digital 
combination lock (DCL). The block diagram in Fig. 5-89(a) indicates that 
two push-button switches, S1 and S2, control the operation of the DCL so 
as to issue signals LOCK and OPEN according to Fig. 5-89(b). Here, we 
have assumed that each switch is a mechanical single-pole/single-throw 
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Fig. 5-89. Description of a digital combination lock. (a) Block diagram and 
logical switch sequence. (b) Operating sequence showing switch action and 
Outputs. 


switch that changes the logic level of the signal each time it is pushed. Thus, 
an ON/OFF TOGGLE of a given switch is accomplished by pressing that 
switch twice. Since the switch signals are mechanically induced and are 
asynchronous, each must be debounced and synchronized. Also, we require 
that the DCL be initialized into the LOCK state and triggered on the rising 
edge of the CLOCK waveform. 

It is the function of the DCL to issue the signal OPEN if, and only if, 
the sequence of five push-button operations, given in Fig. 5-89(b), is followed 
precisely. Deviation from this sequence at any point must require the FSM 
to return to the initialization state before another attempt can be made to 
complete the sequence. The output OPEN is issued upon successful com- 
pletion of the switching sequence, and then return to the LOCK state occurs 
if switch S1 becomes ACTIVE. The flowchart in Fig. 5-90 presents the 
details of these sequential events. The reader should study and compare this 
flowchart with the operation table of Fig. 5-89(b). 

The design of the DCL continues with the state diagram shown in Fig. 
5-91(a). It is obvious from the state diagram for the DCL that the Moore 
model has been chosen for the implementation. Based on the flowchart of 
Fig. 5-90, it features five states with two- and three-way branching, two 
output states, and a state code assignment that involves the use of three 
state variables and unavoidable output race glitches. The three-way branch- 
ing conditions require that the two switch inputs be synchronized so as to 
comply with the ‘“‘branching dependency rule” relative to asynchronous 
inputs stated in Sect. 5.8.4. Notice that it is not possible to comply with the 
‘out of’ logic adjacency rule given in Sect. 5.8.1 since branching to the 
initialization (LOCK) state is required by all states. Limited compliance with 
the “‘into’’ rule can be seen. 

We choose to use RET D-FFs and to implement the NEXT STATE and 


5.9 / Design and Analysis of More Complex Synchronous FSMs 419 


420 


SANITY 


EE 
Q 


Fig. 5-90. Flow chart for the 
digital combination lock 
described in Figure 5-89. 


output forming logic sections with a PROM. Recall from Sect. 4.11.1 that 
ROM implementation requires the use of CANONICAL data, which, for 
FSM design, are best obtained directly from the state diagram. The collapsed 
program table for ROM implementation of the DCL is presented in Fig. 5- 
91(c). It is constructed from the state diagram by considering the NEXT 
STATE branching requirements and outputs from each state taken one at a 
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31-5 Fig. 5-91. Design of the digital combination lock. (a) State diagram based on the 
flow chart of Figure 5-88. (b) State assignment map. (c) Collapsed program table 
for ROM implementation. 
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* Irrelevant input (X = 0 or 1). 
(c) 
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time. For example, STATE © is the PRESENT STATE 011 of the FSM at 
some point in time. The NEXT STATE for STATE © is STATE 111 if 
S1 - S2 (S1, S2 = 0, 0) is sampled by CLOCK. But the NEXT STATE is 
STATE 011 (its own NEXT STATE) if the branching condition S1 - $2 (S1, 
S2 = 0, 1)is sampled. Or, finally, the NEXT STATE for STATE is STATE 
000 if S1 (S1 = 1) is sampled independent of S2. In this table, as in several 
tables of Chapter 4, the symbol X appearing in the input column signifies 
an irrelevant input X = 0 or 1). Notice that the program table indicates 
two outputs, the output LOCK in STATE 000 and the output OPEN in 
STATE 110, both represented by a logic 1 in the appropriate column of the 
table. An abridged symbolic representation of the programmed ROM would 
take on the appearance of Fig. 4-82. Such a representation for the DCL has 
not been presented in a figure due to the large number of MINTERMs in- 
volved. 

Since we have acknowledged that output race glitches are unavoidable, 
we will use filtering devices, such as in Fig. 5-61, on the output lines. This 
action eliminates the need to run arace glitch analysis on this FSM. STATIC 
HAZARDs are not possible in the output logic of the DCL. 

The circuit diagram for the ROM implementation of the DCL is given in 
Fig. 5-92. It is based on the model of Fig. 5-85 as was the previous FSM 
design. Here, use is made of a 2° x 8 ROM, that is, one of five inputs and 
eight outputs. Three of the ROM’s eight outputs form the NEXT STATE 
address to RET D-FFs C, B, and A. Another two are used for the outputs, 
LOCK(H) and OPEN(A), which are filtered by FET D-FFs as shown. The 


D Q LOCK (H) 
| v > p 
Debouncing/synchronizing S2 (H) 
CL circuit SANITY (L) 
e 
. Top 
CL l S1 (H) 
Debouncing/synchronizing SANITY (L) 


circuit 


Fig. 5-92. Circuit diagram for the ROM implementation of the digital 
combination lock. 
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outputs of the RET D-FFs provide the PRESENT STATE feedback and 
FSM status. | 

The two switch inputs, S1(H) and S$2(), are introduced to the ROM 
from the debounce/synchronizing circuits shown in Fig. 5-93(a). Each circuit 
is composed of three parts: a debouncing circuit, a TOGGLE section, and 
a synchronizing cell. When the button of the normally closed switch is 
pushed, the switch signal becomes ACTIVE after a period of time about 
equal to R;C. Once ACTIVE the logic level of the signal is reversed by the 
action of the RET JK-FF connected in the TOGGLE mode. From there the 
signal is synchronized by a FET D-FF and presented to the NS logic of the 
ROM. 

All FLIP-FLOPs used in the design of the DCL, with the exception of 
the LOCK D-FF, can be asynchronously CLEARed by the SANITY(L) 
input from the SANITY circuit shown in Fig. 5-93(b). This is important for 
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Reset 
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SANITY (L) 


(b) 
Fig. 5-93. Input conditioning and initialization circuits for the digital combination 
lock. (a) Debounce and synchronizing circuit. (b) Initialization/reset circuit. 
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the initialization and reset operations. On power-up the FSM is momentarily 
initialized into STATE @, the output LOCK is issued ACTIVE, and the 
output OPEN goes INACTIVE. At approximately the same time the JK and 
D-FFs of the debounce/synchronizing circuits are CLEARed, forcing switch 
signals S1(H) and S2(H) INACTIVE. This, in turn, causes the FSM to transit 
to and stabilize in STATE © where it must await the sequence of Fig. 5- 
89(b) to begin. Then by pushing button S2 the FSM will transit @ — ©, 
while a second push of S2 forces the transition ©—> @, and so on. The FSM 
can be RESET at any time by pressing down the RESET button [shown in 
Fig. 5-93(b)] and then releasing it to go up by spring action. The RESET 
condition has the same effect as the power-up SANITY operation, but with- 
out the need to power down the entire system. Because of the number of 
FLIP-FLOPs that must receive the SANITY(ZL) signal, it is necessary that 
the SANITY circuit has the fan-out capability shown in Fig. 5-93(b). 
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The purpose of analyzing an FSM is to determine its sequential behavior. 
The procedure for FSM analysis is roughly the reverse of the procedure for 
FSM design given in Fig. 5-80. Thus, one begins with a logic circuit and 
ends with a state diagram. But the analysis process may involve much more 
than just ending with a state diagram. It may include timing analyses of 
inputs and outputs. Asynchronous inputs effects, output race glitches, and 
HAZARDs should be part of any thorough analysis of an FSM. Even user 
interfacing problems such as initializing and reset of the FSM, or debouncing 
of switch input signals should not be excluded. 

The analysis of an FSM, beginning with the logic circuit, might be un- 
dertaken for a variety of reasons. For example, it is appropriate to apply an 
analysis procedure to a postdesign verification task. Or one might need to 
analyze another’s work to understand it well enough to incorporate it into 
a new project. Finally, the application of an analysis procedure might be 
necessary simply to debug an FSM that does not function properly. But 
whatever the reason for its application—verification, understanding, or de- 
bugging of an FSM—-it is clear that analysis plays an important role in the 
design process. 

We have already considered the timing analyses of inputs and outputs 
as part of the design procedure given in Sect. 5.9.1. There, it will be recalled, 
we included the problems of asynchronous inputs, output race glitches, and 
HAZARDs. Now it is necessary that we focus our attention mainly on that 
part of the analysis procedure that deals with the construction of the state 
diagram from the logic circuit. It must always be remembered that the state 
diagram is the single most important means of describing the sequential 
nature of an FSM. 

The procedure for obtaining the state diagram for an FSM from its logic 
circuit can be expressed in five easy steps: 


1. Given the logic circuit for the FSM to be analyzed, examine it carefully 
for any obvious problems it may have, note the number and character of 
its FLIP-FLOPs and outputs (Mealy or Moore), and make note of any 
input conditioning and initialization requirements it may have. 
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BX 
(L) (L) 


A(L) 


BC 
(L) (H) 


A(H) 


. Carefully read the NEXT STATE and output logic from the logic circuit. 
. Map the NEXT STATE and output logic expressions in K-maps appro- 


priate for the FFs used. 


. From the K-maps construct the PRESENT STATE/NEXT STATE (PS/ 


NS) table as demonstrated by the examples that follow. While this can 
be accomplished by using the K-maps for any MEMORY element (FF), 
it is most easily accomplished by using D K-maps. This is so because the 
NEXT STATE information for each bit is easily read from the single 
SET-oriented D K-maps. Therefore, it is recommended that JK and T 
K-maps be converted to D K-maps for this purpose. 


. Use the PS/NS TABLE together with the output K-maps to construct a 


fully documented state diagram for the FSM as detailed next. 


An Example. To illustrate the analysis procedure, consider the logic circuit 
in Fig. 5-94(a). An inspection of this circuit reveals that it represents a Mealy 
machine having three state variables, one external input (assumed to be 
synchronous), and one output, and that it 1s initialized into the 010 STATE. 
Reading the NEXT STATE and output logic gives the results shown in Fig. 
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(a) 
Fig. 5-94. An FSM that is to be analyzed. (a) Logic circuit. 
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(b) 


(c) 
Fig. 5-94 (contd.). (b) Logic expressions and (c) K-maps for the NEXT STATE 
and output logic. 


5-94(b). These expressions are then mapped as in Fig. 5-94(c) ready for the 
next step which is to construct the PS/NS table. Notice the absence of the 
familiar don’t cares in the J, K K-maps. This is expected and of no concern 
since all don’t care information is necessarily lost once the expressions are 
reduced from CANONICAL form and implemented by a logic circuit. 

' As we indicated earlier in the analysis procedure, the PS/NS table is most 
easily constructed from D K-maps. Shown in Fig. 5-95(a) are the D K-maps 
which are obtained from the J, K K-maps by the conversion process illus- 
trated in Fig. 5-54. The process of constructing the PS/NS table from the D 
K-maps involves taking the bit NEXT STATE data from each PRESENT 
STATE cell of the K-map and representing it in tabular form as in Fig. 5- 
95(b). For example, cell 0 of the K-maps represents PS 000. Since the NS 
entries are DaDgDc = XOX for this state, one reads 100 for input condition 
X and 001 for input condition X. Cell 1, representing PS 001, has NS entries 
DaDgDc = 11X, meaning 110 for X and 111 for X. Or for cell 2 (PS 010), 
the NS entries are 00X, which gives 000 for input condition XY and 001 for 
X. This process continues until all states (cells of the K-maps) are accounted 
for in the table. Observe that PRESENT STATEs (cells) for which the NS 
data entries are 1’s or 0’s only (no EVs) represent unconditional PS — NS 
transitions. 

The state diagram, exclusive of outputs, is easily constructed from the 
PS/NS table by reading the branching requirements for each PS — NS tran- 
sition. The output information is then added by reading the output K-map. 
This has been done for the FSM of Fig. 5-94 and the results are shown in 
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Fig. 5-95. (a) Converted D K-maps and (b) PS/NS table for the FSM of 
Figure 5-94. (c) State diagram constructed from the PS/NS table of (b). 
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Fig. 5-95(c). We recommend that initially the states be layed out in a some- 
what random fashion and then later arranged into a more orderly array if 
desirable. Notice that a single NS assignment in the PS/NS table (for a given 
PS) signifies an unconditional transition and that an EV term in the output 
map represents a conditional (Mealy) output. Also, note that we recognize 
initialization into the 010 state by indicating a SANITY input to that state. 

Now that the construction of the state diagram has been completed for 
the FSM, the analysis procedure can, and should be, extended to include 
any unusual characteristics of the FSM. This includes an analysis of the 
effects of asynchronous inputs, and the analyses of output race glitches and 
HAZARDS. First, it is clear that there is no entrance into either STATE 011 
or STATE 101 (an output state), so these states are not part of any “‘useful’”’ 
sequence. Second, the external input X must not be an asynchronous input 
since proper application of the ‘‘out of’ rule in a GO/NO-GO configuration 
is lacking, and there is an output in STATE 001 that is conditional on this 
input. Finally, numerous output race glitches can occur during four of the 
six possible transitions, so output filtering devices should be employed. 
There are no STATIC HAZARDs possible. On the whole, this would seem 
to be a rather poorly designed FSM. 


A More Complex Example. As our second example, let us analyze the mul- 
tiple-input FSM whose NEXT STATE and output logic are given in Fig. 5- 
96(a), information that is assumed to have been obtained from some logic 
circuit not shown. Here, it is clear that A and B are the state variables and 
that D, N, S, W, X, and Y are the six inputs. A single output Z exists and 
is conditional on input N, which makes this FSM a Mealy machine. 

The analysis continues with the plotting of the NEXT STATE and output 
K-maps shown in Fig. 5-96(b). The J, K K-maps are then converted to D 
K-maps, in Fig. 5-97(a), and the PS/NS table is constructed as in Fig. 5- 
97(b). 

The PS/NS table of Fig. 5-97(b) is a greatly compressed table considering 


(b) 
Fig. 5-96. An FSM that is to be analyzed. (a) NEXT STATE and output logic as 
read from a logic circuit. (b) NEXT STATE and output K-maps. 
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(a) (b) (c) 
Fig. 5-97. (a) Converted D K-maps, (b) PS/NS table and (c) State diagram for 
the FSM represented in Figure 5-96. 


that it represents 2° = 64 possible NS entries due to the six inputs. So it is 
important to note that only the variables represented in the K-map cells of 
a given PRESENT STATE are expressed in CANONICAL form in the PS/ 
NS table. Thus, if there is a PS with 3 input variables represented, then 
there would be 8 possible branching conditions (hence 8 possible NS entries) 
for that PRESENT STATE. Or if a PS has 4 input variables, 16 possible 
NS entries exist, and so on. 

The final step is the construction of the state diagram shown in Fig. 5- 
97(c). As in the previous example, this is accomplished by reading from the 
PS/NS table the input branching conditions for each PS — NS transition. 
Notice that both the sum rule [Eq. (5-6)] and the mutually exclusive condition 
are automatically satisfied for each state. This is so because all possible 
combination of inputs for a given PS are represented in the input column of 
the PS/NS table. Finally, a brief inspection of the state diagram reveals that 
this FSM has no obvious problems. 


5.10 MODULE AND BIT-SLICE DEVICES 


In previous sections synchronous FSMs having various levels of complexity 
were studied as part of the process of developing the material in this chapter. 
Initially, we used the BASIC CELL as the MEMORY device for the design 


5.10 / Module and Bit-Slice Devices 429 


5.10.1 


430 


Registers 


of FLIP-FLOPs. Then, by using FLIP-FLOPs as MEMORY devices, other 
more complex sequential machines were designed. Now, we will consider 
the design of some common but important FSMs which are packaged as 
devices with distinguishing names, names such as SHIFT REGISTERs and 
COUNTERS. These devices constitute two important classes of FSMs which 
are functionally different, and which have, generally, different utility. How- 
ever, we will demonstrate later in this section and in Sect. 5.11 that both 
types of devices can be used as the MEMORY elements in the design of 
larger more complex FSMs. It is important for the reader to keep this last 
point in mind as we progress through the development of this material. 


A shift register is a synchronous memory system consisting of an array of 
FLIP-FLOPs and the appropriate combinational logic all connected in such 
a way that binary information introduced into it can be shifted to the right 
or to the left depending on its design. For example, a SHIFT REGISTER 
could be designed to receive and transfer serial information bit by bit with 
each triggering edge of the CLOCK waveform. As a packaged device this 
could be called a serial-in/serial-out, or SISO, register. Another type of 
SHIFT REGISTER might be designed to receive parallel information and 
transfer it serially bit by bit with CLOCK, hence a parallel-in/serial-out, or 
PISO, register. A third possibility is the design of a SHIFT REGISTER that 
receives serial data and transfers it out in parallel, hence a serial-in/parallel- 
out, or SIPO, register. The acronyms SISO, SIPO, and PISO are commonly 
used to describe the operation modes of SHIFT REGISTERs, but they pro- 
vide no indication of shift direction. 

SHIFT REGISTERs are found in a wide variety of digital systems. In 
addition to permitting the temporary storage of binary data, they are useful 
for parallel-to-serial and serial-to-parallel conversion at the transmitting and 
receiving ends of a data communication line that delivers data serially. In 
this case, incoming parallel data must first be serialized by PISO register 
action. Then at the receiving end, it is deserialized by a SIPO register. In 
either case, the conversion process takes place bit by bit with each triggering 
edge of the CLOCK waveform. 

Other applications of SHIFT REGISTERs include their use as MEM- 
ORY devices in complex FSM design and their use in the performance of 
arithmetic operations. In the latter case, the reader may recall from Sect. 
4.9.2 that each bit shifted left or shifted right is equivalent to dividing or 
multiplying a binary number by 2, respectively. The serialization and de- 
serialization capability of a shift register is also useful in serial or parallel 
arithmetic operations as is demonstrated by Problem 5.70 at the end of this 
chapter. 

Registers that do not shift binary bits but simply hold (i.e., store) bit 
information and transfer it on the triggering edge of CLOCK are called hold- 
ing or storage registers. The packaged devices are also known as parallel- 
in/parallel-out, or PIPO, registers. Their only function is to provide tem- 
porary storage of data. The PIPO operation is useful for filtering out logic 
noise in the output signals of FSMs or to provide ordered delivery of parallel 
data. 
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For reference purposes, we list the four register operation modes as 
follows: 


PIPO, parallel-in/parallel-out 
PISO, parallel-in/serial-out 
SIPO, serial-in/parallel-out 
SISO, serial-in/serial-out 


A bidirectional (shift left or right) SHIFT REGISTER that is capable of 
operating in any of the four preceding modes, and that can store and output 
the same set of data indefinitely over any number of CLOCK periods, is 
called a universal SHIFT REGISTER. We will design this general type of 
SHIFT REGISTER after we have considered the simpler types. 


Holding (PIPO) Registers. The PIPO register is the simplest of all registers 
since it consists of nothing more than an array of D-FFs each triggered on 
the same triggering edge of the CLOCK waveform. Shown in Figs. 5-98(a) 
and (b) are the state diagram and NEXT STATE K-map for a 1-bit-slice 
PIPO register. The subscript J refers to the J™ cell. Presented in Figs. 5- 
98(c) and (d) are the circuit diagram and symbol for a 4-bit PIPO register. 
Much larger units can be obtained by combining 4-bit-slice PIPOs. Four-bit 
and larger bit-sliced units are commercially available. 


SHIFT REGISTERs. Only slightly more complex than the PIPO register is 
a unidirectional SHIFT REGISTER that can operate in any one of the four 
register modes, but that must shift or parallel load with each triggering edge 
of the CLOCK. In Fig. 5-99(a) we give the operation table and definitions 
for a 1-bit-slice parallel loadable nght SHIFT REGISTER of this type. It 
has PIPO, PISO, SIPO, and SISO capability. Because it can shift as well 
as parallel load, a mode select input (S) must be included in the design. 
Thus, for S = 0 the NEXT STATE address for the J® cell is the output 
Q,;.1 from the next MSB stage to the left of the J stage. If S = 1, the 
device will perform the PIPO operation (no shift) with each triggering edge 
of CLOCK. Note that the direction ‘“‘right’’ shift is used only for reference 
purposes since the device can be flipped about for left shift orientation if 
desired. But it is incapable of bidirectional shifting, that is, shifting either 
right or left on command. 

Shown in Fig. 5-99(b) is the state diagram for the one-bit-slice SHIFT 
REGISTER as derived directly from the operation table given in Fig. 5- 
99(a). Since the J“ cell of the device must issue a Q; when in either mode, 
and since there is no data HOLD condition explicitly provided in the op- 
eration table, the 0 — 1 and 1 — 1 branching conditions must be identical 
as indicated. The 1 — 0 and 0 — 0 branching conditions follow from the 
sum (>) = 1) rule given by Eq. (5-3). 

The NEXT STATE K-map for the J“ cell of this SHIFT REGISTER is 
shown in Fig. 5-99(c) together with the minimum cover. Implementation of 
the NEXT STATE function can be accomplished at the gate level or with 
modular devices. In Fig. 5-99(d) we take the latter approach by using a 2- 
to-1 MUX. Notice that the NEXT STATE is Q,;+, (a right shift) if $ = 0, 
or it is Py (a parallel load) if S = 1. 
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P= Parallel Load 


P, (H) P, (H) P, (H) P, (H) 
CK(H) 


CLEAR (L) 


O, (H) Qp (H) Qo (H) Qp (H) 


(c) 


(d) 
Fig. 5-98. Design of a holding (PIPO) REGISTER. (a) State diagram and 


(b) K-map for the J” cell. (c) and (d) Circuit diagram and symbol for a 4-bit 
holding REGISTER. 


The one-bit-slice SHIFT REGISTER in Fig. 5-99(d) can be cascaded to 
form an n-bit register. The logic circuit and circuit symbol for a four-bit- 
slice unit are given in Figs. 5-100(a) and (b). Notice the parallel connections 
for the CLOCK and asynchronous CLEAR inputs. 
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S—Mode select 

NS—NEXT STATE address for J™ cell 
QO,+1—Left serial input for right shift 
P,—Parallel load input for J cell 


(a) (b) 


SQ;,,+ SP; 
SO 341+ SP; 


CK(H) 


(c) (d) 
Fig. 5-99. Design of a l-bit slice parallel loadable right SHIFT REGISTER with 
PIPO, PISO, SIPO, and SISO capability. (a) Operation table and definitions. 
(b) State diagram and (c) NEXT STATE K-map and minimum cover assuming the 
use of D-FFs. (d) MUX implementation of the J" cell. 

A timing diagram in Fig. 5-100(c) demonstrates the operation of the 
SHIFT REGISTER of Fig. 5-100(a). Included is a parallel load of 0101 (S 
= 1) followed by a series of shift zero right (R0) operations, a serial input 
(L = 1 when S = 0) also followed by a series of shift zero right operations, 
and finally an asynchronous CLEAR. Notice that this device is not capable 
of maintaining a constant output over any number of CLOCK periods in- 
dependent of the serial and parallel inputs. That is, this SHIFT REGISTER 
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CK(H) 


434 


CLEAR (L) 


=] rA 


(b) 


Fig. 5-100. A 4-bit, right shift, parallel loadable REGISTER of the type shown in 
Figure 5-99. (a) Logic circuit. (b) Block diagram symbol. 


must either parallel load or shift right a 1 or 0 with each triggering edge of 
the CLOCK signal since a HOLD feature has not been designed into it. The 
following design of a more general type of SHIFT REGISTER will include 


this capability. 


THE UNIVERSAL SHIFT REGISTER. Let us now design a SHIFT REG- 
ISTER that can parallel load, shift right or left a logic 1 or 0, or store the 
same binary word over any number of CLOCK periods. Such a device is 
generally known as a UNIVERSAL SHIFT REGISTER— it can perform 
all the normal register operations. Shown in Fig. 5-101(a) is the operation 
table for the J" cell of this device. It is capable of maintaining a constant 


5 / Synchronous Sequential Machines 


Parallel input and right zero shifts Serial input and right zero shifts 


—_> > — — — > — > > — > — >> 
PL RO RO RO RO RO RO R1 R1 RO RO CL RO RO 


(c) 


Fig. 5-100 (contd.). (c) Timing diagram showing a parallel input of 1010 and a left 
serial input both with subsequent right zero shifts. 


output (the hold condition) when the mode select inputs are §;So = 00. Or, 
if the mode select inputs are $;So = 01, the operation is a right shift of 1 
or 0 with a NEXT STATE of Q;+ı. However, if the mode select inputs are 
SıSo = 10, a left shift of 1 or 0 occurs with a NEXT STATE of Q,_,. Note 
that for reference purposes we write the output word... Q7+1, QJ, Qy-1 

. . in the order of decreasing positional weight from left to right. Thus, the 
J + 1 cell is to the left of the J cell while the J — 1 cell is to the right. 
Finally, when the mode select inputs are $;So = 11, the register action is 
a parallel load with a NEXT STATE of P,. 

The state diagram for a 1-bit-slice UNIVERSAL SHIFT REGISTER is 
presented in Fig. 5-101(b). It is obtained directly from the operation table 
by deducing the 0 — 1 and 1 — 1 branching conditions as shown, the only 
difference being that Q; is 0 for the former and 1 for the latter. The remaining 
two branching conditions (1 — 0 and 0 — 0) are obtained by applying the 
X, = 1 rule as was done in Fig. 5-99(b). 

The reader may find it curious that we are able to represent a relatively 
complex FSM, such as a SHIFT REGISTER, by a two-state state diagram. 
This is possible because each cell of the register performs a specific number 
of independent operations and involves the use of a single FLIP-FLOP to- 
gether with the appropriate NEXT STATE forming logic. In this sense the 
state diagram representation of a UNIVERSAL SHIFT REGISTER is no 
different from, say, that of Fig. 5-43(a) which was used to design a JK-FF 
from a D-FF. We can generalize this concept by stating that any FSM, no 
matter how complex, can be represented by a two-state state diagram pro- 
vided that a specific number of independent operations can be carried out 
by a single FLIP-FLOP together with the appropriate NS forming logic. 
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Mode 
Select 


S1 So 


Hold 

Shift Right 
Shift Left 
Parallel Load 


(a) 


S1So +S, Qj, + So Qy.4+ 81 SoP; 


© n 
S1 $9 Q5444+ S1S00Q7.1+ S1 SoP; 
1 + S,S9Q5,1+ S,S9Q,_,+ S1 S9P; 


Dy = S1 S00; + S1 S9Q 741+ S1S0Q 54+ S1 SP; 


S1 So Q41 + S1 S0Qy-1+ S1 Sofy 


S1 So Oz 41+ S1S0Qz-1+ S1S0Py 


ER a,tl 


Si So + S489 Q7,4+ S189 Q;.4+ 5, SoP; 


D; 


c) 
(b) 
Py Qj- Qj} Qy P; Qy4 Qj“ Qy 
(H) (H) (H) (H) (H) (H) (H) (H) 


L I, TIo 
J™ 4-to-1 MUX 


CL(L) CL(L) 


CK(H) 


Q; (H) Q; (H) 


(d) 
Fig. 5-101. Design of a l-bit slice UNIVERSAL SHIFT REGISTER. 
(a) Operation table. (b) State diagram. (c) K-map and minimum cover assuming 
D FLIP-FLOPS. (d) MUX implementation with D or JK FLIP-FLOPS. 
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S, (H) 
So (H) 


R(H) 


CK(H) 


ee a eel ee 
UCL A UCL B OCL C UCL D 
Q Q Q Q Q Q Q Q 
9 © © o 


QAH) 


SHIFT 
REGISTER 


From the state diagram of Fig. 5-101(b) we can construct the first-order 
K-map for the 1-bit-slice UNIVERSAL SHIFT REGISTER. This is done 
in Fig. 5-101(c) where we have assumed the use of D FLIP-FLOPs. The 
minimum NEXT STATE logic cover for the J“ cell is obtained as indicated 
and is implemented with D or JK FLIP-FLOPs in Fig. 5-101(d). Here, we 
have chosen to use 4-to-1 MUXs for the NEXT STATE forming logic, Dy. 
Notice that MUX inputs B, I, Iı, and Io correspond to mode select inputs 
S189, S180, 5180, and S150, respectively. 

A 4-bit-slice UNIVERSAL SHIFT REGISTER is configured in Fig. 5- 
102(a) and is given the circuit symbol shown in Fig. 5-102(b), where two 
such units have been cascaded to produce an 8-bit-slice UNIVERSAL 
SHIFT REGISTER. Notice that both 4-bit units must be operated with the 
same mode select lines and with the same CLOCK and CLEAR lines. UNI- 
VERSAL SHIFT REGISTERS of any size can be obtained by cascading 
(bit-slicing) units in this manner. 


OQ (H) Q¢(H) Qp(H) 


(a) 


SHIFT 


REGISTER 


Qc 


(b) 
Fig. 5-102. A 4-bit-slice UNIVERSAL SHIFT REGISTER. (a) Logic circuit. 
(b) Block diagram symbol showing cascaded units. i 
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aed ‘ om 
SRO gy 
0000 
A PL 
aC 


A = 
o SRO | 
H oo 


H = Hold 
SR = Shift right 
SL = Shift left 
PL = Parallel load 
Fig. 5-103. Portion of the state diagram for a 4-bit UNIVERSAL SHIFT 
REGISTER showing a few of the 256 possible state-to-state transitions and the 
register action required assuming that a shift has priority over a parallel load. 


The complete state diagram for a 4-bit universal shift register has 256 
state-to-state transitions. This is so because each of the 16 states can branch 
to every other state and to itself. A small portion of such a state diagram is 
shown in Fig. 5-103 together with the register action required for each tran- 
sition, assuming that a shift operation has priority over a parallel load. All 
256 state-to-state transitions can be carried out by parallel load operations 
as in a 4-bit PIPO register. 

The registers we have considered so far have been implemented with 
edge triggered FFs, mainly RET D-FFs. This need not be a requirement. In 
fact, there are commercial SHIFT REGISTER chips which are configured 
with MS JK-FFs. If such SHIFT REGISTERs are used, the designer must 
be aware that the error-catching feature, discussed in Sect. 5.6.4, poses a 
potential problem. If the J and K inputs are not maintained at their proper 
logic levels during the ACTIVE period of CLOCK, an irreversible SET or 
RESET of the master CELL can occur, and this can cause erroneous data 
to be CLOCKed to the register output. For this reason, it is often a more 
prudent design practice to use SHIFT REGISTER chips which employ edge 
triggered FLIP-FLOPs of either the D or JK type. 


Counters form a class of FSMs for which each state code assignment is 
taken to be a number in a count sequence. Most simple counters are de- 
generate Moore machines which obey the basic model of Fig. 5-2 since their 
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only outputs are the state variables. Binary counters are of this type and 
are classified as modulus-N counters, where N is the number of states of 
the sequence. Such binary counters are also classified as divide-by-N 
counters since the clock input frequency is divided by N if taken from the 
MSB output of the counter. Thus, the binary up-counter in Fig. 5-50 is a 
modulus-8 (or MOD-8) counter, but it is also a divide-by-8 counter since the 
waveform frequency taken from the A output of the counter is one-eighth 
that of the CLOCK frequency. 

The state sequence of a counter need not conform to a regular binary 
count, up or down. Counters can be designed to count in any of the codes 
defined in Sect. 4.7.1 and in any direction. The counter that is designed in 
Sect. 5.7.3 is an example. We can even broaden the definition of the counter 
to include pseudorandom count sequences; a design presented at the end of 
this section is exemplary. Unconditional or conditional (Mealy) outputs may 
also be added at any point in a count sequence. When this is done the counter 
loses its simple character and emerges as a more complex machine, but it 
may still be regarded as a counter, as was done in Fig. 5-51. 

The counters considered in this section and in previous sections are clas- 
sified as synchronous counters—their FLIP-FLOPs are triggered by 
CLOCK simultaneously. Counters whose FLIP-FLOPs are each triggered 
by the output of the next LSB FLIP-FLOP are called ripple counters or 
asynchronous counters. These counters are considered only in Appendix 
5.1 to this chapter. 


A Bidirectional Gray Code Counter. We begin with the design of a 3-bit bi- 
directional Gray code counter featured in Fig. 5-104. The state diagram, 
shown in Fig. 5-104(a), indicates that when the direction control X is AC- 
TIVE the count is up, and when it is INACTIVE the count is down. The 
NEXT STATE K-maps are plotted in Fig. 5-104(b), assuming the use of D- 
FFs, and a gate-minimum cover is extracted. Here, use is made of the XOR 
patterns discussed in Sect. 3.12.2. Observe that the term A ® X appears in 
both the Dg and Dc expressions, thereby permitting the gate/input tally to 
be optimized at 9/18. 

The use of JK-FFs instead of D-FFs should permit an even smaller gate/ 
input tally as was pointed out in Sect. 5.7.3. Shown in Fig. 5-104(c) are the 
J, K K-maps which have been converted from the D K-maps by the pro- 
cedure illustrated in Fig. 5-54. Now the gate-minimum cover yields a gate/ 
input tally of 7/14, a result of the fact that the terms B ® X and A © X can 
be used twice and three times, respectively. This is essentially a simple 
application of the multiple-output optimization algorithm discussed in Sect. 
327, 

The logic circuit for the 3-bit bidirectional Gray code counter is con- 
structed in Fig. 5-104(d) where use is made of the optimum cover given in 
Fig. 5-104(c). Notice that this counter has provision for initialization and 
reset into STATE 000. Initialization into any other state would require the 
use of FLIP-FLOPs with both asynchronous PRESET and CLEAR over- 
rides. 


A Cascadable NBCD Up-counter. Our next design is that of a natural BCD 
(NBCD) up-counter. The NBCD sequence is very similar to the natural 
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Da =C (BO X)+AC 


2 = C(A® X)+BC 


(b) 


Fig. 5-104. Design of a 3-bit up/down Gray code counter. (a) State diagram. 
(b) NEXT STATE D K-maps and gate minimum cover. 


binary sequence except that the sequence is restarted after it reaches the 
value 1001. In decimal notation, the sequence is from 0 to 9 after which it 
starts over. A review of BCD codes is provided in Sect. 4.7.1. 

In order that the NBCD counter be useful for a range of weighted digits 
(... 100, 10, 1, 0, 0.1, 0.01 . . .), it is necessary to build into the counter a 
bit-slice capability. That is, the counter must have ENABLE and CAR- 
RYOUT features so that the units can be cascaded to produce an n-digit 
NBCD counter. Shown in Fig. 5-105(a) is the state diagram for a 4-bit slice 
NBCD up-counter. It can be seen that it has the required ten states (0 through 
9), that it is controlled by an ENABLE signal (EN) and that it generates a 
CARRYOUT (CO) when the 1001 state is reached. The purpose of the CO 
signal is to ACTIVATE the EN input of the next 4-bit stage. Thus, the CO 
of the least significant digit (LSD) counter module to the extreme right must 
be connected to the EN input of the next LSD counter module to its left, 
and so on. The EN input can be thought of as a CARRY input from the 
previous stage. 

Note that there is a possible race glitch in CO when the FSM transitions 
from STATE 0111 to STATE 1000—there is a total of 24 alternative race 
paths for this transition, two of which pass through STATE 1001. However, 
this possible race glitch is of no concern since the glitch will have disappeared 
long before the next triggering edge of the CLOCK waveform, and hence 
could not prematurily activate the next stage. 
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01 11 10 


(c) 


B(H) X(H) A(H) X(H) B(L) 


u U 
y y y 


C(L) C(H) C(L) C(H) 


care SANITY (L) 


A(L) A(H) 


B(H) 
(d) 


Fig. 5-104 (contd.). (c) J, K K-maps, converted from the D K-maps, showing 
minimum cover. (d) Implementation with RET JK-FFs. 
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11 10 


= C 
To = AD (EN) T =EN ý 


(b) (b) 


Fig. 5-105. Design of a 4-bit cascadable NBCD up counter. (a) State diagram. 
(b) NEXT STATE T K-maps and minimum cover. 


Experience from the 3-bit binary counter designed in Sect. 5.7.2 suggests 
that we should design the NBCD up-counter by using T-FFs. This we do in 
Fig. 5-105(b), where minimum cover is shown for each of the NEXT STATE 
T variables and for the single output, CO. Since there are six states left 
unused, there are six don’t cares placed in cells 10 through 15, and these 
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Jp =Kp=EN by inspection 


(c) 
Fig. 5-105 (contd.). (c) J, K K-maps, converted from T K-maps, showing 
minimum cover. 


are used in looping out minimum cover as shown. The gate/input tally for 
the NEXT STATE forming logic is 5/15. 

Experience also tells us that a JK-FF implementation will likely lead to 
more optimum results than for the T-FF implementation. This is the case 
as indicated in Fig. 5-105(c). The J, K K-maps have been converted from 
the T K-maps of Fig. 5-105(b) by applying the expression T = OJ + OK, 
a process similar to that for converting D K-maps to J, K K-maps. The gate/ 
input tally for the NEXT STATE logic now stands at 4/12, a significant 
reduction over the T-FF value of 5/15. 

Shown in Fig. 5-106(a) is the JK-FF implementation of the 4-bit-slice 
NBCD up-counter. A SANITY(ZL) input permits the counter to be initialized 
into STATE 0000 on power up or at any time during its operation if used 
as a RESET(ZL) input. 

An n-digit NBCD counter is produced by bit-slicing the 4-bit module as 
shown in Fig. 5-106(b). The various digits, beginning with the least significant 
digit and ending with the most significant digit (MSD), take on whatever 
values are required. For example, a three-digit number might be interpreted 
as 37.5, meaning that the three modules represent the 10, 1, and 0.1 digits 
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E'N(H) 


B(H) C(H) C(H) 


CK(H) SANITY (L) 
or 


RESET (L) 


A(H) B(H) C(H) D(H) 
(MSD) (LSD) 


SANITY (L) 
or 
RESET (L) 


(b) 


Fig. 5-106. Implementation of the 4-bit-slice NBCD up counter by using 
RET JK-FFs. (b) Cascaded units for an n-digit BCD counter. 


from MSD to LSD, respectively. Attached to the seven-segment display 
logic shown in Fig. 4-50, and with the appropriate LED readout devices, 
the n-digit NBCD counter would have a useful human interface. Note that 
the counters can also be bit-sliced by CLOCKing each stage off of the CO 
output of the next LSB stage with the final LSB stage being driven by CK(H). 
In this case we set EN = 1 for all stages. 


A Parallel Loadable Bidirectional Binary Counter. Let us now design a binary 
counter that can count up or down, that can be parallel loaded, and that can 
hold a given count indefinitely. The operation table and definitions for a 1- 
bit-slice counter of this type are presented in Fig. 5-107(a). The load (LD) 
and count enable (EN) inputs are the mode control inputs which determine 
whether the counter will hold, count, or parallel load as indicated in the 
table. A count function (CNT) represents an up- or down-count depending 
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Qj Hold 
CNT Count 


P; Parallel Load 


X = Irrelevant Input 
LD = Load 
EN = Enable 


(a) 


LD -EN (CNT) + LD-P Qy 
T LD -EN (CNT) + LD -P, | 
LD -EN (CNT) + LD-P, 
es a,t 1 Bm) + |LD -EN (CNT) + LD-P, | 


G D, =LD-EN- Q, + LD-EN (CNT) + LD-P, 
LD-EN + LD -EN (CNT) + LD-P, 


(b) (c) 
Fig. 5-107. Design of a l-bit slice parallel loadable up/down counter. 
(a) Operation table and definitions, and (b) State diagram for the J" cell. 
(c) K-map and minimum cover for the J cell assuming the use of 
D FLIP-FLOPs. 


on the count direction D/U, and bit-slice capability is provided by the CAR- 
RYIN input (CI) and CARRY output features, as discussed later. 

The state diagram for the J‘ cell of this counter is constructed directly 
from the operation table and is shown in Fig. 5-107(b). Here, we recognize 
that the 0 — 1 branching condition must be LD - EN(CNT) + LD: P; since 
Q; = Oand that the 1 — 1 branching condition is LD - EN + LD + EN(CNT) 
+ LD: P; since Q; = 1. The remaining two branching conditions are easily 
found by applying the X, = 1 rule. 

The first-order K-map representation of the 1-bit-slice parallel loadable 
up/down-counter is plotted from the state diagram in Fig. 5-107(c) by as- 
suming the use of D-FFs. The minimum cover for the NEXT STATE func- 
tion D; is looped out as shown. A careful examination of the operation table 
of Fig. 5-107(a) reveals that this result could have been read directly from 
the operation table, a shortcut worth noting. 

Now that the NEXT STATE forming logic for the J cell of this counter 
has been determined, it is necessary to select the hardware to be used for 
its implementation. As in the case of the universal shift register, the NEXT 
STATE logic function for this counter suggests the use of a 4-to-1 MUX. 
Shown in Fig. 5-108(a) is the second-order EV K-map plotted to accom- 
modate the ACTIVE LOW LD input to a 4-to-1 MUX. This is accomplished 
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DU Q, CI CNT CO 
0 


HALF ADDER 
(Up count) 


HALF SUBTRACTOR 
(Down count) 


(a) (b) 


CNT =Q,®CI CO =CI-(D/U®Q,) 


(c) 
Fig. 5-108. Design of the 1-bit-slice parallel loadable up/down counter defined in 
Figure 5-107. (a) NEXT STATE K-map for ACTIVE LOW LD. (b) Truth table 
representing the increment and decrement operations for the J module of the 
counter. (c) K-maps for CNT (SUM or DIFFERENCE) and CO (CARRYOUT or 
BORROWOUT) showing gate-minimum cover. 


by complementing the LD (vertical) axis and by renumbering the cells ac- 
cordingly, as discussed in Sect. 4.8.3. 

A more complex problem centers on the means by which the count func- 
tion CNT is to be implemented. Since increment- and decrement-type op- 
erations are involved, it is reasonable that a modular ADDER/SUBTRAC- 
TOR approach be used. However, for our purposes we will design the 
increment/decrement capability by using discrete gate logic. Shown in Fig. 
5-108(b) is the truth table for HALF ADDER and HALF SUBTRACTOR 
operations of the J cell. A count direction input, D/U, determines whether 
the count is up (D/U = 0) or down (D/U = 1). For the increment operation 
the variables CI, CNT, and CO are interpreted as CARRYIN, SUM (S) and 
CARRYOUT, whereas for the decrement operation these variables take on 
the meaning of BORROWIN (B/), DIFFERENCE (D), and BORROWOUT 
(BO), respectively. 

The K-maps for CNT and CO are given in Fig. 5-108(c) together with 
the gate-minimum cover for each. Combining the information contained in 
Figs. 5-108(a) and (c) leads to the circuits for the 1-bit slice counter shown 
in Figs. 5-108(d) and (e). Observe that the external gate logic of Fig. 5-108(d) 
represents a HALF ADDER when D/U is 0 or a HALF SUBTRACTOR 
when D/U is 1 and that increment and decrement (by one) operations can 
result only when C/(H) = 1(H). Also, note that the XOR gate to which 


446 5 / Synchronous Sequential Machines 


LD(L) 
ea one 


CK(H) 


P;(H) P, (H) 


D/U(H) 


Io 
J™® 4-to-1 MUX 
Y 


CLEAR (L) 


Q, (H) 


(d) (e) 
Fig. 5-108 (contd.). (d) MUX implementation of the J“ module with discrete gate 
logic used for the arithmetic operations. (e) A composite representation of (d). 


D/U is connected acts as a controlled INVERTER, a fact that is readily 
deduced by comparing Figs. 4-6 and 4-15(e). . 

The logic circuit and block diagram symbol for a 4-bit-slice parallel load- 
able bidirectional counter are given in Figs: 5-109(a) and (b). Bit slicing is 
accomplished by adding similar units to the MSB side, thus connecting the 
CO of one unit to the CI of the other in ripple-carry fashion. Notice that the 
CI input of the LSB stage must be held at 1(H) so as to permit the increment 
and decrement operations. 

To summarize, this counter has the capability of incrementing, decre- 
menting, or holding a given parallel load input of four bits, or replacing that 
parallel load with another. The LD and EN inputs select the mode while 
D/U determines the count direction as stated earlier. The ripple-carry op- 
eration is similar to that for the parallel adder shown in Fig. 4-10. 

The state diagram for the 4-bit parallel loadable up/down-counter in- 
volves 256 possible state-to-state transitions. This is so because each state 
of the 16 states can, in turn, branch to all other states and to itself in the 
parallel load mode. Presented in Fig. 5-110 is a portion of the state diagram 
showing some of the possible transitions and the counter action required. 
Here, the counter operations shown are hold (H), increment (J), decrement 
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LD(L) 
EN(H) 
D/U(H) 


CK(H) 


448 


P3(H) Po (H) Pp(H) 


1 (H) 


CLEAR (L) 


ig Jp CLO 


D/U Parallel Loadable 
Up/Down Counter 
Q, Qc © CI 1(H) Fig. 5-109. A 4-bit-slice parallel 
loadable up/down counter 
based on Figures 5-107 and 
5-108. (a) Logic circuit. 
(b) (b) Block diagram symbol. 


(D), and parallel load (PL). It is assumed that an increment or decrement 
has priority over a parallel load. 


Design of a Pseudorandom Sequence Generator. To cap off our treatment of 
counters, let us design a 4-bit pseudorandom sequence generator first by 
using the parallel loadable up/down-counter of Fig. 5-109 and then by using 
the universal SHIFT REGISTER represented in Fig. 5-102(a). The object 
in doing this is to demonstrate the versatility of these two devices and to 
lay the groundwork for the use of such devices in the design of programmable 
controllers considered in the next section. 

Figure 5-111(a) gives the state diagram for the 4-bit pseudorandom se- 
quence generator we wish to design. The counter action for each state-to- 
state transition is indicated by a PL, an I, or a D. With this information, we 
plot the parallel input (P) K-maps, and the LOAD (LD), ENABLE (EN), 
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H = Hold 
I = Increment (up 1) 
D = Decrement (down 1) 
PL = Parallel load 

Fig. 5-110. Portion of the state diagram for a 4-bit parallel loadable up/down 
counter showing a few of the 256 possible state-to-state transitions and the 
counter action required assuming that an increment or decrement has priority 
over a parallel load. 


and count direction (D/U) K-maps, as shown in Figs. 5-111(b) and (c). It 
can be seen that don’t cares are placed in the cells representing unused states 
and are used to loop out minimum cover. Certain cells are left blank so as 
to focus attention on what is happening with respect to the other cells. The 
blank cells represent don’t care (¢) entries. 

Some explanation of the K-map entries for Figs. 5-111(b) and (c) seems 
necessary. The parallel input K-maps of Fig. 5-111(b) are plotted with the 
understanding that D-FFs are used in the construction of each counter mod- 
ule. Thus, each state whose outgoing branching represents a parallel load 
(PL) operation has a NEXT STATE address which is the state code for the 
next state, a consequence of using the state transition table for the D-FF. 
For example, the NEXT STATE address for the 0101 STATE is 0010, and 
so 0, 0, 1, and 0 are placed in cells 5 of the maps for P3, P2, Pi, and Po, 
respectively. Similarly, 0, 1, 1, and 0 are placed in cells 13 of these four K- 
maps, and so on. 

The reader may wish to take note of the fact that when mapping an 
unconditional branching condition from a given state for D-FF implemen- 
tation, the NEXT STATE address for that state is always the state code 
assignment of the next state. Use of this “‘shortcut’’ procedure can save 
time and minimize error. Remember, however, that it is the state transition 
table for the D-FF which characterizes the D-FF memory element and which 
is responsible for this shortcut procedure. Therefore, this procedure must 
be used only for D FLIP-FLOP implementation and then, only for uncon- 
ditional branching conditions. 
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Fig. 5-111. Design of 4-bit pseudo-random sequence generator by using a parallel 
loadable up/down counter. (a) State diagram showing counter action. (b) Parallel 
input data K-maps and minimum cover. (c) LOAD, ENABLE, and count 
direction K-maps shown with optimum cover. 


The LD, EN, and D/U K-maps of Fig. 5-111(c) are plotted by using the 
counter information given in Fig. 5-107(a) together with the state diagram 
of Fig. 5-111(a). Thus, the mode control parameters take on values (LD, 
EN) = (0, 1) for a count and (LD, EN) = (1, X) for a parallel load, where 
X represents an irrelevant input. For example, a logic 1 is placed in cells 0, 
2, 5, 8, 10, and 13 of the LD K-map because these cells represent parallel 
load states. But don’t cares are placed in these same cells of the EN K-map 
as required by the irrelevant input X in the operation table of Fig. 5-107(a). 
Logic 0’s are placed in cells 6, 9, and 14 of the LD K-map since these cells 
represent count states. There are no 0’s in the EN K-map because there are 
no hold conditions in the state diagram. Finally, logic 1 entries are placed 
in cells 6 and 14 of the D/U K-map to account for a decrement operation in 
STATEs 0110 and 1110, and a logic 0 is placed in cell 9 of this map because 
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(d) 
Fig. 5-111 (contd.). (d) Implementation with logic gates. 


of the increment required in STATE 1001. Again, all blank cells represent 
entries and are left blank so as to focus attention on activity in the re- 
mainder of the cells. 

Choosing optimum cover for the K-maps of Figs. 5-111(b) and (c) is easily 
accomplished by following the multiple-output optimization procedure dis- 
cussed in Sect. 3.7. In this case, optimum cover is achieved simply by looping 
out the LD function as an XOR-type pattern. The results are implemented 
in Fig. 5-111(d). Notice that both the EN and CI inputs are held at 1(H) 
while the CLEAR (CL) input is connected to a SANITY(Z) circuit so that 
the FSM can be initialized into STATE 0000. Note also that initializing the 
random sequence counter into any of the remaining eight states is not an 
option for this particular design. If this is a requirement for this counter, 
discrete D or JK FLIP-FLOPs with asynchronous PRESET and CLEAR 
overrides would have to replace the parallel loadable up/down-counter as 
the MEMORY. 

As our final example, we design the same pseudorandom sequence 
counter by using the UNIVERSAL SHIFT REGISTER of Fig. 5-102(a) as 
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(c) 
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(d) 
Fig. 5-112. Design of a pseudo-random sequence generator by using a 
UNIVERSAL SHIFT REGISTER. (a) State diagram showing register action. 
(b) Parallel data input K-maps. (c) Mode control K-maps. (d) Serial data input 
K-maps. 


the MEMORY device. The general approach to this design is similar to that 
for the parallel loadable up/down-counter design just presented. Now, how- 
ever, we must characterize the action of the register, rather than the up/ 
down-counter, as the MEMORY. This is done in Fig. 5-112(a) where the 
register action is indicated for each state-to-state transition of the sequence 
by assuming that a shift (right or left) has priority over a parallel load. As 
was true in Fig. 5-103, the register actions, represented by SRO, SLO, SRI, 
and SL1, signify a shift right or left of 0 or 1, and PL represents a parallel 
load. No hold conditions exist. 

The parallel input K-maps for the register implementation are presented 
in Fig. 5-112(b). They are plotted following the same procedure as was used 
to plot those of Fig. 5-111(b). Here again, the use of D-FFs in the imple- 
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Fig. 5-112 (contd.). (a) Implementation by using discrete logic gates. 


mentation of the UNIVERSAL SHIFT REGISTER requires that the NEXT 
STATE address for each parallel load (PL) state be the state code for the 
next state. Thus, 1’s or 0’s are entered in cells 6, 8, 9, and 10 since these 
are the parallel load states. As before, all blank cells represent don’t care 
entries. 

The K-maps for mode control inputs Sı and So are constructed by using 
the information in the operation table of Fig. 5-101(a) together with the state 
diagram of Fig. 5-112(a). These maps are given in Fig. 5-112(c). A shift right 
requires that (S1, So) = (0, 1); a shift left requires (S1, So) = (1, 0); anda 
parallel load requires (S1, So) = (1, 1). Thus, a 1 and 0 must be placed in 
cells 14 of the Sı and So K-maps, respectively, since STATE 1110 is a left 
shift state. Similarly, cell 5 (representing the right shift STATE 0101) requires 
that a 0 and 1 be placed in the respective Sı and So K-maps. Or for cell 9, 
representing the parallel load state 1001, 1’s are placed in cells 9 of the mode 
control K-maps, and so on. 

The serial left and serial right K-maps (the L and R maps) in Fig. 5-112(d) 
are plotted by entering a 0 or 1 into the appropriate map depending on 
whether a 0 or 1 shift is indicated for a particular state-to-state transition. 
For example, STATE 1110 requires a SLI for the transition to STATE 1101, 
so a 1 is placed in cell 14 of the L K-map. Similarly, STATE 0101 requires 
an SRO for the transition to 0010. Therefore, a 0 is placed in cell 4 of the R 
K-map. 
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Optimum cover for the K-maps of Figs. 5-112(b), (c), and (d) is achieved 
by adjusting the cover of the So function so as to accommodate the four 
shared PIs from the P4, Pg, Pc, and R functions. Observe that the L function 
is 1 since there are no SLO operations in the state diagram. 

Implementation of the pseudorandom sequence counter with the UNI- 
VERSAL SHIFT REGISTER is shown in Fig. 5-112(e) and is observed to 
be of about the same complexity as that for the up/down-counter imple- 
mentation in Fig. 5-111(d). Again, the asynchronous CLEAR input must be 
connected to the SANITY(ZL) circuit so that the counter can be properly 
initialized. 


Self-correcting Counters. Any sequential machine that can be initialized into 
a state appropriate for its proper operation without the aid of a SANITY 
circuit, is said to be self-correcting. While some simple counters can be 
operated as self-correcting FSMs, most other FSMs cannot be and require 
the use of an initializing (SANITY) circuit. Rarely should attempts be made 
to make Moore and Mealy FSMs self-correcting. The use of SANITY circuit 
initialization is generally the established rule for such machines. 

A counter is self-correcting if all don’t care states lead into the main 
routine (state diagram) and is not self-correcting if there exists at least one 
extraneous subroutine, consisting of at least one don’t care (unused) state, 
into which the counter could enter following power-up or reset. To determine 
whether or not a counter is self-correcting, it is only necessary to introduce 
the bits for each missing state into the NEXT STATE functions so as to find 
the NEXT STATEs for all missing states. If the FSM is found not to be self- 
correcting, it can be made so by selectively avoiding the use of those don’t 
cares in the K-maps that correspond to states in the extraneous routine(s). 
Alternatively, the FSM can be designed so that all nonessential states be 
directed into one or more states of the required routine thereby eliminating 
all don’t care states. 


ALTERNATIVE APPROACHES TO FSM DESIGN 


The “‘conventional’’ design of FSMs involves the use of individual FLIP- 
FLOPs for the MEMORY and the use of discrete gate logic for the NEXT 
STATE and output sections. Up to this point the emphasis has been mainly 
on this conventional approach to design. However, in Sects. 5.9.2 and 5.9.3 
we deviated somewhat from this approach by introducing Huffman’s model 
and the use of PLAs and ROMs to implement the NS and output forming 
logic. Then in Sect. 5.10.2 we deviated even further from conventional design 
by introducing the use of a parallel loadable up/down-counter and a UNI- 
VERSAL SHIFT REGISTER as the MEMORY element for the design of 
a random sequence counter. So the idea of approaching FSM design from 
different perspectives is not new. 

In this section we will continue to develop alternative means of designing 
synchronous FSMs. For comparison purposes all alternative designs will be 
based on the same state machine algorithm. 

The state machine which is used throughout this section is represented 
by the state diagram in Fig. 5-113. It is observed to be a Mealy machine of 
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SANITY a ABC Synchronous Inputs 
S(H), T(H), U(L), V(H) 


Outputs 
M(H), N(L), P(H), Q(H) 


Fig. 5-113. The state diagram for an FSM that is to be used to demonstrate 
various FSM design alternatives. 


seven states with one-, two-, and three-way branching. It has four synchro- 
nous inputs, one ACTIVE LOW, and four outputs also with one ACTIVE 
LOW. The state identifier symbols are the Arabic numerals corresponding 
to the state code assignments. 


5.11.1 The Conventional Approach Revisited 


The now-familiar Mealy model for conventional FSM design is given in Fig. 
5-114. It includes input conditioning circuits (synchronizing and debouncing 
circuits, etc.) and an output holding register should they be needed. As the 
reader will recall, the three main sections of the model are the NEXT STATE 
forming logic, the MEMORY, and the output forming logic. For the con- 
ventional design we will use discrete gate logic for the NS and output logic 
sections and individual FLIP-FLOPs for the memory. 

Shown in Fig. 5-115(a) are the K-maps and near optimum cover for the 
NS forming logic, assuming the use of D-FFs. The output K-maps and min- 
imum cover are given in Fig. 5-115(b). Optimum NS logic cover would have 
resulted if the 1’s in cells 4 and 6 of the Da K-map had been looped out 
individually to form shared PIs with those of cells 4 and 6 of the Dc and Q 
K-maps. But little would have been gained in doing so. 

The conventional implementation of this FSM is presented in Fig. 5- 
115(c). Here, we notice that the NS forming logic is fairly complex and that 
a SANITY(Z) circuit is connected to the asynchronous CLEAR override of 
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MEMORY 


REGISTER 


NS — NEXT STATE 
PS — PRESENT STATE 


Fig. 5-114. Conventional architecture for FSM design including input 
conditioning circuits and an output holding REGISTER. 


Fig. 5-115. Conventional design of the FSM in Figure 5-113. (a) Near optimum 
cover for the NEXT STATE forming logic assuming the use of D-FFs. (b) Output 
K-maps and minimum cover. 
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each FLIP-FLOP so that the FSM can be initialized (or reset) into STATE 
000 on power-up, as required by the state diagram. 

The output forming logic shown in Fig. 5-115(c) is connected to an output 
holding register, which is CLOCKed antiphase to the FLIP-FLOPs. The 
reason for using the output holding register is to filter out any output race 
glitches that may be produced by transition from STATEG) to STATE (0) 
or from STATE @ to STATE ®©. No STATIC HAZARDs are possible as 
the output logic indicates. Notice that the asynchronous CLEAR of the 
output holding register is also connected to the SANITY(ZL) circuit for 
initialization and reset purposes. 


5.11.2 Architecture Centered on a STATE DECODER 
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The deceptively complex architecture for an FSM designed around a STATE 
DECODER is represented by the block diagram in Fig. 5-116. Use is made 
of a STATE DECODER to reduce the complexity of the gate logic in the 
NS and output sections as indicated in the block diagram. But there is an- 
other important reason for using a STATE DECODER. It happens that this 
architecture is one of the simplest to use due to the fact that the outputs of 
the STATE DECODER are the state codes assigned to the states in the state 
diagram. As a result, all the information needed to implement an FSM can 
be read directly from the state diagram without the need for K-maps. While 
this architecture may be far from optimal, it is popular with designers be- 
cause of the ease and simplicity with which an FSM can be implemented. 
Shown in Fig. 5-117 are the NS K-maps reproduced from Fig. 5-115(a). 
Adjacent to these maps are written the NS logic expressions (for D-FFs) 
which have been read directly from the state diagram and which are of a 
form that can be directly used for the architecture of Fig. 5-116. A com- 
parison of these expressions with their corresponding K-maps verifies their 
validity. Similarly, the composite output K-map in Fig. 5-117(b) verifies the 
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Fig. 5-116. Architecture for FSMs designed around a STATE DECODER. 
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validity of the output logic expressions (adjacent to the K-map) which have 
also been read directly from the state diagram. 

Use of the information in Figs. 5-116, 5-117(a) and 5-117(b) results in the 
logic circuit presented in Fig. 5-117(c). Here, in comparison to conventional 
design, we observe a significant reduction in the number of gates required 
for the NS forming logic section, but at the expense of using a STATE 
DECODER. More important, the fact that this logic circuit has been con- 
structed directly from the state diagram makes this a design alternative worth 
remembering. For purposes of testing protoboard circuits, such design al- 
ternatives can save both time and costs. 


5.11.3 The Direct- and Indirect-Addressed MUX Approaches 


The use of MUXs to implement the NS forming logic of an FSM can greatly 
reduce gate logic requirements. Furthermore, if certain requirements are 
met, the MUX approach permits the NS logic to be read directly from the 


D,a= (STATE 1) TV + (STATE 2)T + STATE4 + (STATE 5) (S+ T) 
+ STATE 6 


Dg= STATE2 + (STATE 5)(S + T) + (STATE6)U + STATE7 


(a) 
Dc= (STATE 0)S + (STATE 1) V + STATE 4 + (STATE 5) ST 
M = (STATE 1) V + STATE 2 
(b) N = (STATE 4) V 
P=STATE7 
Q = STATE 6 


Fig. 5-117. Design of the FSM in Figure 5-113 by using the architecture of Figure 
5-116. (a) NEXT STATE D K-maps and DECODER cover. (b) Composite output 
K-map and DECODER cover. 
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Fig. 5-118. Architecture for FSMs designed around direct addressed MUXs. 


state diagram as in the previous example. The combination of these two 
advantages yields an approach which is one of the most powerful and ver- 
satile methods available for FSM design. In this section we will examine the 
use of MUXs of unrestricted size, and then we will consider the problem 
posed by MUX size limitation. | 

The architecture for the direct MUX approach to FSM design is rep- 
resented by the block diagram in Fig. 5-118. This approach is characterized 
by MUX select inputs which are directly connected to the PS (feedback) 
variables. Thus, a three-state variable machine would require 8-to-1 MUXs, 
while a four-state variable FSM would need 16-to-1 MUXs, and so on. Ob- 
viously, the MUX size increases rapidly with numbers of state variables, 
which, in turn, is a measure of the size (number of states) of the machine. 
In most other respects this architecture is the same as that of Fig. 5-114. 

Implementation of the FSM directly from the state diagram of Fig. 5-113 
is easily accomplished with the results shown by the logic diagram in Fig. 
5-119(a). The numbering of the MUX inputs corresponds to the state code 
assignments in the state diagram, and the logic for each input is read from 
the state diagram just as in Fig. 5-117(a). The present state (PS) feedback 
variables (i.e., the Q outputs of the FLIP-FLOPs) directly select the NS 
logic from the MUXs as indicated in the logic diagram. 

The 3-to-8 decoder appearing in Fig. 5-119(a) serves two purposes. It 
reduces the gate logic requirement and permits the output forming logic to 
be implemented from information taken directly from the state diagram. In 
effect, the logic diagram of Fig. 5-119(a) conforms to a model which is a 
combination of the FSM architectures in Figs. 5-116 and 5-118—a very useful 
hybrid form. 


Dealing with MUX Size Limitations. Implementation of very large synchron- 
ous sequential machines may require MUX sizes beyond what is available. 
If this is the case, the MUX size can be reduced by K-map compression but 
at the cost of increased external gate logic. Figures 5-119(b) and (c) illustrate 
this. Here, a map compression of one order reduces the MUX size from 8- 
to-1 to 4-to-1. However, the gate tally also increases from 3 to 11. 
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(c) 
Fig. 5-119 (contd.). (b) K-map compression required for MUX size reduction. 
(c) Implementation of the NS forming logic with 4-to-1 MUXs showing the 
resulting increase in external gate logic. 


There is often a better method of reducing MUX size that does not depend 
on K-map compression. This method is called the indirect-addressed MUX 
approach and is represented by the block diagram in Fig. 5-120. The addition 
of a MUX address converter permits MUX size reduction without K-map 
compression, but only if the number of unique MUX inputs can be reduced 
by factors of 2”, where n is an integer. 

In Fig. 5-121 the indirect-addressed MUX approach is applied to Dz 
because it is the only one of the three NS variables whose K-map has four 
(or fewer) unique entries. Hence, it is the only NS variable to which this 
method can be applied. The four unique K-map entries for Dg, appearing 
in Fig. 5-121(a), are arbitrarily assigned to the inputs of a 4-to-1 MUX as 
indicated in Fig. 5-121(b). By using the MUX of Fig. 5-121(b) together with 
the K-map of Fig. 5-121(a), we construct the truth table for the MUX select 
lines given in Fig. 5-121(c). How one implements the logic for the MUX 
select inputs, S; and So, is a matter of choice. For our design we accomplish 
this by using the 3-to-8 decoder and two NAND gates shown in Fig. 5-121(d). 
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Fig. 5-120. Architecture for FSMs designed around indirect addressed MUXs. 
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Fig. 5-121. Size reduction of the B MUX in Figure 5-119 to conform to the 
indirect address MUX architecture of Figure 5-120. (a) NEXT STATE K-map for 
D-FF B. (b) Input requirements for the 4-to-1 B MUX. (c) MUX address table. 
(d) DECODER implementation of the MUX address converter logic. 
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5.11.4 Architectures Centered on Direct- and Indirect-Addressed Array Logic 


We are already familiar with the use of direct-addressed ROMs and PLAs 
to implement the NS and output forming logic of relatively simple FSMs, 
as in Sect. 5.9. Now, we will extend the application of these array logic 
devices to more complex FSM designs which include the presence of 
MIXED LOGIC inputs and the problem of array logic size limitations. Pre- 
sented in Fig. 5-122 is the model of Huffman which we associate with array 
logic implementation (see Fig. 5-85). This FSM architecture could be called 
the direct-addressed array logic approach, meaning that the PS feedback 
lines from the MEMORY are connected directly to the array logic device(s). 

We begin by designing the FSM of Fig. 5-113 with an 8 x 20 x 8 FPLA. 
The p-term table for programming the FPLA is given in Fig. 5-123(a). We 
note that there are seven inputs, one of which is ACTIVE LOW (see as- 
terisk), and seven outputs also with one output ACTIVE LOW. The manner 
in which the ACTIVE LOW input and ACTIVE LOW output are dealt with 
is discussed shortly. The 15 p-terms listed in the table of Fig. 5-123(a) are 
taken from the near-optimum cover given in Figs. 5-115(a) and (b). Recall 
from Sect. 4.11.2 and in particular from Fig. 4-85(b) that the dash in the 
input column of a p-term table signifies a nonconnection. 

An asterisk (*) is placed on the U and N column headings in Fig. 5-123(a) 
to signify that these represent an ACTIVE LOW input and ACTIVE LOW 
output, respectively, and that some action is necessary to accommodate 
them. The action we take to accommodate the ACTIVE LOW input, U, is 
to complement any 1’s and 0’s appearing in that column. However, this is 
not an option for an ACTIVE LOW output from a PLA. Since we plan to 
use an output holding register to filter out any output race glitches that may 
occur, we will generate N(L) from the register. For a review of the use of 
array logic devices with MIXED LOGIC inputs and outputs refer to Sect. 
4.11.4. 

Unlike the p-term table for programming a PLA, the ROM program table 
must be CANONICAL. The collapsed ROM program table for the FSM of 
Fig. 5-113 is given in Fig. 5-123(b). It represents 2” = 128 MINTERMs since 
there are seven inputs. The use of the irrelevant input, X (representing 1 or 
0), permits the table to be shortened to 15 rows instead of 128—hence, the 
name collapsed programmed table. Note that don’t cares are never placed 
in an output column of either table in Fig. 5-123. 

Both the ROM and PLA program tables in Fig. 5-123 signify the presence 
of the ACTIVE LOW input, U, and ACTIVE LOW output, N, in exactly 
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Fig. 5-122. Architecture for FSMs designed around PLAs and direct addressed 
ROMs. 
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Fig. 5-123. Design of the FSM in Figure 5-113 by using direct-addressed array 
logic and the model of Figure 5-122. (a) p-term table for implementation with an 
8 X 20 x 8 FPLA, constructed from Figures 5-115(a) and (b). 
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Fig. 5-123 (contd.). (b) Collapsed program table for implementation witha 2” X 8 
ROM constructed directly from the state diagram in Figure 5-113. 
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(c) 
Fig. 5-123 (contd.). (c) Logic circuit showing the use of an 8 X 20 x 8 FPLA or 
a2’ x 8 PROM programmed according to Figure 5-123(a) or (b), respectively. 


the same manner. However, for the ROM program table there exists an 
alternative means of dealing with an ACTIVE LOW output that is not avail- 
able to PLA p-term tables. The single 1 and 0’s appearing in the N column 
of Fig. 5-123(b) can be complemented to generate the ACTIVE LOW logic 
level of this output. But if this is done, then N(L) must be taken from the 
O(H) output of the holding register—a complementary J/O relationship that 
must be imposed when a D(H) register input is presented ACTIVE LOW. 

The array logic (PLA or ROM) implementation of the FSM in Fig. 5-113 
is represented by the logic circuit in Fig. 5-123(c). This circuit appears re- 
markably simple and uncomplicated because the details of the NS and output 
forming logic sections are contained in the programmed array logic device. 
Again this is called the direct-addressed PLA or direct-addressed ROM ap- 
proach as opposed to the indirect ROM address architecture discussed next. 


Dealing with ROM Size Limitations. There may come a point in the design 
of a complex FSM when the ROM size requirement of the design exceeds 
the ROM size that is available. When this happens the designer must alter 
the design strategy so as to meet the hardware limitations. One solution to 
this problem is to reduce the ROM size requirements by using the indirect- 
addressed ROM approach illustrated by the block diagram of Fig. 5-124. 
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Fig. 5-124. Architecture for FSMs designed around indirect addressed ROMs. 


Here, a ROM address converter permits a significant reduction in the number 
of required ROM inputs. The converter is commonly formed from MUXs 
and discrete gate logic. 

The ROM program table presented in Fig. 5-125(a) is a reproduction of 
that in Fig. 5-123(b) except for the last four columns (3, I2, Iı, and Io) which 
form the indirect ROM address. The ‘‘J-WORDs’’ in these four columns are 
obtained somewhat arbitrarily by assigning to them a unique set of logic 
values for each unique set of the 7-bit ROM output WORDs appearing in 
columns Ye through Yo of the program table. Thus, rows 1 and 6 form the 
first unique set and are assigned the J-WORD 0000. Then rows 2 and 3 form 
the second unique set and are assigned the - WORD 0001 while rows 5 and 
15 combine to give the J-WORD address 0011. The remaining sets of ROM 
output WORDs are assigned J-WORDs in decimal order up through 1011. 

The next step is to extract the indirect ROM address logic from the I- 
WORDs in Fig. 5-125(a). This is accomplished by constructing the third- 
order K-maps shown in Fig. 5-125(b), where use is made of the external 
input data in Fig. 5-125(a). For example, the entries for cell 0 are obtained 
from rows 1 and 2, which require that a logic 0 be placed in cell 0 for is, 
h, and J, and an S in cell 0 for Io. Similarly, rows 3, 4, and 5 require that 
a logic 0 be placed in cell 1 of the J; and J, K-maps, but that V + TV = V 
+ T be entered in cell 1 of the J, K-map and a TV + TV = V incell 1 of 
the Io K-map, and so on. The final result is the logic circuit in Fig. 5-125(c), 
where use has been made of four 8-to-1 MUXs and external gates to generate 
the logic for the indirect ROM address. What we have accomplished here 
is to reduce the ROM size from seven inputs to four, but at the expense of 
the additional MUX and gate logic. 

An alternative means of dealing with the problem of inadequate ROM 
size is to increase ROM input capability by using the multiplexed scheme 
illustrated in Fig. 4-91. Increased ROM output capability can be achieved 
by applying the scheme shown in Fig. 4-92. As to which of the foregoing 
alternatives is best suited to a given design is a matter of choice and, of 
course, the availability of the hardware. 


5.11.5 Counters and SHIFT REGISTERS as MEMORY Elements 
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We now focus our attention on the MEMORY section of the FSM so as to 
help diversify design strategy. The use of an up/down-counter or a UNI- 
VERSAL SHIFT REGISTER as the MEMORY element for the design of 
simple FSMs has been demonstrated in Sect. 5.10.2. All that remains, then, 
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is to use these same devices as memory elements for more complex FSMs 
such as that in Fig. 5-113. This we do next. However, to make these designs 
more interesting we will also include some of the alternative approaches for 
NS and output logic implementation that were developed in previous sec- 
tions. 


The UNIVERSAL SHIFT REGISTER as the MEMORY Element. Shown in 
Fig. 5-126(a) is the state diagram of Fig. 5-113 but with an altered state code 
assignment that is more amenable for use with a UNIVERSAL SHIFT REG- 
ISTER MEMORY element. The branching legend reads: Branching Con- 
dition (Register Action). For example, the transition from STATE © to 
STATE © requires S(SL1), meaning that input S$ must be ACTIVE at the 
same time that the register shifts left a logic 1. Similarly, the transition from 
STATE@) to STATE @ requires S - T(PL), meaning that S and T must both 
be INACTIVE at the same time that the register is parallel loaded. 

Used as the MEMORY element for the FSM in Fig. 5-113, the UNI- 
VERSAL SHIFT REGISTER requires four sets of K-maps. These are pro- 


S 
SANITY 
ABCD Synchronous Inputs 


S(H), T(H), U(L), V(H) 


Outputs 
M(H), N(L), PH), Q(H) 


Branching legend: Branching Condition (Register Action) 


(a) 
Fig. 5-126. A design of the FSM in Figure 5-113 centered on a UNIVERSAL 
SHIFT REGISTER. (a) State diagram showing new state code assignments and 
register action. 
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vided in Figs. 5-126(b), (c), and (d). The four parallel load K-maps in Fig. 
5-126(b) are given specific entries in cells 3, 5, and 7 since these cells rep- 
resent the states for which there is a parallel load action required by the 
register. Keeping in mind that the UNIVERSAL SHIFT REGISTER of Fig. 
5-101 is composed of D-FFs, we see that the four entries in each of the cells 
3, 5, and 7 become 00SO, 0011, and 0100, respectively, as read across the 
P4, Ps, Pc, and Pp K-maps. The remainder of the cells in these maps take 
don’t cares since they represent non-PL states. 

The mode select K-maps of Fig. 5-126(c) must take specific entries for 
all cells which represent used states. Thus, cell 6, representing the only 
unused STATE (0110), is assigned a don’t care. The remaining seven cell 
entries are determined from the state diagram of Fig. 5-126(a) in connection 
with the operation table of Fig. 5-101(a). For example, the entries in cell 0 
of the Sı and So K-maps are S and 0, respectively, since the register action 
is a shift left (10) operation conditional on S. Likewise, entries for cell 1 of 
the Sı and So K-maps are T - V, for a conditional shift left (10) operation, 
and V, for a conditional shift right (01) operation, respectively. Or the entries 
for cell 3 are 1 for the Sı K-map since branching is either SL or PL (they 
must sum to 1 for the S; bit), and S + S- T = S + T for the So K-map 
since § and § - T are conditional PL branching conditions. It must be re- 
membered that (S1, So) = (1, 1) for parallel loading. 

Figure 5-126(d) shows the left (L) and right (R) serial input K-maps. These 
maps take logic 1 or logic 0 entries for shift operations depending on whether 
a 1 or a 0 is shifted left or right. For example, a 1 and ¢ are entered into 
cell 0 of the L and R K-maps, respectively, because only a SL1 operation 
exists—it does not matter what logic value is given to cell 0 of the R map. 
Similarly, cell 1 of these K-maps take 1 and 0, respectively, since both SLI 
and SRO operations exist for the 0001 STATE, and so on. Notice that cells 
5 and 7, representing states whose branching conditions are strictly non- 
shifting, must take don’t cares. 

The composite output K-map for the FSM in Fig. 5-126(a) is given in 
Fig. 5-126(e). Also shown (to the right of this map) is the output logic required 
for the use of aSTATE DECODER, logic which is read either directly from 
the state diagram or from the composite K-map. This information should be 
compared with that of Fig. 5-117(b). 

A logic circuit can now be constructed from the information contained 
in Fig. 5-126. This is done in Fig. 5-127 where the design has been centered 
on the UNIVERSAL SHIFT REGISTER represented in Fig. 5-102(a). No- 
tice that the logic for the mode controls (S; and So) is controlled by the PS 
variables via the mode select inputs to the 8-to-1 MU Xs and that the output 
logic differs from that in Fig. 5-117(c) to the extent that use is made of 
different state decoder outputs. 


The Parallel Loadable Up/Down-Counter as the MEMORY Element. We com- 
plete this portion of the design alternatives by using a parallel loadable up/ 
down-counter as the MEMORY element for the design of the FSM repre- 
sented in Fig. 5-113. The procedure to be used is basically the same as that 
used in the previous example where a UNIVERSAL SHIFT REGISTER 
served as the MEMORY. We begin with the state diagram in Fig. 5-128(a) 
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Fig. 5-127. Implementation of the FSM in Figure 5-113 centered on a 
UNIVERSAL SHIFT REGISTER and a decoder. 


which has been recoded to agree more closely with the characteristics of 
the counter. Of course, the branching conditions remain the same, but the 
action required of the MEMORY device is now an increment (I), a decrement 
(D), or a parallel load (PL) as indicated in parentheses next to each branching 
condition. 

The parallel load K-maps, shown in Fig. 5-128(b), are plotted following 
the same procedure as those in Fig. 5-126(b). However, in this case there 
is but a single state (STATE 2) for which parellel load action is required for 


outgoing branching. Thus, the entries for cell 2 are 0, S + T, S - T, and 0 
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respectively, for P4, Pg, Pc, and Pp, as required for D-FFs. The remaining 
cells take don’t cares since they represent “‘count action” states. 

The LD and EN K-maps shown in Fig. 5-128(c) constitute the mode 
control K-maps for the counter. They are plotted by using the operation | 
table of Fig. 5-107(a) together with the state diagram of Fig. 5-128(a). The 
value of each entry (0, 1, or entered variable) is based solely on whether 
the outgoing branching requires a count action or a parallel load action, and 
whether the action is conditional or unconditional. For example, the entries 
in cell 1 of the LD and EN K-maps are 0 and T7-V + V = T + V, re- 
spectively, since count action is conditional for both transitions from STATE 
(Mand since the operation table requires that (LD, EN) = (0, 1). The count 
direction (D/U) K-map in Fig. 5-128(c) takes cell values which are deter- 
mined from the truth table in Fig. 5-108(b) and from the state diagram. Thus, 
only a decrement action (down-count) contributes a cell entry other than 
logic 0. Finally, the composite output K-map is presented in Fig. 5-128(d) 
together with the output logic appropriate for the use of a STATE DE- 
CODER. 


S 
SANITY 
ABCD Synchronous Inputs 
S(H), T(H), U(L), V(H) 


Outputs 
M(H), N(L), P(H), Q(B) 


Branching legend: Branching Condition (Counter Action) 


(a) 
Fig. 5-128. A design of the FSM of Figure 5-113 centered on a parallel loadable 
bidirectional counter. (a) State diagram showing new state code assignments and 
counter action. 
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Fig. 5-129. Implementation of the FSM in Figure 5-128(a) centered on a parallel 
loadable bidirectional counter and a decoder. 


M(H) 


N(L) 
P(H) 


Q(H) 


Shown in Fig. 5-129 is the logic circuit for the design centered on the 
parallel loadable up/down-counter of Fig. 5-109. Here, we see that LD(L) 
is taken from the STATE 2(L) output of the DECODER as permitted by 
the LD K-map in Fig. 5-128(c). It is also observed that the PS (feedback) 
variables are the select lines for the MUXs which generate the EN and 
D/U signals to the counter. Notice that the output logic differs from that in 
Figs. 5-119(a) and 5-127 only because different STATE DECODER outputs 


are used. 


5.11.6 Programmable FSM Architecture 


The final step we take in the progression of alternative FSM designs is the 
inclusion of programmable FSM architecture. In the context of this chapter, 
the term ‘‘programmable’’ implies the use of array logic to generate any or 
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all of the address signals for a counter, SHIFT REGISTER, or any other 
such device that serves as part of the MEMORY for an FSM. It is the nature 
of the programmable FSM architecture to have MEMORY sections more 
complex, but also more versatile, than any of those described in previous 
sections. In this sense our presentation here represents a fundamental de- 
parture from the more traditional approaches to FSM design we have con- 
sidered so far. 

Let us suppose we are asked to write down a list of features we consider 
to be the most desirable in any programmable FSM design methodology. 
Such a wish list would likely include a simple means of modifying the NS 
and output logic, and a modular approach that permits bit-slice capability 
to form larger FSMs, hence, built-in versatility. Other attractive features 
might include the ability to implement the FSM directly from a state diagram 
or from a listing of instructions, and the use of off-the-shelf MSI devices 
such as PROMs, MUXs, and DECODERs. To one extent or another, all 
these features are present in the design methodology described in this sec- 
tion. 


Counters/MUXs as the MEMORY. We begin with a programmable FSM design 
centered on a modular 4-bit parallel loadable counter and MUXs as the 
MEMORY. Figure 5-130 illustrates the details of this architecture. Here, we 
observe that ROMs store the NEXT STATE and output logic program and 
issue signals that form the LD MUX address (ADR), EN MUX ADR, 
D/U MUX ADR, and PL ADR of the MEMORY. In addition, the ROMs 
also generate the FSM outputs (conditional and unconditional) without the 
aid of any additional logic. 

It is our view that the programmable FSM architecture of Fig. 5-130 
conforms to Huffman’s model given in Fig. 5-122. This means that the 
counter, together with its associated MUXs, constitute the MEMORY of 
the state machine. This is obviously a more complex MEMORY than has 
been considered previously. 

The state diagram, as modified to conform to the architecture of Fig. 5- 
130, is given in Fig. 5-131(a). We notice immediately that STATEs @ and 
Q) constitute what was originally a single state in Fig. 5-128(a). This modi- 
fication is necessary so as to limit the state diagram to two-way outbranching. 
In fact there are two important restrictions associated with the use of the 
programmable architecture of Fig. 5-130. They are 


1. Excluding the hold condition, branching from a given state is limited to 
two-way branching. 

2. The counter actions required for two-way outbranching from a given state 
cannot both be a count (I or D) or both be a parallel load. 


The foregoing two restrictions can be relaxed somewhat if the architec- 
ture of Fig. 5-130 is modified to include the placement of MUXs on the PL 
ADR inputs to the counter. For example, 2-to-1 MU Xs on these inputs permit 
two-way PL branching from a given state while 4-to-1 MUXs permit three- 
way PL branching, and so on. This means increasing the ROM size to ac- 
commodate the added inputs and the extra address outputs. 
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Fig 5-130. Programmable FSM architecture centered on a modular 4-bit counter 
and MUXs as the memory. 


From an inspection of the state diagram in Fig. 5-131(a), it is evident that 
the original algorithm expressed by Fig. 5-128(a) is preserved only if S - T 
is assumed not to be a possible branching condition from STATE ®©. The 
S - T branching condition is not defined for STATE Q and, therefore, the 
SUM rule [Egq. (5-3)] is not obeyed. The branching constraint relative to 
STATE® and the additional CLOCK cycle required by the presence of the 
extra state can be viewed as the price that must be paid to use the pro- 
grammable architecture of Fig. 5-130 for this particular FSM. The use of 
this architecture for other FSMs might not require such constraints. 

It is possible to construct a logic circuit directly from the state diagram 
of Fig. 5-131(a) as we have done in previous examples. However, this task 
is facilitated by constructing the PS/NS/output instruction table shown in 
Fig. 5-131(b). Here, the format used is 


Branching Condition (Counter ACTION) Destination — (Output) 


This format can be viewed as an elementary high-level assembly-type lan- 
guage. 
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Branching legend: Branching Condition (Counter Action) 


(a) 


| Ps NS and Output Instructions 


0000 | S (D 1 — (0) 

0001 | TV (D) 2, V (PL) 0 — (M if V) 
0010 | S+T (D 3, ST (PL) 0 — (0) 
0011 | ST (I) 4, S (PL) 6 — ©) 


0100 | (D) 5 — (P) 

0101 | T (D 6 — (M) 
0110 | U @ 7 — (Q) 
0111 | (PL) 2 - (Nif V) 


Instruction Format: 
Branching Condition (ACTION) Destination — (Output) 


(b) 
Fig. 5-131. Design of the FSM in Figure 5-128(a) by using the architecture of 
Figure 5-130. (a) Modified state diagram for up count, parallel load, and two-way 
480 branching. (b) The PS/NS/output instruction table for (a). 
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An inspection of the instruction table in Fig. 5-131(b) reveals that it con- 
tains all of the sequential information of the state diagram. Indeed, this table 
provides a concentrated but simple means of representing the sequential 
behavior of an FSM. Of course, it is required that use be made of a well- 
defined MEMORY device such as a binary up/down parallel loadable counter 
or a UNIVERSAL SHIFT REGISTER. But most any sequential device, 
even a microprocessor, could be used as the MEMORY element as long as 
its operations are well defined. 

The logic circuit for the FSM represented by Fig. 5-131(a) is shown in 
Fig. 5-131(c). While the external input logic to the LD and EN MUXs can 
be arbitrarily positioned, it is best positioned according to the PS/NS/output 
instruction table of Fig. 5-131(b) and always in consideration of the operation 
table for the counter given in Fig. 5-107(a). For example, the LD and EN 
MUX input logic required for branching from STATE ( is given by LD = 
T- V(O, 1) + V(1, X) = V, and EN = (T + V), where the logic 0 and 1’s 
and the irrelevant input X (appearing in parentheses) derive from the op- 
eration table of Fig. 5-107(a). (Note that T - V could replace T + V as the 
logic for input 1 of the EN MUX.) In similar fashion, the LD and EN MUX 
input logic required for branching from STATE @ is found to be LD = (S 
+ T)(0,1) +5- T, X = S- T, and EN = 1. Or the input logic to terminal 
3 of the MUXs is LD = S - T(0, 1) + S(1, X) = S since S - T is not specified, 
and EN = 1, and so on. Observe that the D/U(A) input to the counter is 
held at 0(H), a consequence of the fact that no decrement count action exists 
in the state diagram of Fig. 5-131(a). 

The logic circuit of Fig. 5-131(c) is not complete until the two ROMs 
have been programmed to generate the LD and EN MUX addresses, the 
PL address, and the outputs. This is done in Fig. 5-132. Figure 5-132(a) 
indicates the bit format to be used, and Fig. 5-132(b) is the collapsed program 
table in which X is used as an irrelevant input. A single external input (V) 
has been included with the ROM inputs since it is needed to generate the 
two Mealy outputs. Two ROMs are used instead of one ROM so as to main- 
tain reasonable numbers of ROM outputs. 

The program table in Fig. 5-132(b) differs from that of Fig. 5-123(b) in 
two important respects. First, don’t cares are given to the PL address of 
any state whose branchings do not require PL counter action. STATEs @, 
©, and @ in Fig. 5-132(b) are examples. Second, the address WORDs ap- 
pearing in the LD and EN MUX ADR columns of Fig. 5-132(b) are deter- 
mined by the positions of the LD and EN MUX input logic as well as by 
the state diagram (or PS/NS/output instruction table), a consequence of the 
programmable feature of this architecture. 


Registers/MUXs as the MEMORY. Figure 5-133 shows the programmable 
FSM architecture which is centered on a MEMORY consisting of the UNI- 
VERSAL SHIFT REGISTER and its associated MUXs. Except for the ob- 
vious differences in the MEMORY section, this architecture is the same as 
that in Fig. 5-130. Both architectures conform to Huffman’s model given in 
Fig. 5-122. 

One version of the state diagram in Fig. 5-113 which is suited to the 
architecture of Fig. 5-133 is presented in Fig. 5-134(a). Like that in Fig. 5- 
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2*x8 ROM 
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(b) 
Fig. 5-132. (a) Bit format for programmed instructions from the ROMS. 
(b) Collapsed program table for the ROMS. 


131(a), it has been expanded from seven to eight states to meet the two-way 
outbranching limit established earlier. But also as before, this expansion is 
not without its price. The original algorithm can be preserved only if S - 
T is disallowed as a possible branching condition from STATE @, acknowl- 
edging that the SUM rule is not obeyed for this state. Furthermore, an ad- 
ditional CLOCK period has been introduced by the presence of the extra 
state. Notice that the sum rule is obeyed for the combination of STATEs 
@) and O. 

The state code assignments given to the state diagram in Fig. 5-134(a) 
favor a unidirectional SHIFT REGISTER. This is done intentionally to re- 
duce the complexity of the MEMORY section. Also, it is to be noted that 
the shifting operations must involve all four state variable bits. In contrast, 
the counter actions indicated in Fig. 5-131(a) need involve only three of the 
four state variable bits. It is important that the reader understand this dif- 
ference in MEMORY devices. 
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Fig. 5-134. Design of the FSM 
in Figure 5-126(a) by using the 
architecture of Figure 5-133. 
(a) Modified state diagram for 
left shift, parallel load, and 
two-way branching only. 

(b) The PS/NS/output 
instruction table for (a). 


SANITY 


S 
è ABCD Synchronous Inputs 


S(H), T(H), U(L), V(H) 
0000 Outputs 


M(H), N(L), P(H), Q(H) 


ee 
ST is assumed not to be 


a possible branching 
da M TLifV condition from STATE 7. 


T(SLO) 


Branching legend: Branching Condition (Register Action) 


(a) 


State 
Identifier PS NS and Output Instructions 


0000 
0001 
0011 
0111 
1111 
1110 
1100 
1000 


Instruction Format: 


Branching Condition 


S (SL1) 1 — (0) 

TV (SLD) 3, V (PL) 0 — (M if V) 
S+T (SL1) 7, ST (PL) 0 — (0) 
ST (SL1) 15, S (PL) 12 — (0) 
(SLO) 14 — (P) 

T (SLO) 12 — (M) 

U (SLO) 8 — (Q) 

(PL) 3 — (Nif V) 


(ACTION) Destination — (Output) 


(b) 
485 
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R = Irrelevant 


(c) 


Fig. 5-134 (contd.). (c) K-maps for mode control and serial input parameters. 


The PS/NS/output instruction table given in Fig. 5-134(b) provides the 
same information contained in the state diagram of Fig. 5-134(a), but in the 
form of a high-level assembly-type language. This table can be useful in 
constructing a logic circuit for this FSM. Also, the K-maps for the mode 
control and serial input parameters, provided in Fig. 5-134(c), can assist the 
reader in making the transition from the instruction table to the logic circuit 
in Fig. 5-134(d). The value of restricting the shift operation to left shift only 
is evident from an inspection of the serial input K-maps. Also, notice that 
the MUX input logic shown in Fig. 5-134(d) derives directly from the S; and 
So K-maps in which the blank cells represent don’t cares. 

The logic circuit in Fig. 5-134(d) is constructed from the PS/NS/output 
instruction table and the K-maps given in Figs. 5-134(b) and (c). A com- 
parison of this circuit with that in Fig. 5-131(c) reveals one important dif- 
ference in design philosophy brought about by the character of the MEM- 
ORY that is used. In Fig. 5-134(d) the Mealy (conditional) outputs are 
generated by logic external to the ROM, whereas in Fig. 5-131(c) all output 
logic is contained within the ROM. If we use a 2? X 8 ROM on the output 
side of the register-based design, V(H) could be included as a ROM input 
and all output logic could again be absorbed by the ROM. 

Completion of the logic circuit in Fig. 5-134(d) is accomplished by pro- 
gramming the two ROMs as in Fig. 5-135. The bit format for programmed 
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2*x8 ROM 


State 
Identifier 


Sı MUX 
ADR 


B 
0 
0 
0 
1 
1 
1 
1 
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* An ACTIVE LOW output. 


(b) 
Fig. 5-135. (a) Bit format for programmed instructions from the ROMs. 
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(b) Program table for the ROM showing only used states. 


instructions from the two ROMs is given in Fig. 5-135(a), and the program 
table for the ROMs is presented in Fig. 5-135(b). Only the eight states rel- 
evant to the design are represented, the remaining eight states being ‘‘don’t 
care” states. Observe that no conditional outputs are included in this pro- 
gram in contrast to that of Fig. 5-132(b). Also notice that the N output column 
is not complemented since N(L) is obtained from the output holding register 


as in the previous examples. 


Digital systems generally operate in a sequential manner. The sequential 
process begins with a specific state and proceeds through a sequence of 
steps or states in a manner which is algorithmic. The algorithm is usually 
iterative, meaning that part or all of the sequential process can be repeated, 
thereby forcing the digital system through the same set of states over and 
over again, if commanded to do so. The word “‘state,’’ as used here, refers 
to the logical status of all components of the digital system at some point 
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5.121] 


External 
inputs 


To achieve good engineering designs the designer should have three qual- 
ities: experience, ‘‘artistic skill,” and design intuition. These qualities, in 
addition to knowledge of the field, are needed at all stages of the design 
process. This is especially true in complex design problems where more than 
one workable solution is evident. It is not the purpose of this section to instill 
in the reader such qualities—this is not possible. Rather, we will provide a 
useful approach or method for attacking complex system-level design prob- 
lems. We will also provide a relatively simple example of a system-level 
design to illustrate the use of this method. 


The CONTROLLER and Data Path 


SANITY 


CONTROLLER 
FSM 


One very common view of a digital system is the use of an FSM as a CON- 
TROLLER for a set of component parts which comprise the controlled sys- 
tem called the data path. This view is expressed in Fig. 5-136, where all 
input and output conditioning logic has been omitted so as to focus attention 
on the main features of this architecture. Here, it is understood that the data 
path devices generally consist of a mixture of both sequential and combi- 
national logic machines. Typical among these are registers, counters, ALUs, 
ROMs, PLAs, decoders, MUXs, shifters, comparators, analog-to-digital 
(A/D) converters, and the like. The architecture represented by Fig. 5-136 
is one we emphasize in this text. 

The CONTROLLER for a digital system is an FSM, perhaps one like 
that in Fig. 5-113. But the CONTROLLER is also the “‘brains’’ of the system. 
It is the function of the CONTROLLER to coordinate precisely the operation 
of the various components of the data path so as to perform the specific 
task(s) required of the system. Thus, the CONTROLLER must issue in- 
structions (control signals) to the data path based on external input and 
feedback information from the data path. A configuration such as this, where 
the outputs on one unit are the inputs to another, and vice versa, is called 
a handshake interface. While Fig. 5-136 depicts a general handshake inter- 
face between the CONTROLLER unit and the data path unit (DPU), feed- 
back from the DPU is not a requirement for all systems but is common in 
most. Note that both the CONTROLLER and the data path devices may 
receive signals from and issue signals to the outside world. 


System clock Data in 
SANITY 


Feedback 
signals 


Control 
signals 


_ 


Data path 
devices 


Outputs Data out 
Fig. 5-136. Controller/data-path architecture for digital system design. 


5.12 / Introduction to System-Level Design 489 


The design of the CONTROLLER requires that a fully documented state 
diagram be constructed. Construction of the state diagram can be facilitated 
by using a flowchart as a thinking tool. If the algorithm is complex, several 
stages of flowcharting may be necessary to approach or achieve an optimal 
design. The construction of timing diagrams might also be necessary to gain 
a correct perspective of the system requirements. Also, the combined use 
of a detailed flowchart and timing diagrams may be necessary to break the 
system down into manageable parts, parts that can be implemented with 
available hardware. The procedure for FSM (CONTROLLER) design is 
provided in Sect. 5.9.1. 


5.12.2 The Functional Partition 
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Designing a complex digital system requires a “‘divide-and-conquer’’ ap- 
proach. The system must be divided into subsystems that, in turn, must be 
broken down into well-defined parts that can be implemented with available 
hardware. The detailed block diagram that conveys this information is ap- 
propriately called the functional partition of the system. Thus, the functional 
partition contains a block representation of the CONTROLLER, all the 
peripheral devices that constitute the data path unit, the connections be- 
tween the CONTROLLER and DPU devices, and all inputs from and outputs 
to the outside world. In other words, the functional partition contains all 
the information needed for ‘‘hookup” and operation of the system, given 
the details of the CONTROLLER design which is treated as a separate 
problem of the design process. 

The functional partition and a detailed flowchart for the CONTROLLER 
of a digital system are usually interdependent and must be developed to- 
gether. For a complex digital system this development process may require 
a ‘‘first-cut’? representation of the functional partition and flowchart fol- 
lowed by their detailed representation. The use of timing diagrams may be 
a necessary part of these developments. Certainly, the artistic skill, intuition, 
and experience factors mentioned earlier play an important role here—a 
good designer has these qualities. 

We emphasize the fact that there may be more than one good design for 
a given digital system. This is particularly true for complex systems. Whether 
or not a given design is judged best, good, or poor will usually depend on 
the environment in which the system must operate. For example, suppose 
one is to design the stepping motor control systems specifically for a robot. 
These control systems are necessary to keep the various mechanical parts 
from moving in a ‘‘jerky’’ fashion and to lessen the chance for mechanical 
malfunction. A complete design would include considerations of the mass, 
time, and distance relationships. The example that follows is a simple step- 
ping motor control system which has no dedicated purpose. However, as 
the reader studies this design, it should be evident that there exists other 
designs which are possible but not necessarily better. Mass, time, and dis- 
tance constraints are not considered in our example since a specific use for 
the stepping motor is not indicated. 


The Stepping Motor Control System as an Example. Stepping motors are useful 
in systems where there is space only for a small motor to drive a relatively 
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massive part. Linear angular accelerations and decelerations of the motor 
can prevent slippage, chattering, or jerky motion which could lead to me- 
chanical failure. Stepping motors are used in computer printers to position 
the print heads, in robots to operate mechanical parts in some manner, in 
fluid control systems for accurate adjustment of fluid control valves, in the 
wire-wrap processing of circuit boards, and in a variety of other applications 
too numerous to mention. 

The overall operational characteristics for the stepping motor control 
system are provided in Fig. 5-137. In Fig. 5-137(a) are shown the angular- 
velocity/time requirements of the motor. The GO command causes a linear 
angular acceleration of the motor while a HALT command causes a linear 
angular deceleration. A HOLD command causes the motor to maintain the 
angular velocity that is reached at the time the HOLD command is given. 
The motor must operate between zero speed and a maximum angular velocity 
that is set by the number of steps in the speed/time characteristic. 

The physical picture for the overall system is presented in Fig. 5-137(b). 
Here, the control system receives one of three (nonoverlapping) asynchro- 
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(b) 
Fig. 5-137. Overall operational characteristic of the stepping motor control 
system. (a) Speed-time requirements. (b) Physical picture. 
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(c) 
Fig. 5-137 (contd.). (c) Acceptable timing relationships between synchronized 
external inputs and STEP pulse signals to the stepping motor. 


nous input signals, GO, HOLD, or HALT and issues a series of STEP pulses 
in response to that input signal. In the physical picture, a GO signal is implied 
resulting in the STEP pulse series required to cause a linear angular accel- 
eration of the motor. Each STEP pulse is received by the SIPO register, 
which, in turn, delivers a set of four phase pulses (01, 2, %3, 4) to the 
power transistors of the stepping motor causing the motor to rotate by a 
certain amount. The SIPO register is triggered off of a STEPCK waveform 
which is synchronized with SYSCK, the waveform used to trigger the control 
system. 

An acceptable timing relationship between external inputs, STEP pulse, 
and phase pulse signals to the stepping motor is given in Fig. 5-137(c). Each 
STEP pulse width is specified to be one period of the STEPCK waveform, 
which runs at exactly twice the frequency of the SYSCK waveform. When 
a STEP pulse is received by the register it is shifted from the LSB stage to 
the MSB stage in the register on each falling edge of the STEPCK pulse. 
Thus, a set of four time-shifted pulses is generated by each STEP pulse as 
illustrated in Fig. 5-137(c). The maximum rotational velocity is set by the 
frequency of the STEPCK waveform which is assumed to be low enough 
to match the inertial character of the motor. The SYSCK waveform can be 
generated from the STEPCK waveform by using a divide-by-two counter. 
Such a counter results if the O(L) output of an RET D FLIP-FLOP is con- 
nected to its input D(H), while STEPCK is the CLOCK input and SYSCK 
is the O(#) output. 
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MXDLY (L) 


The functional partition for the stepping motor control system is shown 
in Fig. 5-138. Synchronous, nonoverlapping inputs GO, HOLD, and HALT 
are presented to the CONTROLLER from input conditioning circuits. The 
data path devices consist of the right SHIFT REGISTER of Fig. 5-100 op- 
erated as a SIPO register, a special synchronous up-counter whose design 
is covered by Problem 5.51 at the end of this chapter, and a special pulse- 
mode up/down-counter whose design is covered by Problem 6.42 in Chapter 
6. Both counters have asynchronous parallel load capability on the LD com- 
mand. This means that the asynchronous PRESET and CLEAR overrides 
on the FLIP-FLOPs of the counter are used to drive it into a given state 
and then the counting resumes or begins from that state. The two counters 
differ mainly in the way they are triggered. The up-counter triggers off of 
the falling edge of the SYSCK waveform; the up/down-counter triggers off 
of the falling edge of the UP (DECDLY) or DN (INCDLY) input pulse as 
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Fig. 5-138. Functional partition for the stepping motor control system. 
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Start maximum delay 
LDZERO 


deduced from the design examples in Sect. 6.8.3 in Chapter 6 (e.g. see Fig. 
6-54). CARRYOUT (CO) or BORROWOUT (BO) signals are issued from 
the up/down-counter at and during the end count, 15 or 0, respectively. A 
CO (CNT) signal is issued by the up-counter on the falling edge of the SYSCK 
waveform at and during its end count of 15 and is sensed by the CON- 
TROLLER on the next rising edge of SYSCK. 

The detailed flowchart presented in Fig. 5-139 is to be understood in 
conjunction with the functional partition in Fig. 5-138. The basic algorithm 
involved is as follows: After a STEP pulse has been issued by the CON- 
TROLLER (at some point in time), the up/down-counter is incremented (by 
1), held at its present value, or decremented (by 1) depending, respectively, 
on the previous input command GO, HOLD, or HALT. The new count of 
the up/down-counter is the setup value which is loaded immediately into the 


Issue a step 
STEP 
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LDDLY 


Start count 
STDLY 


Enable up-counter 
LDDLY 


Start count 
STDLY 


Fig. 5-139. First detailed flow chart for the stepping motor CONTROLLER. 
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Fig. 5-140. Final draft of 
sequential specifications for the 
stepping motor CONTROLLER. 


up-counter by the LDDLY (LD) signal from the CONTROLLER. Then, on 
the STDLY (EN) signal from the CONTROLLER, the up-counter counts 
with SYSCK to 1111 (1510) from the setup value after which a CNT signal 
is returned to the CONTROLLER indicating that the full count of 15 has 
been reached. Another STEP pulse is issued by the CONTROLLER and 
the above process is repeated. The count of the up-counter from the setup 
value to 15 is the delay time btween STEP pulses which is variable from 15 
(setup value 0) to 0 (setup value 15). When the up/down-counter reaches its 
full setup count of 15, a MNDLY (CARRYOUT = CO) signal is returned 
to the CONTROLLER, thereby indicating that a minimum delay (maximum 
speed) has been reached. Similarly, when the up/down-counter reaches its 
lowest count (0), a MXDLY (BORROWOUT = BO) signal is returned to 
the CONTROLLER, which ends the process (stops the motor). The issuance 
of a DECDLY or INCDLY signal, required to increment of decrement the 
up/down-counter, can be avoided at any time during the process by singularly 
activating the HOLD input. Thus, the delay time between STEP pulses can 
be held constant following a HOLD pulse, and will remain so until a GO or 
HALT pulse is received by the CONTROLLER. Notice that after initiali- 
zation, a GO input signal starts the process with a LDZERO output to the 
up/down-counter to establish a maximum delay time count (0 to 15) of the 
up-counter. 

Shown in Fig. 5-140(a) is the final draft of the flowchart for the stepping. 
motor CONTROLLER. This flowchart is a Mealy version of that in Fig. 5- 
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(b) 
Fig. 5-140 (contd.). (b) State diagram based on the flow chart in (a). 


139. The state diagram in Fig. 5-140(b) corresponds to the flowchart in Fig. 
5-140(a). The state code assignment shown yields no output race glitches 
provided that the don’t care states, 001 and 010, are not used for minimizing 
the output logic. The output LDZERO is an exception to this requirement. 

As we indicated in Sect. 5.11, there are several architectures that can 
be used for the design of an FSM such as the stepping motor CONTROL- 
LER. Because of the relatively large number of inputs and outputs, we 
choose an architecture centered around a PLA-type device. The NEXT 
STATE and output K-maps and the minimum cover best suited to this pur- 
pose are given in Fig. 5-141 (a). Notice that the output forming logic is free 
of STATIC HAZARDs and output race glitches as required by the functional 
partition in Fig. 5-138. 

The p-term table based on these results is given in Fig. 5-141(b). Two 
inputs and two outputs of this table have been marked with asterisks to 
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D, = A: MXDLY +B +C D, =C:CNT:GO + AGO + B:CNT D, = BC-CNT-HALT + ABC-MXDLY 


LDZERO = AC 


+B- HALT +BC +BC-CNT +BC-GO+A-GO+AC 


DECDLY = ABC: MNDLY: HOLD STDLY = ABC+ ABC 


INCDLY = ABC:-MXDLY-HOLD LDDLY = STEP 


(a) 
Fig. 5-141. Design of the stepping motor CONTROLLER. (a) NEXT STATE and 
output K-maps and minimum cover for glitch-free output generation. 


indicate that they are ACTIVE LOW. ACTIVE LOW inputs can be accom- 
modated by either complementing their columns in the p-term table or by 
using INVERTERS on their input lines, but not both. ACTIVE LOW outputs 
from a PLA-type device require the use of INVERTERs. Notice that there 
are 9 inputs, 8 outputs, and 20 p-terms indicated in the p-term table. Thus, 
the minimum size PLA required is 9 X 20 x 8. Use of a ROM for this 
implementation would be an inefficient application of an array logic device, 
since only a small fraction of the 512 MINTERM capability would be utilized. 
For a review of array logic devices and their uses, the reader is referred to 
Sect. 4.11. 

An overview of the stepping motor CONTROLLER architecture we use 
is shown in Fig. 5-142. Here, we have included the input conditioning circuits 
which catch, stretch, and synchronize each of the three asynchronous inputs 
as discussed in Sect. 5.8.4. The stretching operation is needed in the event 
the input signals are of duration less than one period of the SYSCK wave- 
form. Also shown in Fig. 5-142 is the use of an AND gate to generate a 
STEP pulse whichis ACTIVE only during the ACTIVE period of the SYSCK 
waveform. This satisfies the requirements of the timing diagram in Fig. 5- 
137(c). 
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SYSCK (H) STEP (H) 


MNDLY (L) STEP (H) (half CK cycle) 
MXDLY (L) No LDDLY (L) 
CNT (H) No LDZERO (L) 


0 (L) 


DECDLY (H) 
doa) -o-a Ro GO (H) 
s ok INCDLY (H) 
CL 
i STDLY (H) 
SANITY (L) 
8x20x8 


HALT (H) i ii soji A 


HOLD (H) 


SYSCK (H) 


Fig. 5-142. Architecture for the stepping motor CONTROLLER centered on a 
PLA and showing input conditioning circuitry. 


Many more useful examples of system-level design could be offered in 
this section, and each could be used to illustrate specific facets of the design 
process. This, however, is not practical given the space limitation of a text. 
As an alternative, we provide three relatively simple system-level design 
problems (Problems 5.69, 5.70, and 5.71) at the end of this chapter and two 
(Problems 6.50 and 6.51) at the end of Chapter 6. Also, to help the reader 
in the decision-making processes of these problems, we give a few sugges- 
tions regarding hardware, input conditioning, and so on. Again, we empha- 
size that these problems are open-ended in the sense that they have no single 
best solution. Consequently, the reader’s design skills and engineering in- 
tuition can be exercised. 


ANNOTATED REFERENCES 


An excellent reference on the subject of synchronous sequential ma- 
chines is the text by Fletcher. Chapters 7, 8, and 9 are of particular value. 
The notation and coverage of these three chapters closely parallel those used 
in the present text. 
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Fletcher, W. I., An Engineering Approach to Digital Design, Prentice Hall, Engle- 
wood Cliffs, N.J., 1980. 


A good coverage of synchronous FSM design is provided in Chapters 6, 
7, 8, and 9 of the book by Comer. The approach to design is roughly the 
same as used in the present text. 


Comer, D. J., Digital Logic and State Machine Design, 2nd ed., Holt, Rinehart and 
Winston, New York, 1990. 


The book by Ercegovac and Lang approaches the subject of synchronous 
sequential machine design from a very different point of view. These authors 
develop an algorithmic, high-level description of a sequential system and 
then use modular elements to synthesize it. 


Ercegovac, M. D., and T. Lang, Digital Systems and Hardware/Firmware Algo- 
rithms, John Wiley, New York, 1985. 


A conference paper by Chaney et al. draws attention to the possible 
effects of metastability in synchronizer circuits. Also, papers by Stroll and 
Veedrick provide a means by which the probabilities of metastability and 
the failure rate of synchronizers can be calculated. 


Chaney, T. J., S. M. Ornstein, and W. M. Littlefield, ‘‘Beware the Synchronizer,” 
Dig. COMPCON, San Francisco, Sept. 1972, pp. 317-319. 

Stoll, P. A., ‘‘How to Avoid Synchronization Problems,” VLSI Design, Nov.-Dec. 
1982, pp. 56-59. 

Veedrick, H. J. M., ‘‘The Behavior of Flip-Flops Used as Synchronizers and Pre- 
diction of their Failure Rate,” IEEE Journal of Solid State Circuits, Vol. SC- 
15, No. 2 (Apr. 1980), pp. 169-176. 


The software tools required to simulate FSMs are briefly reviewed in 
Chapter 7 of the text by Unger. Useful references are pvovided at the end 
of that chapter. 


Unger, S. H., The Essence of Logic Circuits, Prentice Hall, Englewood Cliffs, New 
Jersey, 1989. 


References for software tools used to minimize Boolean functions are 
provided in the Annotated References at the end of Chapter 3. 

A partial listing of data manuals and handbooks for semicustom TTL and 
CMOS MSI and LSI logic design is provided in the Annotated References 
at the end of Chapter 4. 
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PROBLEMS 


5.1 


5.2 


5.3 


In Fig. P5-1 is the logic circuit for the SET-dominant S(H) 

GATED BASIC CELL. Complete the following Q(H) 
timing diagram for this device. Neglect gate path 

delays. (Hint: Operate this machine as a BASIC G(H) 


CELL with an enable, G.) 
Q(L) 


R(H) 
Fig. P5-1. 


| A, E, E a, Seeeenrsneense: macoer-eesone 
ace E e E 
em LJ LILIS LS Ur Urls LI LI L 


Q (H) 


Q (L) 


(a) Construct the state diagram for the SET-dom- 5.4 Repeat the steps of Problem 5.3 for a PPT LN-type 


inant GATED BASIC CELL of Problem 5.1. FLIP-FLOP defined by the following operation 
(Hint: Use Fig. 5-11(c) then AND the 0 — 1 and table. Use a SET-dominant BASIC CELL and 
1 — 0 branching conditions with G, and apply NAND/INV logic in the design of this FLIP-FLOP. 
the SUM rule.) Assume that all inputs arrive ACTIVE HIGH. 


(b) Use this state diagram together with a SET- 
dominant BASIC CELL as the memory to rede- 
sign the GATED BASIC CELL. What is the 
obvious difference between this design and that 
of Problem 5.1? (Hint: Follow the procedure in- 
dicated in Sect. 5.6.3.) 


Determine the output responses, Q(H) and 
O(L), for the design in (b) by using the same 
input waveforms as in Problem 5.1. Compare 
these results with those of Problem 5.1 and ex- 
plain any differences that are observed. 


A PPT N-type FLIP-FLOP has the following op- 5.5 Repeat the steps of Problem 5.3 for a negative pulse- 
eration table: triggered (NPT) GM-type FLIP-FLOP defined by 
the following operation table. Use a RESET-dom- 
inant BASIC CELL and AND/OR/INV logic to de- 
sign this FLIP-FLOP. Assume that all inputs arrive 
ACTIVE HIGH. 


(c 


Na” 


(a) Construct the state diagram and state transition 
table for this FLIP-FLOP. 

(b) Design the logic circuit for a positive pulse-trig- 
gered (PPT) N-FF by using a RESET-dominant 
BASIC CELL and AND/INV logic. Assume 
that inputs are N(L) and CK(#). 

(c) Indicate what (if any) problems may arise if this 
FLIP-FLOP is not triggered by very narrow CK 
pulses. 


Problems 501 


5.6 Repeat the steps of Problem 5.3 for an NPT SPOOF- 
FLOP (SF) FLIP-FLOP that operates according to 
the following operation table. Use a SET-dominant 
BASIC CELL and the NS forming logic of your 
choice for a gate-minimum implementation of this 
FLIP-FLOP. Assume that all inputs arrive from 
negative logic sources. 


ACTIVE LOW output. Take S and R ACTIVE 
LOW. (Hint: Compress the K-map into a first-order 
K-map with R and Q, as entered variables.) 


5.11 (a) Draw the state diagram which describes the op- 
eration of a JK FLIP-FLOP that has an AC- 
TIVE LOW synchronous CLEAR input—one 
that takes effect only on the triggering edge of 
the CLOCK signal. 


(b) Implement the FSM in (a) with an RET D-FF. 
Assume that both data inputs arrive ACTIVE 
HIGH. Use NAND logic only. 


5.7 Construct the four-state state diagrams representing 

the following edge-triggered FLIP-FLOPs: 

(a) RET LN-FF (see Problem 5.4). 

(b) FET GM-FF (see Problem 5.5). 

(c) FET N-FF (see Problem 5.3). 

(d) RET SF-FF (see Problem 5.6). 5.12 (a) Without using additional gates, make the ap- 
propriate connections to provide the GATED 
BASIC CELL in Fig. P5-1 with ACTIVE LOW 
asynchronous PRESET [PR(L)] and CLEAR 
[CL(L)] overrides. 


5.8 Find the gate-minimum logic circuit required for the 
following FLIP-FLOP conversions. Assume that all 
data inputs arrive ACTIVE HIGH. 


(a) Convert an RET D-FF to an RET T-FF. (b) Use the resulting MIXED LOGIC timing dia- 
(b) Convert an RET JK-FF to an RET LN-FF (see gram in Problem 5.1 to demonstrate the effect 
Problem 5.4). of PR(L) and CL(L) on the operation of this 
(c) Convert an FET GM-FF to an RET D-FF (see FSM. Alternate the ACTIVE periods of PR(L) 
Problem 5.5) and CL(L) with every other INACTIVE period 
aise of G(A) beginning with PR(L) on the first IN- 

(d) ao a PPT D-FF to an NPT N-FF (see Prob- ACTIVE period of G(HD. 


fe) Cony ertany Mo JIC EP toan Mo SEEE (Se: sua provide ACTIVE LOW Asyochiooous PRESET 


Problem 5.6). 


and CLEAR overrides for the master/slave D FLIP- 
FLOP in Fig. 5-32(a). In doing so, consider the na- 


5. £ : A 
ee e Peony e E E ture of the TRANSPARENT D LATCHes and the 
R arrive ACTIVE HIGH l fact that they are constructed of NAND gates. 
(b) Explain the difference between this FLIP- , 
FLOP and the GATED BASIC CELL of Prop- 5-14 Provide ACTIVE LOW asynchronous PRESET 
kmo i and CLEAR overrides for the master/slave JK 
FLIP-FLOP in Fig. 5-34(a). Consider the error- 
5.10 The function in the following K-map represents the catching characteristic of the MS JK-FF. 
SET-dominant form of the BASIC CELL. Imple- 
ment the function Q,., by using only one 2-to-1 5.15 Given the circuit in Fig. P5-2, complete the follow- 
MUX and one AND gate (nothing else). Consider ing timing diagram and determine the logic function 
that the MUX has both an ACTIVE HIGH and an of f. 
502 5 / Synchronous Sequential Machines 


TRANSPARENT 
D LATCH 


DATA (H) 


CK (H) 


RET D-FF 
Fig. P5-2. 


DATA (H) 
CK (H) 
X (H) 
Q,(H) —— 
O H) an 


5.16 The MS D FLIP-FLOP was presented in Fig. 5- 


5.17 


5.18 


32(a) without the aid of state diagrams. 


(a) Construct the state diagrams for the MS D-FF. 
(There are two.) 


(b) As verification of their validity, use the state 
diagrams in (a) to design the MS D-FF. Use 
SET-dominant BASIC CELLS as the MEM- 
ORY elements. 


The MS JK FLIP-FLOP in Fig. 5-34(a) can be 
thought of as two GATED BASIC CELLs which 
are interconnected by a handshake configuration— 
that is, a configuration where the outputs of one 
FSM are the inputs to the other and vice versa. 


(a) Treating the MS JK-FF as a handshake confi- 
gured device, construct the state diagrams that 
represent this FSM. 


(b) As verification of their validity, use the state 
diagrams in (a) to design the MS JK-FF. Use 
SET-dominant BASIC CELLs as the MEM- 
ORY elements. 


Practical semiconductor static RAM circuits are 
composed of simple, efficient FLIP-FLOP cells de- 
signed on the transistor level. However, it is pos- 
sible to represent a static RAM cell at the logic 
level. Shown in Fig. PS-3 is the logic circuit and two 
block symbols for a static RAM cell. The circuit has 


Problems 


5.19 


5.20 


X(H) 


a data input D, an enable input EN, a read/write 
control R/W, and a single output, O. 


(a) Construct the state diagram for the static RAM 
cell. (Hint: Consider the similarity between the 
static RAM cell and the TRANSPARENT D 
LATCH of Figs. 5-23 and 5-24.) 

(b) Demonstrate the operation of the static RAM 
cell by using a MIXED LOGIC timing diagram. 
Include all features of the cell. 

Use the symbol in Fig. P5-3(b) to design a linear 

decoding scheme for a 4-bit RAM MEMORY that 

can store up to four words of one bit each. Plan to 

OR the four outputs. Assume that data are supplied 

to the four cells by a single data line and that a 

2-to-4 line DECODER with ACTIVE HIGH out- 

puts is used to enable individually the four cells. 

Shown in Fig. P5S-3(c) is the symbol for a static RAM 

cell that has two enable inputs, EX and EY, which 

replace the single enable input EN in Fig. P5-3(a). 

(a) Use the symbol in Fig. P5-3(c) to design a coin- 
cident decoding scheme for a 16-bit (4 x 4) 
RAM MEMORY that will store up to 16 words, 
each of 1 bit. To accomplish this, use one 2-to- 
4 DECODER to control the EX enable inputs 
and a second 2-to-4 DECODER to control the 
EY enable inputs to the 16 RAM cells in the 4 
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Fig. P5-3. 


x 4 MEMORY array. Thus, the intersection of 
the two enables gives the location of a single 
MEMORY bit. Plan to OR the 16 outputs. As- 
sume that data are supplied to all cells by a sin- 
gle data line and that the two DECODERs are 
designed with ACTIVE HIGH outputs. 

(b) Indicate the 0100, 0111, and 1010 MEMORY lo- 
cations and indicate how they are addressed. 

(c) Discuss the prospect of using tristate outputs for 
the MEMORY cells and the possibility of a 
wired-OR output for the 16-bit MEMORY. In- 
dicate how the logic circuit of Fig. P5-3(a) must 
be altered to accommodate a tristate output in- 
volving the two enable inputs. (See Fig. 4-90). 


O(H) 
A@B+CK 


(A ©B):CK si 
(A ®B)-CK 


+ 


YT} 


A@OB+CK 
Fig. P5-4. 


5.21 In Fig. P5-4 is shown the two-state state diagram 
for a CLOCKed DATA-CHECK MODULE. 


(a) Design the DATA-CHECK MODULE by using 
a SET-dominant BASIC CELL and the NEXT 
STATE logic required for a gate-minimum de- 
sign. Assume that the inputs arrive ACTIVE 
HIGH and are synchronous with CLOCK and 
that the output is ACTIVE HIGH. 


(b) Complete the following MIXED LOGIC timing 
diagram for the DATA-CHECK MODULE and 
describe its operation. Take into account the 
gate delays for the A and B inputs relative to 
CLOCK. 

5.22 Use D FLIP-FLOPs and NAND logic to design a 
logic circuit for the FSM represented by the state 
diagram in Fig. P5-5. Assume that all inputs and 
outputs are ACTIVE HIGH and that triggering oc- 
curs on the rising edge of the CLOCK waveform. 


Timing diagram for Problem 5.21. 
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5.27 Redesign the one- to three-pulse generator of Fig. 
5-83(a) by relocating the SW1 and SWO branching 
conditions as conditional outputs. In doing so, 
eliminate all return branching paths except that 
from the final state of the sequence. Use FET JK- 
FFs as D-FFs for the MEMORY elements and ob- 
tain an optimum design free of output race glitches 
and HAZARDs. Discuss the timing differences be- 
tween this design and that of Fig. 5-83(a). Initialize 
this FSM properly. 

Fig. P5-5. 5.28 (a) The state diagram in Fig. P5-6 describes the op- 

eration of a one-input/two-output synchronous 

FSM. Given the state assignment shown, make 

a complete output race glitch analysis on this 

FSM. Show with state diagram segments the 

origin of each possible glitch and indicate 

whether it is a (+) or (—) glitch. 


RECTIL CNT TJ if X 


5.23 Construct a state diagram for an FSM that will sam- 
ple (with CLOCK) a continuous stream of syn- 
chronized data on an input line XY. The FSM is to 
issue an output Z any time the nonoverlapping se- 


quence ... 0101 ... occurs. Make a glitch-free (b) Use FET JK-FFs as T-FFs for the MEMORY 
state assignment by using only two state variables. to design an optimum glitch-free circuit for this 
Verify your results. (See Sect. 5.8.2) FSM. Do not alter the state diagram. Assume 


that the input is synchronous and ACTIVE 
HIGH and that the outputs are ACTIVE HIGH. 
Filter the outputs if necessary. 


5.24 Design an optimum logic circuit for the FSM de- 
scribed in Problem 5.23 by using the following mem- 
ory elements: 

(a) RET D-FFs. 

(b) FET JK-FFs. 

(c) RET GM-FFs (see Problem 5.5). 

Assume that X and Z are both ACTIVE HIGH. 


5.25 Construct afour-state state diagram for an FSM that 
samples (with CLOCK) a continuous stream of 
synchronized data on an input line X. The FSM 
is to issue an output SEQDET any time the se- 
quence ... 0110 ... occurs. Consider that the 
sequence may be overlapping as, for example, 
... 01101101 ... . Make a glitch-free state code 
assignment by using only two state variables. (See 
Sect. 5.8.2) 


5.26 Design a logic circuit for the FSM of Problem 5.25 
by using the following memory elements and min- 
imum external logic: 


(a) FET D-FFs. 
(b) MS JK-FFs. 
(c) FLIP-FLOPs defined by the operation table: 


x 


5.29 An FSM is to be designed that has the state diagram 
shown in Fig. P5-7. 


(a) Given the state assignment shown, run a com- 
plete output race glitch analysis on this FSM. 
Show with state diagram segments the origin of 
each possible glitch and indicate whether it is a 

Let X and SEQDET be ACTIVE HIGH. (+) or (—) glitch. Remember to include don’t 
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care states in your analysis. Isa HAZARD anal- 
ysis necessary? Explain. | 

(b) Use RET D-FFs as the MEMORY and a ROM 
for the NEXT STATE and output logic to design 
a glitch-free logic circuit for this FSM. Follow 
the procedure in Sect. 5.9.3. Include an output 
filtering stage if it is necessary. Assume that the 
inputs are synchronous and that they arrive AC- 
TIVE HIGH. Take the outputs ACTIVE LOW. 
Construct the program table for the ROM and 
a block diagram for the system. 


Fig. P5-8. 


5.31 An FSM is to be designed that has the state diagram 
shown in Fig. P5-9. 

(a) Run complete output race glitch and HAZARD 
analyses on this FSM and determine the re- 
quirements for glitch-free outputs. Assume that 
the output forming logic is driven by FLIP- 
FLOPs whose mixed-rail outputs derive 
from RESET-dominant (NOR-based) BASIC 
CELLS. 


(b) Use RET D FLIP-FLOPs and a5 x 13 x 5 
FPLA to design an optimum glitch-free logic cir- 
cuit for this FSM. Filter the output signals only 
if necessary. Do not alter the state diagram. In- 
itialize this FSM into the 000 STATE and as- 
sume that input X is asynchronous, that input 
Y is synchronous, and that both inputs arrive 
ACTIVE LOW. Let the outputs both be AC- 


5.30 Presented in Fig. P5-8 is the state diagram for an 
FSM having two inputs (S and T) and one output 
Y. 


(a) Analyze this FSM for output race glitches. 


(b) Run a HAZARD analysis on this FSM. As- 
sume that this FSM is to be implemented 
with FLIP-FLOPs whose outputs derive 
from SET-dominant (NAND-based) BASIC 
CELLs. Consider both SOP and POS output 
forming logic and use the gate/input tally as 
the basis for choosing an optimum design. Do 
not alter the state diagram. 


(c) In consideration of the results in parts (a) and 
(b), design an optimum glitch-free logic cir- 
cuit for this FSM. Use FET JK FLIP-FLOPs 
as the MEMORY. Assume that the inputs are 
asynchronous and that they arrive ACTIVE 
HIGH. Take the output ACTIVE HIGH. Fig. P5-9. 
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TIVE HIGH. Construct the p-term table and 
block diagram for this FSM. 


5.32 In Fig. P5-10 is shown a possible synchronizing 


5.33 


scheme for an asynchronous input X to an FSM. 


Observe that the synchronizing D FLIP-FLOP is 


CLOCKed in phase with the FSM. Use a timing 
diagram to compare this synchronizing scheme with 
that for the antiphase scheme of Fig. 5-71(a). Dis- 
cuss any potential problems that are unique to the 
in-phase scheme. 


Shown in Fig. PS-11 is the state diagram repre- 

senting a serial NBCD-to-XS3 converter. A syn- 

chronous NBCD waveform is presented on the X 

input, and a synchronous XS3 waveform is issued 

on the Z output. Note that all output signals are 
issued on an exiting condition, and that the NBCD 
code arrives serially LSB first. 

(a) Use RET D FLIP-FLOPs for an optimum design 
of this converter. Assume that the input X is 
synchronized to the falling edge of the CLOCK 
waveform. Initialize the FSM into the 000 


X(H) X ’(H) 


\/ 


CK(A) 


Fig. P5-10. 


STATE, and assume that X and Z are both AC- 
TIVE HIGH. 


(b) Determine if glitches (of any kind) are present 
in the output signal, Z. If glitches are present, 
then take the necessary steps to eliminate them. 
Otherwise, do nothing. In any case, do not alter 
the state diagram. Complete the logic diagram 
for part a. 


(c) Construct a timing diagram for NBCD input 
waveforms equivalent to decimal 2 followed by 
decimal 7. Thus, include logic waveforms for 
X(H), CK(H), ACA), BCA), CUA), and Z(H). 
Use a CLOCK waveform with a 50% duty cycle. 
Explain the difference in ACTIVE durations of 
the input and output pulses. 


5.34 (a) Analyze the FSM given in Fig. P5-12 on page 


508 by constructing a fully documented state 
diagram for it. 


(b) Explain the consequences of having no initial- 
izing capability for this FSM. 


FSM > Outputs 


Fig. P5-11. 
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CK(H) Fig. P5-12. 
X(H) 


508 Z(L) Fig. P5-13. 


5.35 The following expressions are read from the logic 
circuit of an FSM implemented with T FLIP- 
FLOPs, A and B. The FSM has two inputs, X and 
Y, and one output, Z. Construct a three-state state 
diagram for this FSM. Merge any redundant states 
that may be present. (Hint: It may be helpful to 
convert the T K-maps to D K-maps.) 


T, = ABXY + AXY 
Ts = ABXY + BY + AB 
Z=-AX + AB 


5.36 Carry out an analysis of the circuit in Fig. P5-13 on 
page 508 and end with a fully documented state dia- 
gram, including the SANITY input. Indicate any 
problems that this circuit might have. 


5.37 The following expressions are read from the logic 
circuit of an FSM that is implemented with JK 
FLIP-FLOPs. The FSM has three inputs, X, Y, and 
Z, and one output, LOAD. 

K A> X + B 


J, = YZ + BY 


Js = AXZ + AX Kpg= AXZ 


From this information construct a fully documented 
state diagram. Indicate any problems that this FSM 
may have. 


5.38 The following NEXT STATE and output logic 
expressions are read from a logic circuit for a seven- 
input/two-output synchronous FSM implemented 
with three FLIP-FLOPs. 


D, = ABCW + ACN 
Dg = ACXY + AB + BC 
Dc = ABCS + ABCY + BCH + ABN 


+ ABD + ABC 
Z = BCSY + ABC 
K = ACN 


In the foregoing expressions, A, B, and C are the 
state variables, and Z and K are the outputs. 


(a) Construct the state diagram for this FSM. 
(b) Analyze this FSM for output race glitches. 


5.39 Analyze the logic circuit in Fig. P5-14 and end with 
a fully documented state diagram. Note that the 
MEMORY elements are RET L FLIP-FLOPs 
which are defined by the operation table given in 
Problem 5.26. Indicate any problems this FSM may 
have. (Hint: It may be helpful to convert the L K- 
maps to D K-maps.) 


5.40 (a) Collapse the state diagram shown in Fig. P5-15 
into a state diagram of three states. It is required 
that outputs CLRCRY and PSCRY accompany 
the select outputs S1, So = 1, 1 and that each 
of the two sets of select outputs shown be as- 
signed to separate states. Assume that any out- 
put race glitches that occur after the three-state 
process is complete have no effect on proper 
operation of the FSM. 


(b) Design two logic circuits for the three-state 
FSM in (a), one with D-FFs and the other with 
JK-FFs. Compare the relative complexity of 
each. 


5.41 Derive the expressions for V, in Fig. 5-78(b). As- 
sume that R, >> R, and that the switch is opened 
(or closed) at £ = 0 only after steady-state condi- 
tions are reached. State any simplifying assump- 
tions that are made relative to the Schmitt trigger. 
(Note: This exercise involves solving a first-order 
RC circuit.) 


5.42 Use FET D FLIP-FLOPs to design a binary counter 
that will count through states 1, 0, 4,6,7,3,1,.... 
Plan to initialize this counter into the 001 STATE. 


5.43 Use RET JK FLIP-FLOPs to design the counter of 
Problem 5.42 as an optimum self-correcting 
counter. Thus, take the steps necessary to ensure 
that all unused states lead into the required state 
sequence but use only a minimum logic to accom- 
plish this. Are SANITY circuit connections now 
necessary? Explain. (Hint: See the last parts of 
Sects. 5.7.3. and 5.10.2.) 


5.44 Use RET LN type FLIP-FLOPs (defined in Prob- 
lem 5.4) to design an optimum binary counter that 
will count through states 6, 3, 4,2, 1,6,.... Plan 
to initialize into STATE 110. 


5.45 Use RET JK FLIP-FLOPs to design an optimum 5- 
bit counter that will count up in binary. Use only 
fourth-order EV K-maps to accomplish this. 


5.46 A counter is to be designed that will count the fol- 
lowing sequences in three-bit code: 


Sequence I: ...0—1—3—2—0... Ifx 
Sequence I: ...7<-6<4<5<7... If x 
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CK(H) 


Fig. P5-14. 


START 


SANITY 


CLRREGTJ 
LDCNT TL 


CLCRY TL 
S1,S9 = 1,1 TL 


S1,S9=0,1 TL 
CNT TL 
FIN NL if CNT = 8 


CNT =8 


FIN Tl if CNT =8 


CNT =8 


Fig. P5-15. 
It is required that the counter change sequence at STATE forming logic. Assume that x is an asyn- 
any time beginning with the complement of the state chronous input and that it arrives ACTIVE HIGH. 


in the previous sequence. For example, if x > x 
while in STATE 2 of sequence I, then sequence II 5.47 Make use of two 4-to-1 MUXs and RET D FLIP- 


will begin with STATE 5; that is, 010 — 101, and FLOPs to design an optimum four-state FSM that 
so On. will operate as a 2-bit up/down binary/Gray code 

Implement the counter with RET D or T FLIP- counter with the following mode control and output 
FLOPs, whichever yield the simplest NEXT requirements: 
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5.48 


Outputs 


UP Gray 


0 1 DN Gray DNGRY 
1 0 UP binary UPBIN 
1 1 DN binary DNBIN 


It is required that the mode control inputs, X and 
Y, be permitted to change only on the falling edge 
of CLOCK in any state and that the counter counts 
immediately as required by the input changes. As- 
sume that all inputs and outputs are ACTIVE 
HIGH. Use a 2-to-4 DECODER for the outputs. 


Use four JK FLIP-FLOPs to design a SHIFT REG- 
ISTER that will generate the following continuous 
pulse train. Run a missing state analysis on this 
FSM and decide whether or not is necessary to in- 
itialize it with a SANITY circuit. (Hint: See the last 
parts of Sects. 5.7.3 and 5.10.2.) 


5.49 Use three RET JK FLIP-FLOPs to design a counter 


that will generate the following continuous pulse 
trains: 

Run a missing state analysis to determine if it is 
necessary to initialize this FSM by using a SANITY 
circuit. (Hint: See the last parts of Sects. 5.7.3 and 
5.10.2.) 


5.50 A counter is to be designed that will drive the fol- 


lowing seven-segment display directly from its 
seven state variables, that is, from the FLIP-FLOP 
outputs. The counter must have a count-up control 
and bit-slice capability so that it can drive a display 
of seven-segment Arabic numerals greater than 
nine. 


a 
OE, 
E 
e c 
d 


(a) Construct the state diagram for this counter. 


(b) Assuming the use of D FLIP-FLOPs, map the 
state diagram directly into fourth-order EV K- 
maps and loop out minimum or near minimum _ 
cover. (Hint: There are many don’t cares that 
can be used.) 


(c) Use an 8 X 32 X 8 FPLA to implement the 
NEXT STATE and output forming logic. As- 
sume that the inputs and outputs are ACTIVE 
HIGH. Thus, construct the p-term table and 
block diagram for this FSM. 


(d) Interface this counter with the code converter 
in Fig. 4-50 so that an NBCD input yields the 
appropriate Arabic numeral display. 


Pulse train for Problem 5.48 


OND) s A a G 

Wa bef Le L Le Lee l L 

G a E L E G L S 
Pulse trains for Problem 5.49 
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5.54 


512 


(a) Design an optimum 4-bit, FET, synchronous, 
binary up-counter with a count ENABLE and 
asynchronous parallel load capability. This 
counter is described in Sect. 5.12 and has the 
block symbol shown in Fig. 5-138. It is the func- 
tion of this counter to count up with CLOCK if 
enabled (EN ACTIVE). But when the LD com- 
mand becomes ACTIVE, the counter must par- 
allel load immediately via its FLIP-FLOPs’ 
asynchronous PRESET and CLEAR overrides 
and then count up from that parallel load when 
LD is DEACTIVATED and when EN is AC- 
TIVE. The counter must have an ACTIVE 
HIGH CARRYOUT (CO) output for cascading 
purposes and must have an ACTIVE LOW 
asynchronous CLEAR for initialization and 
reset purposes. (Hint: Consider using T-FFs as 
in Fig. 5-50. Use a collapsed truth table having 
inputs CL, LD, and PL to obtain the external 
logic for the asynchronous overrides of each 
FF.) 


(b) Alter the design of part (a) so that each FLIP- 
FLOP of the counter can initialize either a logic 
1 or a logic 0 and can be parallel loaded asyn- 
chronously with the LD(L) command any time 
during counter operation. (Hint: To obtain the 
external logic, use a collapsed truth table having 
inputs PS, CL, LD, and PL.) 


Design a ripple up-counter that will count through 
states ... 0, 1, 2, 3, 4, 0, ... and trigger on the 
rise of the pulse with outputs from the Q(H) leads. 
(See Appendix 5.1 for help.) 


Design a ripple down-counter that will count 
through states . . . 6, 3, 2, 1, 6,.. . and trigger on 
the falling edge of the pulse with outputs from the 
O(A) leads. Use JK-FFs and initialize this counter 
into the 001 state. (See Appendix 5.1 for details.) 


Design a serial odd parity detector that will issue a 
positive pulse Z any time a series string of three 
nonoverlapping input intervals contains an odd 
number of positive pulses. Assume that X arrives 
ACTIVE HIGH and is synchronous with CLOCK. 
Optimize the design by making the most effective 
use of the “‘out of’ and “‘into’’ rules for state code 
assignment. Plan to use FET JK FLIP-FLOPs and 
to initialize into an appropriate state. Let the output 
be issued ACTIVE LOW. 


5.55 In Fig. P5-16 is shown a five-state state diagram 


with a shift-oriented state assignment. Implement 
this FSM with a 4-bit UNIVERSAL SHIFT REG- 
ISTER described in Figs. 5-101 and 5-102. Assume 
that X arrives ACTIVE HIGH. 


Fig. P5-16. 


5.56 For the ROM/MUX implementation of an FSM 


shown in Fig. 5-125(c), find the logic required to 
reduce MUX size from 8-to-1 to 4-to-1. Take into 
account the fact that U is an ACTIVE LOW input. 


5.57 Shown in Fig. PS-17 is the state diagram for an FSM 


having six inputs and four outputs. 


(a) With RET D FLIP-FLOPs as the MEMORY, 
design a glitch-free logic circuit for this FSM 
that is centered on a STATE DECODER as in 
Sect. 5.11.2. Assume that E + G+ L = 1 for 
STATE 3 and that all inputs and outputs are 
ACTIVE HIGH. : 


(b) Alter the design of part (a) so as to use a direct- 
address MUX approach as in Sect. 5.11.3. 
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Fig. P5-17. 


5.58 A direct-address array logic architecture, as de- 
scribed in Sect. 5.11.4, is to be used to design the 
FSM in Fig. P5-17. Assume that E + G+L= 1 
and that all inputs and outputs are ACTIVE HIGH. 
Use D FLIP-FLOPs as the MEMORY. 


(a) Construct the collapsed program table for a di- 
rect-address ROM architecture. 


(b) Construct the program table for a direct-address 
PLA architecture. 


5.59 Without altering the state code assignment, use the 
state diagram in Fig. PS-17 to design a logic circuit 
centered on the UNIVERSAL SHIFT REGISTER 
and a state DECODER as in Fig. 5-127. Assume 
that E + G + L = 1 for STATE 3 and that all inputs 
and outputs are ACTIVE HIGH. 


5.60 Use the parallel loadable up/down-counter, as in 
Fig. 5-129, to design the FSM of Fig. P5-17. Alter 
the state code assignments in the state diagram to 
make the most efficient use of the counter. Assume 
that E + G+ L = 1 and that all inputs and outputs 
are ACTIVE HIGH. 

5.61 Shown in Fig. P5-18 is the state diagram for an FSM 
having five inputs and four outputs. Without alter- 
ing the state code assignment, design this FSM cen- 
tered on the UNIVERSAL SHIFT REGISTER and 
a STATE DECODER as in Fig. 5-127. Assume that 
inputs U and W arrive ACTIVE LOW and that in- 
puts X, Y, and Z are ACTIVE HIGH. Take output 


Problems 


Q ACTIVE LOW and let outputs P, R, and S be 
issued ACTIVE HIGH. Also, assume that all inputs 
arrive synchronized with CLOCK. 


Fig. P5-18. 


5.62 Repeat Problem 5.61 for a design centered on a par- 
allel loadable up/down-counter and a STATE DE- 
CODER as in Fig. 5-129. Do not alter the state code 
assignments. 


5.63 Shown in Fig. P5-19 is an FSM which has been im- 
plemented with a parallel loadable up-counter. Ana- 
lyze this FSM by constructing its state diagram(s). 
Indicate any problems this FSM may have. 


5.64 Shown in Fig. P5-20 is an FSM which has been im- 
plemented by using a UNIVERSAL SHIFT REG- 
ISTER. Analyze this FSM by constructing its state 
diagram(s). Indicate any problems this FSM may 
have. 

5.65 Repeat Problem 5.61 for a design based on the pro- 
grammable architecture indicated in Fig. 5-130. Do 
not alter the state code assignments in the state dia- 
gram. 
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X(H) B(H) 


\/ V 


C(H) Y ? X(H) 


- SANITY(L) 


D(H) Paralel 
loadable D/U 0(H) 
up-counter 
CE) 
C(H, CK (H, 
DD (H) 


Fig. P5-19. 


5.66 Repeat Problem 5.61 for a design based on the pro- 
grammable architecture shown in Fig. 5-133. Do not 
alter the state code assignments in the state dia- 


nized to CLOCK and that the output Z is AC- 
TIVE LOW. Design for a glitch-free output 
without using a filtering stage. 


gram. 5.68 A traffic light controller is to be designed that will 


5.67 An FSM is to be designed that will issue an output 
Z according to the timing diagram in Fig. P5-21. In 
words, if CLOCK samples S$ ACTIVE with X and 
Y INACTIVE, then Z is issued on Y following 
XY or on X following XY provided that all these 
events are spaced one CLOCK period apart. If 
these conditions are not met, then Z will not be is- 
sued, and the FSM must wait for S to be sampled 
INACTIVE before it can return to the initial state 
and start the process over again. The output Z is 
issued for one CLOCK period only after which the 
FSM must return to the initial state. 


(a) Construct the state diagram for this FSM and 
make a 3-bit state code assignment that is free 
of output race glitches. Plan to initialize into the 
000 STATE. 


(b) Use an architecture of your choice to design a 
logic circuit for this FSM. Assume that S, X and 
Y are ACTIVE HIGH inputs that are synchro- 


operate a traffic light at the intersection of a main 
highway and a less frequently used farm road. 
Traffic sensors are placed on both the highway and 
the farm road to indicate when traffic is present. If 
no traffic is sensed on the farm road, traffic on the 
highway is allowed to flow. But when a vehicle ac- 
tivates the sensor on the farm road, the signal will 
switch immediately if the traffic sensor on the high- 
way is not active. Otherwise, the vehicle on the 
farm road must wait for 30 seconds or until the high- 
way is clear, whichever occurs first. Once the farm 
road vehicle has gone, the system must permit 
traffic to resume on the highway. 

In designing the controller, it is assumed that 
two interval timers are available, one for the 30- 
second interval and the other for a 5-second yellow 
light interval. The exact nature of these timers is 
not important (at this point) except that they each 
accept an input to signal the start of the interval and 
that they return an output to indicate when the spec- 
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Fig. P5-21. 
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ified time has elapsed. Upon receiving the input sig- 
nal, the timer resets and begins timing. At the end 
of the specified time, the output signal is ACTI- 
VATED and remains ACTIVE until the input signal 
is DEACTIVATED. 


(a) Construct a suitable state diagram for the traffic 
light controller and make any reasonable state 
code assignment applicable for an architecture 
centered on a UNIVERSAL SHIFT REGIS- 
TER. Use the architecture featured in Fig. 5- 
127 for a glitch-free design of this FSM. Assume 
that all inputs and outputs are ACTIVE HIGH. 
Use the following abbreviations and take F and 
H as asynchronous inputs. 

Inputs: Farm = F; Highway = H; 30 second 
= 30; 5 second = 5. 

Outputs: Farm, red = FR; farm, green = FG; 
farm, yellow = FY; Highway, red = HR; high- 
way, green = HG; highway, yellow = HY; start 
30 sec = S30; start 5 sec = SS. 

(b) Repeat part (a) for a design of this FSM centered 
on a parallel loadable up/down counter as in Fig. 
5-129. Thus, make a state code assignment that 
is best suited to this architecture. 


Repeat part (a) for a design centered on a PLA 
architecture as in Fig. 5-122. Use RET D-FFs 
as the MEMORY memory elements and plan to 
minimize the number of FLIP-FLOPs required 
for this design by keeping the MSB of the state 
codes INACTIVE. 


Design at the system level an optimum or near op- 
timum multipulse generator that will issue, on the 
PULSE output, 0 to 99 clean (glitch-free), evenly 
spaced pulses which have an ACTIVE duration the 
same as that of the system CLOCK (SYSCK). To 
do this, design and interconnect two NBCD down- 
counters each with ACTIVE LOW BORROWOUT 
(BO) capability. Also, consider that the START sig- 
nal, required to initiate the pulse generation pro- 
cess, is an asynchronous input. Assume that the 
pulse count settings are made prior to the START 
signal and that these settings are loaded asynchro- 


(c) 


5.70 


5.71 


nously into the counters (via the FLIP-FLOP asyn- 
chronous PR and CL overrides) on a LOAD(ZL) 
command from the CONTROLLER to the LD(ZL) 
inputs of the counters. Let the counters be rising 
edge triggered on their EN(H) input. Take care to 
initialize the system properly and debounce the 
START switch input. Use a CNT(H) command 
from the CONTROLLER to initiate the pulse gen- 
eration process and an END(Z) signal from the 
counters to end it. (Note: The use of flowcharts and 
timing diagrams may be necessary to gain a com- 
plete understanding of the system operation. Also, 
it will be necessary to connect two counters in series 
by connecting the BO(L) output of one to the EN(H) 
of the other. See Problem 5.51 for a counter design 
similar to that required in this problem but with EN 
= CK.) 


Design at the system level an optimum or near op- 
timum 8-bit parallel-to-serial ADDER/SUBTRAC- 
TOR system. To accomplish this, consider the use 
of a single FULL ADDER, a D FLIP-FLOP with 
PRESET and CLEAR overrides, a controlled IN- 
VERTER, and a binary counter to ADD or SUB- 
TRACT serially (in 2’s complement) two 8-bit num- 
bers which are stored in separate 8-bit 
UNIVERSAL SHIFT REGISTERs. Assume that 
the system begins operation on receipt of the asyn- 
chronous command START, and that the results are 
presented serially. Upon completion of the 8-bit ad- 
dition or subtraction process the system is to issue 
the finish signal FIN. Take care to initialize the sys- 
tem properly and to debounce any switch inputs. 
(Hint: Refer to Problem 5.40 and Fig. P5-15 and 
make any appropriate changes.) 


Complete the system-level design of the traffic light 
control system described in Problem 5.68. Use the 
architecture described in part c of Problem 5.68. Pay 
particular attention to timer requirements as they 
pertain to the choices of counters and clock fre- 
quency. Initialize the system properly and deal with 
any asynchronous inputs that may be present. As- 
sume that the CLOCK frequency is 13.1 kHz. 
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APPENDIX 5.1 


Ripple Counters 


Ripple counters are characterized by the use of T FLIP-FLOPs which are 
series triggered. Each T FLIP-FLOP is triggered off the output from the 
previous one except for the LSB FLIP-FLOP, which is triggered off of the 
CLOCK signal. For this reason, ripple counters are often called ‘‘asyn- 
chronous’’ counters. 

Shown in Fig. A5-1 are the state diagrams, logic circuit, and timing dia- 
gram for an n-bit ripple down-counter—one that counts down in binary. 
Note that a ripple counter is also a divide-by-2” counter. Thus, the first stage 
(T-FFo) reduces the CLOCK frequency to fcx/2, the second stage (T-FF;) 
to fcx/4, and so on, and the last stage reduces the CLOCK frequency to 
f cx/2”, where n is the number of FLIP-FLOPs in the counter. This points 
to one of the main uses of ripple counters—frequency division. Such 
counters can be very useful in applications where specific time delays must 
be built into the operation of a particular device. However, all ripple counters 
suffer from cumulative noise generation due to the series (ripple) triggering. 
This fact may limit the usefulness of these counters. 

The ripple counter in Fig. A5-1 is designed to count down in binary, that 
is, to count through states... 2” — 1,2” — 2,...,7, 6,5, 4, 3, 2, 1, 0, 
2” — 1,. . .. A ripple counter can be designed to count up or down according 
to the relation 


UP = (RET) © (Qcx) © (Qo) 
Thus, the counter will count up (UP = 1) if the T-FFs are triggered on the 


falling edge (RET = 0) off of the Q(H) outputs (Qcg = 1) when the count 
is read from the O(#) outputs (Q = 1). Further change in any one of the 
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Fig. A5-1. 


three parameters (RET, Qcx, or Qo) will cause the counter to count down 
(UP = 0). For example, if RET = 0, Qcg = 1, and QO, = 0, the ripple 
counter will count down in binary. 

Ripple counters can also be designed to count through fewer states than 
2” by connecting external logic to the appropriate PRESET and CLEAR 
overrides. As an example, suppose it is required that a ripple counter count 
through states. ..0,1,2,3,4,0,....In this case, CL2(L) = CLo(L) = 
AC(L) while all the other asynchronous overrides are maintained at 0(L). 
These connections are necessary since the counter must ripple through 
STATEs 5 — 6— 7 in going from STATE 4 to STATE 0. Thus, by applying 
the generic form of the state transition table for the basic cell to the 101 — 
000 transition, the R K-maps yield the minimum cover A - C when STATEs 
6 and 7 are taken as don’t care states. All other S and R K-maps yield logic 
0. 

Initialization of ripple counters can be accomplished by using SANITY 
circuits in a manner similar to that used for synchronous counters. However, 
there is one major difference that must be dealt with. Ripple counters whose 
state sequences are other than a 2” state binary up- or down-count must 
have external logic connected to the PS and CL overrides of the FLIP- 
FLOPs so as to direct the count, as indicated. For these counters, it is 
necessary to OR the SANITY line with the external logic before connecting 
it to the appropriate PR or CL override terminal. 
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CHAPTER 6 


Asynchronous 
Sequential 


Machines 


6.1 INTRODUCTION 
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In Chapter 5 the emphasis was directed toward synchronous sequential ma- 
chine design. There we developed a rather thorough understanding of the 
concepts necessary for the meaningful design of these machines. Now it is 
necessary to move on to another important type of machine—the asyn- 
chronous FSM (finite state machine). In Fig. 6-1 we provide an overview 
of the various types of digital machines. Observe that combinational logic 
machines can be either synchronous or asynchronous depending on how 
they are used, although by themselves they must be considered as asyn- 
chronous machines. 

A major aim of this chapter is, of course, to develop a working level 
understanding of asynchronous finite state machines and their design. But 
the mission of this chapter is really much broader than that. In the course 
of the various discussions, the reader will develop a better understanding 
of those concepts involved in synchronous machine design. In fact, an un- 
derstanding of asynchronous sequential machines is required before syn- 
chronous sequential machines can be fully understood. 

So why have we waited until now to present asynchronous sequential 
machine concepts and design methodologies? The answer lies in the fact 
that the treatment of asynchronous FSMs requires a certain level of maturity 
which can be obtained only through experience with the simpler synchronous 
FSMs. The study of asynchronous sequential machines forces us to deal 
with the complexities of sequential machines in greater depth. 


Digital Machines 


Synchronous Asynchronous 


Combinational 
Logic Circuits 


Sequential Sequential 


Mealy 
and 
degenerate forms 


Mealy 
and 
degenerate forms 


Random logic 
Array logic 


a _ pe 4 _ a 4 
Feedback Required No Feedback Feedback Required 


Fig. 6-1. Breakdown of the various classes of digital machines. 


6.1.1 Features of Asynchronous FSMs 


As we shall soon learn, all sequential machines have certain characteristics 
in common. However, there are some features owned more or less exclu- 
sively by asynchronous FSMs. They are 


e The presence of MEMORY in the absence of the familiar CLOCKed 
FLIP-FLOP. 

e The appearance of the asynchronous machine as a combinational logic 
circuit with feedback. 


Other more subtle features characterize asynchronous FSMs. These fea- 
tures include the possible existence of certain undesirable effects such as 
logic noise due to HAZARDs in both the NEXT STATE (NS) and output 
forming logic sections, CRITICAL RACES (races that can produce error 
transitions), and ENDLESS CYCLES (oscillations). As we know, logic 
noise can also be generated in the output forming logic of synchronous se- 
quential machines. However, we also know that such noise can be easily 
eliminated by using output holding registers. The action of the CLOCK in 
the memory stage and in the output holding register ‘‘filters out’? any un- 
desirable logic noise that may exist in the NEXT STATE and output logic 
sections, respectively, and ENDLESS CYCLES and CRITICAL RACES 
are eliminated by the SYSTEM CLOCK control of the (NS) data which must 
pass through the MEMORY elements (FLIP-FLOPs). In an asynchronous 
system, CLOCK if present, cannot play the role of filtering out logic noise 
and coordinating the passage of the NS data. Consequently, the benefits of 
CLOCK, which we take for granted in synchronous machines, no longer 
exist in asynchronous FSMs. The reality is that HAZARDs, CRITICAL 
RACEs, and ENDLESS CYCLEs can occur in asynchronous FSMs and, 
if present, can cause these machines to malfunction. A detailed study of 
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these timing defects and the actions required to eliminate them constitute a 
major portion of this chapter. 


6.1.2 Need for Asynchronous FSMs 


It is perhaps natural to believe that the data processing in and passage 
through a sequential machine must be regulated by some periodic sampling 
function, the SYSTEM CLOCK. This, of course, is a requirement of the 
synchronous sequential machine. But we never questioned the absence of 
a CLOCK in the combinational logic circuits of Chapter 4, yet these circuits 
are asynchronous machines of a type—those without feedback (i.e., non- 
sequential). Why then the concern about the need for a CLOCK to regulate 
synchronous sequential operations? And when is it advantageous, if ever, 
to perform sequential operations asynchronously? The complete answers to 
these questions will be forthcoming but only after we have considered most 
of the contents of this chapter. For now let it suffice to say that it may be 
desirable or even necessary to use asynchronous designs for the following 
reasons: 


1. The speed requirements of the system may exceed the capability of the 
synchronous machine. Properly designed, a synchronous FSM can only 
approach (not equal) the speed of a properly designed asynchronous FSM 
performing the same sequential operation(s). There are exceptions to this 
rule. 

2. Use of a SYSTEM CLOCK to synchronize a given sequential machine 
may not be possible or desirable. CLOCK distribution problems (CLOCK 
SKEW) may seriously limit the use of synchronous designs, particularly 
in complex digital systems operated at high frequencies. 

3. Since FLIP-FLOPs and CLOCK oscillator circuits are absent, an asyn- 
chronous design may occupy less real estate on an IC chip than an equiv- 
alent synchronous design. However, this statement requires some qual- 
ification and will be discussed at a later point in this chapter. 


Clearly, there is potential for use of asynchronous machines. In fact, it 
is predictable that designers will become more familiar with this type of 
machine, that asynchronous design techniques will improve, and that asyn- 
chronous FSM methods will play an important role in the design of future 
superhigh-speed microprocessors and computers. It is the judgment of many 
digital designers that synchronous IC system design (in general) has been 
pushed to its practical limit and that new approaches to digital design must 
be developed if future expectations are to be realized. 


6.2 THE LUMPED PATH DELAY MODELS FOR ASYNCHRONOUS FSMs 
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In synchronous FSMs the MEMORY stage is formed by using FLIP-FLOPSs. 
But if asynchronous FSMs are characterized by the absence of such devices 
as FLIP-FLOPs, how does memory manifest itself in these machines? The 
answer to this question lies in the fact that data transport through an FSM 
is not instantaneous. Propagation time delays are an inherent part of any 
circuit, and it is these path delays that constitute the memory stage of an 
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asynchronous FSM. Recall that this is precisely the basis for the heuristic 
development of the BASIC CELL presented in Sect. 5.5.1. It is this heuristic 
development that provides the basis for the generalized and more formal 
treatment which follows. 

Consider the models for the asynchronous Mealy (general) and Moore 
sequential machines shown in Fig. 6-2. These models, which we call lumped 
path delay (LPD) models, are applicable to FSMs said to operate in the 
fundamental mode. Operation in the fundamental mode assumes that no 
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(b) 
Fig. 6-2. The lumped path delay (LPD) model for asynchronous sequential 
machines. (a) The Mealy (general) finite state machine. (b) Moore (degenerate 
Mealy) machine. 
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(c) 
Fig. 6-2 (contd.). (c) Most degenerate Mealy model with feedback. 


external input to an FSM makes a change until all internal signals are sta- 
bilized, and then that only one input changes at a time. Because of these 
assumptions, fundamental mode designs are relatively simple to carry out. 

The LPD model is characterized by the fact that the NEXT STATE 
forming logic is treated as ideal (free of path delays) and that the propagation 
time delays are separated out into a minimum number of distinct lumped 
memory elements, A to, Ati, Afto,..., At,—1, such that one delay element 
appears in each gate/feedback loop. It is these lumped MEMORY elements 
taken in toto that constitute the MEMORY stage for the asynchronous 
FSMs. Thus, since data passage through an asynchronous FSM cannot be 
instantaneous, there is data storage however brief it might be. Note that the 
models in Fig. 6-2 have traditionally been labeled ‘‘fundamental mode 
models” even though the term ‘‘fundamental mode” applies strictly to an 
operating mode not a model. 


6.2.1 Functional Relationships and the Stability Criteria 
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The Y and y parameters given in Fig. 6-2 are commonly used for LPD models 
representing asynchronous FSMs operated in the fundamental mode. These 
parameters are functionally related to each other and to the inputs and out- 
puts by the following set of logic equations written in subscript notation: 


Y(t) = yt + At) j =0,1,...,m-1 

Y,(t) = Y;[x,(t), y(t + At)] k= 0, 1, sare Go = 1 (6-1) 
and 

Z(t) = Zılx:(t), y,(t)] l 0, 1, 220 yg FT 1 
where, for each k and 1, i = 0, 1,...,n — l andj = 0,1,...,m — 1. 


Here, the four parameters are defined by 
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Xi = Xn-1,.-+,%X1,X0 = input state 
Y; = | ET coe eg Yi; Yo = NEXT STATE 
PRESENT STATE 


Yj = Ym-1;5++-+5 y1, Yo 
and 


Zı = Zr-1,.-..,41,Z0 = Output state 


the components of which have been arranged in positionally weighted form 
so as to represent binary WORDs. Notice that the inputs, x;, to an FSM 
may themselves be multivariable functions, implying that one FSM may be 
controlled by another FSM. 

Inspection of Eqs. (6-1), or the LPD models of Fig. 6-2, indicates that 
corresponding NEXT STATE and PRESENT STATE variables are sepa- 
rated in time by distinct lumped delay MEMORY elements, At;. This leads 
directly to the important stability criteria stated as follows: 


If the PRESENT STATE is logically equal to the NEXT STATE at any 
point in time, then 


Y(t) = y(t) or Y,= y, (forallj) (6-2) 


and the asynchronous FSM is stable in that state. Or if the PRESENT 


and NEXT STATES are not logically equal, then 
Y,(t)A yt) or Y,#y, (for any j) (6-3) 


and the asynchronous FSM is unstable in that state and will transit to 
another state. 


The functional relations given by Eqs. (6-1) and the stability criteria ex- 
pressed by Eqs. (6-2) and (6-3) define the LPD (fundamental mode) models 
given in Fig. 6-2. Here, the presence of a lumped MEMORY element for 
each gate/feedback loop ensures that all path delays within the NS forming 
logic are represented. A much less attractive alternative is the distributed 
path delay model which requires a MEMORY element for each gate and as 
many state variables. The LPD model has the decided advantage of sim- 
plicity—it requires a minimum of lumped MEMORY elements and hence a 
minimum number of state variables. Use of the distributed path delay model 
would be prohibitively difficult for all but the simplest of FSMs. Problem 
6.24 at the end of this chapter serves as a simple example. 


6.2.2 The State Transition Table for the LPD Model 


A state transition table for the LPD model can be derived from the stability 
criteria given by Eqs. (6-2) and (6-3). The results are shown in Fig. 6-3 where 
we have labeled as stable the condition for which y, = Y;, and as unstable 
the condition for which y; Æ Y,. Here, y; — y;+1 represents a transition 
from the PRESENT STATE to the NEXT STATE, implying that y,., = 
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0—0 Stable 

1—0 Unstable 
0— 1 Unstable 
Stable 


(a) (b) 
Fig. 6-3. The state transition table for the LPD model (a) as derived from the 
stability criteria given by Eqs. (6-2) and (6-3) and (b) altered to the form familiar 
for FLIP-FLOPS. 


Y,. Notice the similarity between the state transition table of Fig. 6-3(b) and 
that for the D FLIP-FLOP presented in Fig. 5-23(c). The state transition 
table for the LPD model is essential to the design of asynchronous FSMs 
operated in the fundamental mode and will be used extensively throughout 
this chapter. 


6.3 THE STATE DIAGRAM, K-MAPS, AND NEXT STATE MAP 
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The sequential behavior of any FSM (synchronous or asynchronous) is re- 
vealed most effectively by a fully documented state diagram representing 
the algorithm for that machine. However, the state diagram itself does not 
indicate whether the machine is synchronous or asynchronous, nor does it 
suggest what model is to be used for the design. While the state diagram is 
a most essential part of the design process, it alone is not sufficient to carry 
out a complete design project. In this section we will focus mainly on the 
salient features of the state diagram and its graphical representations, the 
EV K-maps and NEXT STATE map, as they apply to asynchronous FSM 
design. In doing so we will be laying the groundwork for what will prove to 
be a powerful approach to asynchronous FSM design. Our plan of attack is 
to approach this subject from a general perspective, for reference purposes, 
followed immediately by a simple example which illustrates the important 
points. 


The Fully Documented State Diagram. The essential features of the fully doc- 
umented state diagram are illustrated in Fig. 6-4(a), which represents a por- 
tion of some algorithm for a general n-input/m-output FSM. To reinforce 
what was learned in Sect. 5.4, we draw the reader’s attention to the following 
features of the state diagram in Fig. 6-4(a): 


e The state code assignment and literal name are given within each enclosed 
state symbol. 


e The branching paths of the FSM are given by arrows out of each state. 

e The branching conditions for each outgoing path is a Boolean expression 
(SOP or POS) in terms of the external input variables, xz. 

¢ The output notation (if any) is placed to the side of the enclosed state 
symbol by using the familiar up/down arrow ( f J ) notation. Each output 
expression is read from an output K-map or from the state diagram, and 
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Unconditional 
output 
State code Branchin 
er fa Œi) g 
assignments Ym-1°"' ¥1¥o < paths 
Qu 
Branching 
fn (x: conditions 
cb ( i) fi, (x;) 
fy (x ;) dg ZW if f(x;) 
N Conditional 
output 
(a) 
Yp -177 Ao 
Yn-1 ° Yp+1%}pN 0:--00 0---01 0---11 
0 1 3 
Ve 
(b) 
Vin ~1 


Fig. 6-4. Representation of a 
portion of some arbitrary 
algorithm for an asynchronous 
FSM. (a) The major features of 
a fully documented state 
diagram. (b) EV K-map for the 
k” NEXT STATE variable. (c) 
(c) EV K-map for the output Z. 
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is generally a function of both the external input variables and feedback 
variables. In Fig. 6-4(a) both unconditional and conditional outputs are 
represented. The conditional output notation expressed by Z î J if f(x) 
indicates that the output Z will be issued only if the input conditions f(x;) 
are satisfied while the FSM is in STATE ©. 


The SUM Rule and Mutually Exclusive Condition. In constructing a fully doc- 
umented state diagram, it is essential that all possible outgoing branching 
conditions (BCs) from each state be accounted for. All possible BCs from 
any n-way branching j** STATE are accounted for if, and only if, 


n—-1 


S (BO; = 1 (6-4) 
i=0 


in an SOP state diagram. In words, Eq. (6-4) requires that all n outgoing (as 
opposed to incoming) branching conditions from the j® STATE of an SOP 
state diagram Boolean SUM (OR) to logic 1. The reader will recall that Eq. 
(6-4) was previously expressed by Eq. (5-3) and was dubbed the “SUM 
rule.’’ The dual of Eq. (6-4), which could be called the ‘‘product rule,” would 
require that all outgoing branching conditions AND to logic 0 in a POS state 
diagram. However, this dual requirement would rarely (if ever) be applied 
since state diagrams are conventionally MINTERM code based as are K- 
maps. 

There is yet another requirement of the outgoing branching conditions 
from a given state. With few exceptions all possible branching conditions 
from a given state [as expressed in Eq. (6-4)] must be mutually exclusive 
such that no possible branching condition can cause two different branching 
paths from that state. Therefore, all possible outgoing branching conditions 
from any n-way branching j“ STATE of an SOP state diagram are each 
mutually exclusive if, and only if, 


n-1 

(BO; = X (BOC; i=0,1,...,n-1 (6-5) 
k=0 
ki 


Equation (6-5) states that the branching condition from the j“ STATE to 
the i" STATE must be the complement of the Boolean SUM of all remaining 
branching conditions from the j*° STATE for n-way branching, and that this 


-= requirement must apply to each of the n branching conditions in turn. The 


mutually exclusive principle, which was previously stated in Sect. 5.4.1, is 
proved and applied in Appendix 6.1 to this chapter. 

Equations (6-4) and (6-5) must usually be satisfied by each state in any 
fully documented state diagram. If unaccounted for branching conditions 
occur, the FSM could transit to some undefined state outside of the state 
diagram. Of course, if such unaccounted for branching conditions are not 
possible, then Eq. (6-4) need not be satisfied. Likewise, if an overlapping 
branching condition is not possible, then the mutually exclusive requirement 
of Eq. (6-5) need not be satisfied. There will be occasions later in this chapter 
when it will be desirable to violate the requirements of Eq. (6-4) or Eq. (6- 
5). When this happens we will draw the reader’s attention to them. 
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EV K-maps. For design purposes the EV K-maps representing an asyn- 
chronous FSM are a necessary extension of the state diagram. They commit 
the designer to a specific model. When using the LPD model, the K-maps 
for the NEXT STATE variables are easily constructed by applying the state 
transition table of Fig. 6-3(b) to each state of the state diagram. One EV K- 
map is constructed for each NEXT STATE variable and takes the general 
form of the m® order K-map for the k® NS variable shown in Fig. 6-4(b). 
Notice that the PRESENT STATE variables form the coordinate axes of 
the K-map and that the cell entries are functions only of the external inputs, 
x;. Once constructed, these EV K-maps are used to obtain the minimum 
cover needed for HAZARD analysis and optimum NEXT STATE forming © 
logic of the FSM. So as to take full advantage of the simplicity that the EV 
method has to offer, it is important that the reader hold to the format of Fig. 
6-4(b). That is, zero-order compression maps (with 1’s and 0’s) should rarely, 
if ever, be used for this purpose. The useful limit of K-map application is 
reached soon enough with the EV K-map method. Use of conventional map- 
ping methods would make all but the simplest designs prohibitively difficult. 

The output expressions for very simple FSMs can usually be read directly 
from the state diagrams. More complex FSMs require the use of an EV K- 
map for each output variable as we learned in Chapter 5. Figure 6-4(c) shows 
the general format which should be used, one similar to that used for the 
NEXT STATE variables. 


The NEXT STATE map. The detailed sequential behavior of any FSM is 
elegantly contained in the state diagram for that machine. In fact, the state 
diagram, as treated in this text, is the single most important expression of 
the algorithm for the sequential machine. However, there are certain com- 
plexities unique to asynchronous FSMs which can be identified in state dia- 
grams only after the designer has achieved a certain skill level in reading 
these diagrams. As a teaching aid in developing this skill level, we recom- 
mend a limited use of the NEXT STATE map, which is nothing more than 
a graphical representation of the state diagram. In Fig. 6-5(a) we give a set 
of hypothetical branching conditions for the state diagram segment of Fig. 
6-4(a). The NEXT STATE map is constructed from these branching con- 
ditions by first transferring the branching data in Fig. 6-S(a) to the map in 
MINTERM code, and then by applying the K-map domain concept and 
stability criteria of Eqs. (6-2) and (6-3). 

It should be helpful to summarize the important features of the NEXT 
STATE map. The features to note about the NEXT STATE map are 


e The horizontal axis has coordinates of the n-bit external input code x, 
. .X1Xo, the vertical axis has coordinates of the m-bit PRESENT STATE 

(feedback) code y,,-1 . . . y1Yo, and the cell entries represent the m-bit 
NEXT STATE code Yai Sap a Yı Yo. 

e The NEXT STATE code, in effect, tells the FSM where to go next. 

e Circled states are stable according to the stability criterion of Eq. (6-2) 

while those left uncircled are unstable according to Eq. (6-3). 

The curved horizontal arrows indicate FSM response due to changes in 

the external input variables. 
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falx) = Xn-1---X1X0 


f avlXi) = Xn-1++> X1Xo + Xn—1 . 


= Kazi soe (x; © Xo) 


F (Xi) = Irar os Klo + Anas 


= Aasi $ wa Na 
foc(Xi) = Xn-1-.- . X1X0 
f (xi) = Xn-1 >.. X1X0 


Ff co(xi) ae ee Emre SB 


(a) 


Changes in the external 
input variables 


Changes in the 
PRESENT STATE 
' (feedback) 
variables 


(b) 


Fig. 6-5. (a) Sample branching conditions and (b) NEXT STATE map 
representation for the generalized FSM of Figure 6-4. 


¢ The curved vertical arrows indicate FSM response due to changes in the 
feedback variables. 


e The don’t care (6) shown in the 0...110.. . 00 cell indicates that that 
NEXT STATE code is unused. 


The NEXT STATE map of Fig. 6-5(b) yields information that could have 
been easily read from the state diagram whose branching conditions are 
expressed in Fig. 6-5(a): The FSM in STATE @ will be in a holding condition 


(i.e., will branch onto itself) for input conditions X,—; . . . Xıxo; or it will 
transit to STATE @® under one of the branching conditions 
[X,—-1---X1X0] + [X,-1...X1X0], where the first term leads the FSM to 


STATE © while the second sends the FSM on to STATE (©. Similarly, the 
FSM in STATE ©) has a holding condition of [X,-1... 1X0] + 
[X,»-1..-XiX0] = X,-1...X, and can branch to STATE ©) under input 
conditions X,_1...X1Xo. The analysis of the sequential behavior of this 
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hypothetical FSM continues in this manner until the branching conditions 
out of each state have been completely defined to meet the requirements of 
Eq. (6-4). 

Again we emphasize that the NEXT STATE map is to be regarded as a 
learning tool and not as an end in itself. All the information needed to study 
the sequential behavior of a given FSM is contained in the state diagram. 
In fact, the state diagram provides a better perspective of the FSM’s al- 
gorithm than does the NEXT STATE map. Moreover, as the complexity of 
the algorithm increases, a point is rapidly reached where the construction 
of a NEXT STATE map becomes impractical. 


A Simple Example. We summarize this and the previous section by using the 
LPD model to design and analyze a simple asynchronous FSM. Consider 
the state diagram for a two-input/two-output asynchronous FSM given in 
Fig. 6-6(a). Notice that Eqs. (6-4) and (6-5) are satisfied for each of the states 
and that the 10 STATE is a don’t care state since it is not used. Also, note 
that this FSM has an unconditional output at STATE ©) and a conditional 
output at STATE ©. The K-maps for the NEXT STATE variables are con- 
structed by applying the state transition table of Fig. 6-3(b) to each state 
with the results shown in Fig. 6-6(b). The output K-map is given in Fig. 6- 
6(c). Observe that in all K-maps a don’t care is placed in cell 2 (the unused 
state) and that it used to extract minimum cover for the NEXT STATE 
functions. 

Now, we construct the NEXT STATE map from the state diagram as 
shown in Fig. 6-6(d). To do this we make use of MINTERM code, the domain 
concept for K-maps, and the stability criteria given by Eqs. (6-2) and (6-3). 
Beginning with STATE @ it is seen from the state diagram that the holding 


(b) 
Fig. 6-6. A simple asynchronous FSM used to illustrate the use of (a) the state 
diagram, and (b) the K-maps for the NEXT STATE variables, Yı and Yo. 
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(c) 


(e) 


Fig. 6-6 (contd.). Illustrating the use of (c) the output K-map, and (d) the NEXT 
STATE map. (e) Circuit diagram for ACTIVE LOW inputs showing the position 
of the two lumped path delay MEMORY elements. 
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condition for the FSM in this state is B, so we place a circled NEXT STATE 
code 00 in the B domain of the yiyo = 00 row. Remember that a circled 
entry indicates that the FSM is stable (y, = Y,) in that particular cell. Next, 
we see that the FSM can transit from the STATE to the STATE 
under one of two possible branching conditions, AB OR AB = B. This 
means that an uncircled.01 must be placed in each cell of domain B, that is, 
in cells 0 and 2, as shown in the yiyo = 00 row. Next, it is observed from 
the state diagram that the FSM in STATE ©) = 01 has a holding condition 
A OB, requiring that a circled 01 be placed in cells of the AB +_AB domains 
(cells 5 and 6). Then, since the FSM will transit from STATE OD to STATE 

under branching condition AB, a 00 (uncircled) must be placed in cell 7 
so as to tell the FSM that the NEXT STATE is (0). Similarly, the FSM will 
transit from STATE to STATE AD under branching condition AB so a 
11 is placed in cell 4, thereby forcing the FSM into STATE (1) of cell 12. 
Finally, in STATE © = AD the holding condition is A + B requiring that 
a circled 11 be placed in the A + B domains. Exit from STATE AD iS pos- 
sible from cells 13 or 14 but only for an input condition AB which forces the 
FSM to cycle from STATE (11) to STATE (00) via STATE) (cell 15). Notice 
that, since the 10 STATE is left unused, don’t cares are placed in cells 8 
through 11. | 

Perhaps the reader may have already noticed that the NEXT STATE 
map is nothing more than a combination of the Yı and Yo K-maps of Fig. 6- 
6(b) represented in CANONICAL (conventional) form. Thus, use of either 
the state diagram or the NEXT STATE K-maps provides an alternative 
means of constructing the NEXT STATE map. 

The term cycle is used to indicate a series of unstable transitions (that 
is, changes in the state variables) under the same input conditions. A cycle 
was just demonstrated by using the NEXT STATE map in Fig. 6-6(b). An- 
other cycle can be seen in this NEXT STATE map when the FSM cycles 
from STATE (cell 1) to STATE aD (cell 12) via STATE 01 (cell 0) under 
input conditions AB. 

As can be seen, the NEXT STATE map does indeed describe the se- 
quential detail of the FSM. However, the state diagram does the same thing 
in a less complicated, more elegant way. Examples are the two cycle paths 
just described in the discussion of the NEXT STATE map. These cycles 
are easily identified in the state diagram of Fig. 6-6(a) as transitions @)—> b 
— @ under branching conditions AB and the reverse transitions under 
branching conditions AB. It is important to remember that a fully docu- 
mented state diagram contains all of the information needed to describe the 
sequential character of the FSM in question and that the NEXT STATE 
map is no more (or less) than a graphical realization of the state diagram. 
We will continue limited use of the NEXT STATE map as a learning tool 
but our real interest lies in developing the full potential of the state diagram. 

The LPD circuit diagram for this FSM, shown in Fig. 6-6(e), is con- 
structed from the NS and output logic expressions given in Figs. 6-6(b) and 
(c). A minimum of two lumped MEMORY elements is needed to represent 
all path delays in the NS forming logic. Thus, Af, represents all delays 
associated with the yı feedback variable while A to represents all delays as- 
sociated with the yo feedback variable. LPD logic circuits, such as the one 
in Fig. 6-6(e), are usually drawn without the fictitious At elements. 
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6.4 DESIGN AND ANALYSIS OF THE BASIC CELL 


Chapter 5 and specifically Sect. 5.5 developed the concept of MEMORY 
through time delay, and heuristically explained the means by which a BASIC 
CELL controls MEMORY through SET and RESET commands. At that 
time the state diagrams, logic circuits, and state transition tables for the 
NAND- and NOR-centered BASIC CELLs were also developed from these 
heuristic arguments. A heuristic treatment of the BASIC CELL was nec- 
essary in Chapter 5 because the BASIC CELL is an asynchronous machine 
which requires asynchronous methods for its formal development. Now the 
reader has the background needed for a more formal treatment of this subject 
matter. 

In this section we will design and analyze the BASIC CELL by using 
asynchronous methods. In the process of doing so we will provide additional 
insight into the character of the BASIC CELL, develop the first-cut pro- 
cedures needed for the design and analysis of more complex asynchronous 
FSMs, and arrive at some fundamental conclusions regarding asynchronous 
FSMs generally. First, however, we will design a simple asynchronous FSM 
which has characteristics similar but not identical to that of a BASIC CELL. 


6.4.1 Design of a Pseudo-BASIC CELL 


S 
S 
R 
C3 atl 
R 
(a) 
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Our design begins with the state diagram for the simple asynchronous FSM 
given in Fig. 6-7(a). Notice that the requirements of Eq. (6-4) are met for 
this FSM. We use the LPD state transition table of Fig. 6-3(b) to obtain the 
EV K-map for the NEXT STATE variable Y, the minimum cover, and the 
LPD circuit diagram, as shown in Figs. 6-7(b) and (c). The PRESENT and 
NEXT STATE parameters (y and Y) take the place of Q, and Q,41, re- 
spectively, which were used in Sect. 5.5.1. Remember that the LPD model 
requires that the PRESENT STATE variable y be separated in time from 
the NEXT STATE variable Y by the lumped path delay element At. 


(b) (c) 


Fig. 6-7. Design of a pseudo BASIC CELL. (a) State diagram. (b) EV K-map for 
the NEXT STATE variable Y. (c) LPD circuit diagram. 
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Input change 


NonHAZARDous 
transiti 
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variable 
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ENDLESS CYCLE 
(oscillation) 


(d) 
Fig. 6-7 (contd.). (d) NEXT STATE map. 


From the treatment given in Sect. 5.5 it is evident that the circuit of Fig. 
6-7(c) is not the one expected for the BASIC CELL. In fact, it does not 
meet the requirements of the BASIC CELL. An inspection of the state 
diagram in Fig. 6-7(a) reveals that this FSM goes into an oscillation for input 
conditions (S, R) = (1, 1). To verify this, use will be made of the NEXT 
STATE map shown in Fig. 6-7(d). The reader will recall from Sect. 6.3 that 
the NEXT STATE map is constructed with the external input code as the 
horizontal axis and the PRESENT STATE code as the vertical axis. The 
cell entries are the NEXT STATE code. Next, we apply the stability criteria 
of Eqs. (6-2) and (6-3) and circle the stable states while leaving uncircled 
those states that are unstable. Thus, ina NEXT STATE map, input induced 
transitions of the FSM occurring between stable (circled) states will remain 
at the same PRESENT and NEXT STATE logic levels. However, if the 
external input changes cause the FSM to transit to an unstable state, a y 
variable transition must occur (vertical arrows). Now, we see that an input- 
induced transition to either cell 3 or cell 7 results in an ENDLESS CYCLE 
(oscillation) between the two unstable states—both cells 3 and 7 represent 
unstable states. So it is clear that this machine does not satisfy the require- 
ments of the BASIC CELL, as mentioned earlier. It is, therefore, a pseudo- 
BASIC CELL of a type. 


6.4.2 The SET-Dominant BASIC CELL 


If the state diagram of Fig. 6-7(a) had been a valid description of the BASIC 
CELL, the analysis we just completed should have yielded either the NAND- 
or NOR-centered circuit shown in Fig. 5-18. But this did not happen. Why? 
To understand why, we must analyze the NAND-centered BASIC CELL 
given in Fig. 5-18(a). Reconstructed in Fig. 6-8(a) is the LPD circuit diagram 
for this FSM which is the same as that in Fig. 5-11(a). The circuit is read 
and yields the functional relationship between the PRESENT and NEXT 
STATE parameters given by Y = S + Ry. Then, by using this information, 
we construct the EV K-map and the resulting state diagram shown in Figs. 
6-8(b) and (c). Now it becomes apparent that the state diagrams of Figs. 6- 
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(b) (c) 
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(d) 
Fig. 6-8. Analysis of the NAND-centered BASIC CELL. (a) LPD circuit diagram. 
(b) K-map for the circuit in (a). (c) State diagram derived from the K-map in (b). 
(d) NEXT STATE map for the SET-dominant BASIC CELL. 


8(c) and 6-7(a) are not the same and, therefore, do not represent the same 
machine. This is not surprising since the circuits are not the same. 

The analysis of the BASIC CELL is continued by constructing and ana- 
lyzing the NEXT STATE map for this machine. This is done in Fig. 6-8(d) 
where the results show that the oscillation problem revealed in Fig. 6-7 no 
longer exists. That is, once the machine enters cell 3 the output must change, 
forcing the machine into cell 7 where it is stable. This is a SET operation 
as indicated by the double arrow. Therefore, we conclude, as we did in Sect. 
5.5.1, that the NAND-centered BASIC CELL in Fig. 6-8 is SET dominant. 
The SET-dominant character of this CELL is also revealed by the branching 
conditions of the state diagram. Thus, if both S and R take on logic 1 values, 
the only permissible transitions are to STATE Q), where the FSM remains 
(stabilizes) until an input condition SR forces branching to STATE ©. 

Under input conditions (S, R) = (1, 1) the SET-dominant BASIC CELL 
is caused to reside stably in cell 7 shown in Fig. 6-8(a). In this state the 
BASIC CELL loses its mixed-rail output character as indicated in Fig. 6-9. 
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Fig. 6-9. Timing diagram for the SET-dominant BASIC CELL showing loss of the 
mixed-rail outputs for the (S, R) = (1, 1) condition, and the oscillatory behavior 
that results when S and R change l — 0 simultaneously. 


Here, the BASIC CELL is represented in the familiar ‘‘cross-coupled’’ form 
of Fig. 5-18(a), and the outputs are given as Q(H) and P(L) to emphasize 
the fact that the mixed-rail output character is not always preserved. 

If the inputs S(L) and R(L) undergo a simultaneous 1 — 0 (equivalent 
to LV — HV) change, the BASIC CELL may become metastable and either 
“hang up” in a state that is neither SET nor RESET or oscillate. This con- 
dition is illustrated in Fig. 6-9, which represents a logic (ideal) simulation 
of the BASIC CELL. The oscillation occurs because the identical cross- 
coupled NAND gates drive each other to simultaneously transit in opposite 
MIXED LOGIC directions after each unit path delay t,. Under ideal con- 
ditions, oscillatory behavior of this type is predictable and indicative of a 
possible metastable condition. However, an actual physical test of a BASIC 
CELL will most likely not yield these same results since metastability is a 
low-probability condition. But it can occur! (The subject of metastability is 
discussed in greater detail in Sect. 6.9.1.) It is because of the loss of mixed- 
rail output character and the possibility of metastable behavior that the (S, 
R) = (1, 1) condition is normally avoided in BASIC CELLs used in FSM 
design. Recall that the (S, R) = (1, 1) condition does not exist in the generic 
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form of the state transition table given in Fig. 5-15(c). Thus, use of this state 
transition table for FSM design permits us to design FSMs which are rela- 
tively free of the problems associated with the (S$, R = 1, 1) condition. 


6.4.3 The RESET-Dominant BASIC CELL 


The state diagram for the SET-dominant BASIC CELL is characterized by 
the branching conditions S and SR for state transitions @ — ® and @—> 
a, respectively, as shown in Fig. 6-8(c). Thus, the branching conditions for 
the RESET-dominant BASIC CELL must be SR and R, respectively, for 
the same state transitions. In Fig. 6-10(a) we give the state diagram for the 
RESET-dominant BASIC CELL, which is identical to that given in Fig. 5- 
13(c). Again, we note that Eq. (6-4) is satisfied for all (both) states, a re- 
quirement of any fully documented state diagram with unrestricted branching 
conditions. 

The EV K-map and its POS cover, and the NOR-centered circuit diagram 
in LPD notation are presented in Figs. 6-10(b) and (c). The NEXT STATE 
map is given in Fig. 6-11. The RESET-dominant character of this circuit is 
evident from both the state diagram and the NEXT STATE map for the (S, 
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variable 


(b) (c) 


Fig. 6-10. Design of the RESET-dominant BASIC CELL. (a) State diagram. 
(b) NEXT STATE K-map. (c) LPD circuit diagram. 


Input change 
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State 0 


change 


Fig. 6-11. NEXT STATE map 
for the RESET-dominant BASIC 


RESET dominant CELL. 
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R) = (1, 1) input condition. For example, the double arrow in the NEXT 
STATE map indicates that once the machine inters cell 7, it must transit to 
cell 3 and remain there until different input conditions force branching, a 
RESET operation. Then from this result we conclude, as we did in Sect. 
5.5.1, that the NOR-centered BASICICELL in Fig. 6-9 is RESET dominant. 
Furthermore, we see that the SET-dominant CELL is an SOP logic form 
whereas the RESET-dominant CELL is a POS logic form. 

It is left to the reader to demonstrate with a timing diagram that an ideal 
RESET-dominant BASIC CELL behaves in a manner similar to that of Fig. 
6-9. 

The state transition tables for the SET and RESET dominant BASIC 
CELL s are derived in Sect. 5.5.1 and are presented in Figs. 5-15(a) and (b) 
together with the generic form in Fig. 5-15(c). The character and implications 
of these state transition tables is discussed at some length in Sect. 5.5.1 and 
will not be repeated here. 


6.5 DESIGN CONSIDERATIONS 


The preceding section is intended to be only a brief introduction to asyn- 
chronous FSM design and analysis. Much more must be known regarding 
the complexities of asynchronous sequential machines before meaningful 
designs are possible. It is the goal of this section to provide a detailed dis- 
cussion of these complexities. In fact, by section’s end it is hoped that the 
reader will have gained a deeper insight not only into the design of asyn- 
chronous FSMs but also into the design of synchronous FSMs. We regard 
the subject matter of this section as essential to the development of good 
design practices for asynchronous sequential machines. 

In Section 6.1 we indicated that unwanted effects such as ENDLESS 
CYCLEs (oscillations), CRITICAL RACEs, and HAZARDs can exist in 
asynchronous FSMs, and in Fig. 6-7 we demonstrated the existence of an 
ENDLESS CYCLE in a simple two-input/one-output asynchronous FSM. 
Now it is necessary that we study these problems in sufficient detail so that 
they can be identified and eliminated if necessary. 


6.5.1 Cycles and ENDLESS CYCLES 


The transition of an asynchronous FSM from one stable state to another 
stable state through one or more unstable states is called a cycle, as was 
stated earlier. When an asynchronous FSM enters a cycle that ends in an 
unstable state of that cycle, an ENDLESS CYCLE or oscillation results. 
While cycles are necessary to the proper operation of an asynchronous FSM, 
ENDLESS CYCLEs must always be avoided. 

An ENDLESS CYCLE exists in an asynchronous FSM if f..(x;) and 
f»-(x;) in Fig. 6-4(a) possess a common branching condition given by fs.'f cp. 
A simple example is shown in Fig. 6-12(a). As can be seen, this FSM has a 
cycle from STATE © to STATE @ under input conditions AB. But it also 
has an ENDLESS CYCLE between STATEs ® and ©. The ENDLESS 
CYCLE exists because the branching condition AB is common to both fsc 
= AOB and fe = B, the to-and-from branching conditions between STATEs 


6.5 / Design Considerations 539 


Cycle 
ENDLESS 


€3= CYCLE 


B 


ENDLESS CYCLE for branching 
condition AB, the common term. 


(b) 


540 


(d) 


Fig. 6-12. An asynchronous FSM illustrating a cycle and an ENDLESS CYCLE 
(oscillation). (a) State diagram. (b) NEXT STATE map. (c) State diagram 
corrected for the ENDLESS CYCLE. (d) NEXT STATE map showing alteration 
of cell 4. 


®© and ©. Thus, when the FSM receives the input condition AB while in 
either STATE © or STATE(S, it will go into oscillation between these states 
and will continue to oscillate until the input condition is changed. 

The presence of the cycle and ENDLESS CYCLE is also clearly shown 
by the NEXT STATE map of Fig. 6-12(b), which has been constructed 
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6.5.2 Race Conditions 


directly from the state diagram. Notice that the FSM can enter the END- 
LESS CYCLE from either STATE ® or STATE © under input condition 
AB, but that the exit route (from the ENDLESS CYCLE) may be uncertain. 
That is, under branching condition AB the machine will transit either to 
STATE © or to STATE © depending on where the FSM resides at the 
instant the input condition AB is sensed by the NEXT STATE logic of the 
FSM. In fact, the FSM’s only access to a holding condition in STATE © 
is by way of the ENDLESS CYCLE. For input condition AB the FSM will 
transit to stable STATE @ in any case. The reader should verify that this 
sequential detail is easily determined from an inspection of the state diagram. 
Now, let us suppose that the FSM of Fig. 6-12(a) should not have an 

ENDLESS CYCLE, but rather should transit to STATE @®) and hold in this 
state under branching conditions AB according to some hypothetical algo- 
rithm. Removing the undesirable branching condition AB for the @)—> 
transition and ‘‘attaching’’ it to the holding condition for STATE (b), now 
AB + AB = A, results in the corrected state diagram and NEXT STATE 
map shown in Figs. 6-12(c) and (d). Observe that the ENDLESS CYCLE 
has been eliminated by the reassignment of the AB branching condition. 
This amounts to changing the NEXT STATE code of cell 4 in Fig. 6-12(d) 
from 11 to 01. 


The subjects of race conditions and their possible effects in synchronous 
FSMs was discussed in Sect. 5.8.2. There, attention was focused on the 
output glitches that could result from race conditions. Output race glitches 
can also occur in asynchronous FSMs. The output race glitch analysis that 
was discussed in Sect. 5.8.2 can be applied to asynchronous sequential ma- 
chines to determine if the output will contain such logic noise. In the case 
of asynchronous FSMs, however, other more serious problems can result 
from race conditions. The nature of these problems and their identification 
and elimination will be explored at some length in this section. 

The set of alternative cycle paths that lead to the same state is called a 
race. This we learned in Sect. 5.8.2. In an asynchronous FSM a race results 
when the FSM undergoes a transition to a NEXT STATE that differs from 
the PRESENT STATE by two or more bits. There are N! alternative race 
paths for a race condition involving the change of N bits. Since no two 
feedback variables can change precisely at the same time, one variable will 
always change before another, even though the time span between the two 
events may be extremely small. Thus, the alternative race path taken by the 
FSM will depend on which feedback variable changes first to meet the sta- 
bility criterion of Eq. (6-2), and this is not usually predictable. 

Shown in Fig. 6-13 is a race condition for the @)— @) transition under 
branching condition fro in a generalized state diagram segment. Let us as- 
sume that only two state variables must change for the transition(...10.. 
to. ..01. .) and that the race path to STATE() is through either STATE 
(R)or STATE(S), depending on which of the two state variable bits involved 
changes first. The final residence of the FSM under branching condition f pg 
is predictable from the state diagram provided that a term in fg is not also 
contained in either fz or fs, and provided that race STATE R and S have 
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Fig. 6-13. Generalized state diagram segment showing a race condition for the 
transition from STATE ® to STATE Q 


branching paths to the destination STATE Q (not shown). Thus, if fpo is 
contained only in the holding condition fo for STATE Q, and in fro and 
fso, the FSM will reside stably in STATE Q following a cycle path through 
either STATE S or STATE R. Note that the possibility of output race 
glitches should also be kept in mind. For example, if STATEs S and R are 
output states but STATEs P and Q are not, output race glitches will be 


produced. l _ 
A race is illustrated in the state diagram of Fig. 6-14(a). Here, it is seen 


that under branching conditions AB the FSM will transit from STATE © to 
STATE © by way of the race condition which is established when the NEXT 
STATE code must change from 01 to 10 one bit at a time. Consequently, if 
yı changes before yo the FSM will transit directly to STATE © and hold 
there, but if yo should change before yı, the FSM must transit to STATE© 
via STATE @, which takes longer than by the other path. In other words, 
while in STATE ®, a branching condition AB will force the FSM into either 
STATE @ or STATE. If forced into STATE ©, the FSM will reside there 
stably since AB is contained in the holding condition for STATE (© which 
is A + B. But if forced into STATE @ with a branching condition AB, the 
FSM must cycle a— d —> © since neither the holding condition for STATE 
(a)nor the holding condition for STATE @ contain AB. 

The race condition just described is also shown in the NEXT STATE 
map of Fig. 6-14(b). It can be identified by the oppositely oriented arrows 
in cell 5. But it should be observed that the race condition is more promi- 
nently displayed by the state diagram than by the NEXT STATE map. Also, 
it should seem clear that the EV K-maps or the minimum cover derived 
from them [see Fig. 6-14(c)] offer little, if any, help in identifying the race 
condition. 

A race condition may or may not be a desirable feature in an FSM. If 
the alternative path delays can be tolerated, races can at times be introduced 
deliberately to achieve a more minimum NEXT STATE logic cover. How- 
ever, if the presence of a race produces a more complex NEXT STATE 
logic circuitry, or if the race leads to possible output race glitches, or if the 
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(b) 


Y, =A +Y1yoB + Y1YoB Yo =y, AB + y) A +YoB 


(c) 
Fig. 6-14. A four-state asynchronous FSM illustrating a race condition. (a) State 
diagram representation. (b) NEXT STATE map representation. (c) EV K-maps 
for the NEXT STATE variables and minimum cover. 


asymmetry of the path delays raises questions of reliability, the race should 
be removed. In Fig. 6-14(d) we demonstrate the removal of a race by using 
the FSM represented in Fig. 6-14(a). Observe that the branching condition 
AB, which previously lead to the race, has been reassigned to the @ > © 
transition, which now has the branching condition AB + AB = A. This is 
equivalent to changing the NEXT STATE code of cell 5 in Fig. 6-14(b) from 
10 to 11. Removal of the race condition also alters the NEXT STATE logic 
cover. By comparing Fig. 6-14(c) with Fig. 6-14(e), we see that the cover 
for Yo has been significantly reduced, which is justification enough for the 
removal of the race condition. Note that any concerns about the existence 
of race conditions in an FSM can be eliminated simply by making all state- 
to-state transitions logically adjacent, a common practice in asynchronous 
FSM design. 
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(d) (e) 
Fig. 6-14 (contd.). (d) State diagram showing removal of the race condition. 
(e) Revised K-maps and minimum cover. 


CRITICAL RACEs. Alternative cycle paths that lead to two or more different 
stable states, or to a stable state and an ENDLESS CYCLE, are called 
CRITICAL RACEs. CRITICAL RACEs can lead to error transitions. Ac- 
cordingly, we state unconditionally that 


CRITICAL RACEs must never be permitted to exist in the design of 


any asynchronous sequential machine. 


The presence of even one CRITICAL RACE will most likely lead to the 
malfunction of the FSM. 

Figure 6-13 shows that a CRITICAL RACE is possible if any term in the 
branching condition fpọ is also contained in any two (or all) of the holding 
conditions fo, fr, and fs for STATEs QR, and O. or their exiting con- 
ditions (e.g., fox from STATE ©), or any combination of these that may 
occur. The exiting condition from any STATE ©, R, or (S) may lead to 
another state with holding condition containing f pọ, or, if the design is really 
wrought with problems, it may lead to an oscillation. Any of these possi- 
bilities constitutes an “‘illegal’’ asynchronous design and must be avoided 
at all cost. Note that the condition for a CRITICAL RACE in Fig. 6-13 
results for any set of equal and nonzero Boolean products involving the 
branching condition fro and two or more holding or exiting conditions. 
Examples are frofo = fro'fr ~ 0 or fpo'fr = fro fs Fx 0. 

A CRITICAL RACE is illustrated in Fig. 6-15(a), again for a simple two- 
input asynchronous FSM. It can be seen that the transition from STATE © 
to STATE @under branching condition AB requires that both state variables 
must change. However, since they cannot change simultaneously, the FSM 
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RACE Pa 
condition. s 
Possible 


correction 
path 


(a) (b) 
Fig. 6-15. State diagrams showing (a) a CRITICAL RACE and three possible 
correction paths (dashed arrows), and (b) the CRITICAL RACE removed by 
using correction path © to @ 


will finally reside in STATE © if yı changes before yo, or will reside in 
STATE @ via STATE @if yo changes before yı. Notice that the CRITICAL 
RACE is easily identified in the state diagram since AB, the branching con- 
dition for the race, is contained in the holding conditions for both STATE 
@ and @®). This means that when the FSM attempts to transit from STATE 
© to STATE @, under input conditions AB, it will finally reside stably in 
either STATE @ or © until the input conditions are again changed. But it 
is not predictable which STATE @ or ®) will be favored by the race. 
Since the sequential behavior of the FSM in Fig. 6-15(a) is not predict- 
able, steps must be taken to remove the CRITICAL RACE if this FSM is 
to be useful. Shown by the dashed arrows in Fig. 6-15(a) are three possible 
correction paths for the race branching condition AB, any one of which, if 
used, would effectively remove the CRITICAL RACE. Let us assume that 
the original algorithm expressed in Fig. 6-15(a) must be retained following 
removal of the CRITICAL RACE. In this case the correction path would 
be from STATE © to STATE @ with a new branching condition AB + 
AB = B as indicated in Fig. 6-15(b). Now, if the branching condition AB is 
given while the FSM is in STATE, the FSM will cycle@— d— @suffering 
only an additional path delay in route to STATE @. Had the holding con- 
dition for STATE © been chosen as the correction path, the new holding 
condition would be B + AB = A + B. Or, if the correction path were taken 
to be © to ©, the branching condition for the © to © transition would be 
AB. In any case, it is important for the reader to understand that if the state 
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diagram in Fig. 6-15(a) had been constructed correctly in the first place, 
there would be no need to make a correction. One should always bear in 
mind the following: 


A CRITICAL RACE can be easily identified in a state diagram of any 
complexity simply by identifying the race condition that leads to two 


or more stable states—states whose holding conditions contain the 
branching condition for the race transition. 


Obviously, CRITICAL RACEs cannot exist in a state diagram whose state- 
to-state transitions are all logically adjacent (unit distance coded). 

At this point in our development the reader should have the impression 
that most of the complexities unique to asynchronous FSMs can be rec- 
ognized and dealt with effectively by use of the state diagram. This is true! 
Moreover, we will continue to develop skills in using the state diagram so 
as to make full use of its enormous design potential. 


Nearly all of Section 4.12 was devoted to the subject of STATIC HAZARDs 
in combinational logic circuits. There, the HAZARDs were externally ini- 
tiated in nonsequential circuits. That is, external input changes were shown 
to produce HAZARDous transitions in asynchronous circuits without feed- 
back. What was presented in Sect. 4.12 is also applicable to asynchronous 
FSMs except that now we must take into account the sequential nature of 
the machine and the fact that the HAZARDs may be internally initiated as 
well as externally initiated. 

In Sect. 5.8.3 we discussed the subject of STATIC HAZARDs in the 
output forming logic of synchronous sequential machines. In that section 
we discovered that HAZARDs could be produced in the output logic of both 
Mealy and Moore machines under certain conditions. 

We have already mentioned in Sect. 4.12 that two other types of HA- 
ZARDs are possible in asynchronous circuits. We named FUNCTION 
HAZARDs and ESSENTIAL HAZARDs as examples. FUNCTION HA- 
ZARDs were discussed briefly in Sect. 4.12 and more extensively in Sect. 
5.8.2 under the guise of output race glitches. ESSENTIAL HAZARDs will 
be the subject of a detailed discussion later in this chapter. A fourth type 
of HAZARD, called a DYNAMIC HAZARD, is also possible in combina- 
tional logic circuits. DYNAMIC HAZARDs, which appear as multiple 
glitches in nonsteady-state outputs, are usually the result of poor logic design 
and should not exist in circuits designed by following the methodologies 
supported in this text. | 

In this section, with the help of the familiar state diagram and optimum 
cover derived from the K-maps, we will discuss simple and reliable methods 
for identifying and eliminating STATIC HAZARDs in asynchronous FSMs. 
The treatment provided in this section will lead quite naturally into the sub- 
ject of ESSENTIAL HAZARDs which are the most complex of the HAZ- 
ARD-type timing defects. 

Before we begin our discussions it should be helpful to review some of 
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the terminology which was used previously in Sects. 4.12 and 5.8.3 and 
which will be used again in this section. 


HAZARD. An actual or potential, transient or permanent timing error in a 
logic circuit that results from an explicitly located asymmetric path delay 
associated with a gate and/or its input leads. 


Gate Path Delay. The propagation delay time associated with a gate and the 
input leads to which it is connected. For simplicity we will assume that 
such path delay is concentrated at the output of the gate. In IC devices 
path delays result primarily from distributive capacitance and inductance 
in both the leads and gate transistors. The faster the switching speeds of 
the switching devices the more important become the lead contributions 
to the total path delay. Usually, it is not possible to separate out the 
contributions from leads and switching devices. 


Coupled Variable. Any variable appearing complemented in one term and 
uncomplemented in another term of the same expression. Examples of 
SOP and POS coupled variables are given in the NEXT STATE equations 


Yo = yoAB + BC + yoAC + yiyoC + yiB 
and 


Yı = (yı + A + CXyı + BXy1 + yo + Ayo + A + B) 


where yı, yo, A, and C are the coupled variables in these expressions. 


Coupled Term. Any term of a pair of terms that share a single couple vari- 
able. In the preceding expressions only the pairs of terms BC, yıyoC in 
Yo, and (yı + B), Yı + Yo + A) in Y, are coupled terms. 

Residue. That part of a coupled term that remains after the coupled variable 
has been removed. 


HAZARD Cover. The ANDed residues of the SOP coupled terms repre- 
senting a HAZARDous transition, or the ORed residues of the POS cou- 
pled terms representing a HAZARDous transition. 


Combinational HAZARD. A HAZARD that can be identified and eliminated 
by means of combinational logic. STATIC HAZARDs are combinational 
HAZARDs whereas ESSENTIAL HAZARDs are not. 


STATIC HAZARD Identification and Elimination. STATIC HAZARDs are 
produced by explicitly located asymmetric path delays due to INVERTERS. 
They can be produced by a 1 — 0 change in an SOP coupled variable or a 
0 — 1 change in a POS coupled variable provided that the change represents 
a valid transition—that is, provided that the change agrees with the state 
diagram. A coupled variable requires the use of an INVERTER, which in 
turn produces the asymmetric path delay responsible for the HAZARD. 
HAZARDs of this type produce positive (+) or negative (—) glitches in 
otherwise steady-state outputs of FSMs. 

STATIC HAZARDs in asynchronous FSMs are easily identified and 
eliminated by following a four-step procedure: 
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1. From the minimum or reduced cover expressions for each NEXT STATE 
variable, Y;, look for the coupled variables and coupled terms. 

2. Use the state diagram together with the information provided by the cou- 
pled terms involved to verify that each coupled variable change is as- 
sociated with a valid STATE transition. Make certain that the coupled 
terms satisfy the branching condition requirements for the transition be- 
cause, if they do not, a valid HAZARDous transition is not indicated. 

3. Determine the HAZARD cover for each HAZARDous transition by 
ANDing the residues of coupled SOP terms, or ORing the residues of 
coupled POS terms. Remember that STATIC HAZARDs cannot be pro- 
duced if two or more coupled variables are present in or implied by the 
coupled terms (see Sect. 4.12 for a discussion of FUNCTION HA- 
ZARDs). Thus, internally initiated HAZARDs (those initiated by a change 
in state variable) must take place under constant external input condi- 
tions. Similarly, externally initiated STATIC HAZARDs (those caused 
by a change in an external input condition) must take place under con- ` 
ditions that the initial and final states are the same. 

4. Check to see whether or not each HAZARD cover is already contained 
in the appropriate NEXT STATE variable expression. If not, choose for 
each the minimum cover permitted by the EV K-maps and then add that 
cover to the appropriate Y; expression to be implemented. 


A Simple STATIC HAZARD Analysis. Consider the four-state asynchronous 
FSM in Fig. 6-16(a) which has a STATIC SOP HAZARD in Yo internally 
initiated by a change in yı when the machine transits from STATE © to 
STATE ©. This HAZARD is clearly revealed by the minimum cover for Yo 


en oe 
HAZARD 


cover 


(a) (b) 


Fig. 6-16. An asynchronous FSM with a HAZARDous transition from STATE T) 
to STATE . (a) State diagram. (b) K-maps and minimum SOP and HAZARD 
cover showing the coupled variables and the coupled terms. 
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Y, = (Yı + A)(yı + B)(Yo + B)(y, + yo) 


Yo = yı +A)Y; +BY, + Yo +A): (Vo +A + B) 


HAZARD 
cover 
(c) 
Fig. 6-16 (contd.). (c) K-maps and minimum POS cover. 


(see arrow) given in Fig. 6-16(b). Notice that the coupled variable change 
is yı —> yi for an SOP HAZARD, the coupled terms are yıyo and y,AB, and 
the STATE change must be íD to OD, a requirement of the coupled terms. 
An inspection of the state diagram indicates that the ©Q— © transition under 
branching condition B satisfies the requirements of the coupled terms, 
namely, that AB be contained in B and that the STATE change be (i) > 
OD). The ANDed residues of the coupled terms yield the SOP HAZARD 
cover (yo) : (AB) = yoAB. Removal of the HAZARD is accomplished by 
adding this HAZARD cover to the minimum cover for Yo, as shown in Fig. 
6-16(b). Notice that the terms y,AB and y,A do not form a STATIC HAZ- 
ARD since they contain more than one coupled variable. Furthermore, their 
ANDed residues yields AB - A = 0 for coupled variable yı and yiB- yı = 
0 for coupled variable A. Thus, no cover exists, so none is required. 

To determine whether or not a STATIC POS HAZARD is possible, we 
must inspect the optimal POS cover given in Fig. 6-16(c). The 0 — 1 coupled 
variable change in the expression for Yo is yj —> Yı (see arrow), the coupled 
terms are (yı + B) and (y1 + yo + A), and the STATE change must be 
— as required by the coupled terms (read in MAXTERM code). A 
check of the POS ‘state diagram [mentally produced by complementing the | 
branching conditions of the SOP state diagram in Fig. 6-16(a)] indicates that 
the 00 > dO transition under branching condition (A + B) meets the re- 
quirements of the coupled terms (yı + B) and (Yı + yo + A). Therefore, 
a STATIC POS HAZARD is produced in this FSM. ORing the residues of 
the coupled terms yields the HAZARD cover shown in Fig. 6-16(c). Notice 
that coupled terms (yı + A) and (¥; + yo + A) cannot produce a POS 
STATIC HAZARD simply because they contain two coupled variables, yı 
and A. Also, their ORed residues are logic 1 indicating that no HAZARD 
cover exists. 

The presence of the SOP HAZARDous transition in the FSM of Fig. 6- 
16 can be venfied with a timing diagram. Presented in Fig. 6-17(a) is the 
MIXED LOGIC diagram, and in Fig. 6-17(b) is the MIXED LOGIC timing 
diagram for the —> 61) transition of this machine. To simplify the timing 
diagram we have purposely excluded the terms yoAB, yiyo, and y,A since 
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A(H) 


they are logic 0 for this transition (yo = 1 and A = 0). Furthermore, we 
have assigned the same unit path delay to each gate and INVERTER, for- 
getting for the moment that the logic circuit of Fig. 6-17(a) is represented in 
LPD notation. Thus, the duration of the (—) glitch HAZARD indicated in 
the yı output is one unit of path delay. Also shown in the timing diagram of 
Fig. 6-17(b) is the HAZARD cover yoA B, which was obtained following the 
procedure given earlier. ORed with the minimum cover for Yo, the yoAB 
term removes the STATIC HAZARD in yo as can be deduced in Fig. 6- 
17(b). 

The STATIC HAZARD shown in Fig. 6-17(b) is nondisruptive in the 
sense that the FSM finally resides in the proper OD STATE immediately 
following the brief improper transition to STATE (0. However, there is a 
short delay in achieving stability in the STATE, and this could be highly 
disruptive to any next stage FSM to which yo is attached if the HAZARD 
is sufficiently well developed. Also, if it is required that STATE 00) issue 
an output signal, an output glitch will result which could be disruptive de- 
pending, of course, on how that output signal is used. 


lia . y, AB(L) 
© 


(a) 
Fig. 6-17. (a) LPD circuit diagram for the FSM logic of Figure 6-16(b) excluding 
HAZARD cover YoAB. 
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(HAZARD cover) 
(b) 

Fig. 6-17 (contd.). (b) MIXED LOGIC timing diagram for the FSM of-Figure 6-16 
showing a (—) glitch SOP HAZARD initiated by a 1 — 0 change in yı, and 
showing the HAZARD cover (dashed waveform) required for the removal of the 
HAZARD. 
A More Complex STATIC HAZARD Analysis. Now let us move on to a some- 
what more complex FSM. Given in Fig. 6-18(a) is the state diagram for a 
four-state asynchronous machine which will be shown to have two STATIC 
SOP HAZARDs: an externally initiated HAZARD when the FSM is in 
STATE © and an internally initiated HAZARD when the FSM undergoes 
a transition from © to ®. We follow the procedure for HAZARD analysis 
given previously by first mapping the state diagram. Then we extract min- 
imum cover as shown in Fig. 6-18(b). The coupled variables and coupled 
terms are identified by arrows on the two state variable expressions. To 
assist us in the analysis of FSMs containing multiple sets of coupled terms, 
it is helpful to construct a table. This is done in Fig. 6-18(c), where four 
suspect HAZARDous transitions are indicated. Observe that the coupled 
terms for the (11) > (10) transition and for the first aD = transition do 
not lead to HAZARD formation and are labeled NA (not applicable) because 
they do not satisfy the requirements of the respective branching conditions 
indicated in the state diagram. This leaves but two valid STATIC HAZARDs, 
one for the — (01) transition and the other for the second a) =; 
transition shown. These HAZARDs are removed by adding the terms 
(ANDed residues) y1yoA and yoAB to the minimum cover for Yo as indicated 
in Fig. 6-18(b). 

Notice that the coupled terms, y:yoB and y,AB, represent an externally 
initiated HAZARD under conditions A:(B — B) for which the initial and 
final states must be the same (STATE in this case). Recall that STATIC 
HAZARDs cannot be formed if two or more coupled variables are present 
in or implied by the coupled terms. 

We have just learned that not all pairs of coupled terms in the NS logic 
expressions for an asynchronous FSM are necessarily HAZARDous. There- 
fore, if it is-the intent of the designer to produce a minimum circuit design, 
a detailed HAZARD analysis of the type just discussed is required. Such an 
analysis is not difficult to carry out. Nor does the analysis require much 
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Yı =YyAB+y,B+y,A + Y1 Yo 


Y) =y, AB + y} A + Y1 yoB + Y1Yo B + Y1 Yo A + Y9 AB 


A 
HAZARD cover 


(a) (b) 


State Transition 
NEXT STATE Coupled Variable Coupled and 
Variable Change Terms Branching Condition* 


* Deduced from the coupled terms. 
f Not applicable. The state transition does not occur under the input conditions required by the coupled terms. 


(c) 
Fig. 6-18. A two-input/two-output asynchronous FSM with two STATIC 
HAZARDs. (a) State diagram. (b) EV K-maps, minimum SOP cover, and 
HAZARD cover. (c) HAZARD analysis table showing the presence of two 
STATIC HAZARDS. 


extra work on the part of the designer, since the EV K-maps and cover 
(minimum or not) for the NEXT STATE variables are already a requirement 
of the design process. On the other hand, if an optimum circuit design is not 
important, a “‘shotgun’’ approach to HAZARD elimination can be used. To 
do this one would simply include the redundant cover for all pairs of coupled 
terms in the NEXT STATE expressions. Of course, this could increase the 
hardware requirements considerably, a sacrifice that the designer may or 
may not be willing to make. 

Are STATIC HAZARDs serious timing defects? Will their presence in 


an asynchronous FSM cause the FSM to malfunction? The answer to these 
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FSM 4 
output 


1— 0 Switching threshold 


©- ee am e e o o rn a ree 


Fig. 6-19. Example of an underdeveloped negative glitch HAZARD in an FSM 
output signal which may not cause malfunction in the next stage. 


questions requires some discussion. STATIC HAZARDs can be produced 
in both the NEXT STATE or output forming logic sections of an asynchro- 
nous FSM. HAZARDs that are produced in the NS forming logic may cause 
the FSM to malfunction if the HAZARD glitches develop to the extent that 
the switching thresholds are exceeded. This is in contrast to synchronous 
FSMs where the formation of HAZARDs in the NS forming logic is of no 
concern because of the filtering action of the FLIP-FLOPs. STATIC HA- 
ZARDs that are formed in the output forming logic of an asynchronous FSM 
may cause malfunction of a next-stage device, but again only if the HAZARD 
glitch is sufficiently well developed. Illustrated in Fig. 6-19 is an example 
of a negative glitch HAZARD that never fully develops and, therefore, may 
not cause problems in a next stage. The point is that, if it cannot be guar- 
anteed that all HAZARD glitches formed in an asynchronous FSM will not 
cross the switching threshold, they must be considered as fully developed 
HAZARDs and dealt with accordingly. 


Use of Exhaustive Decoder Devices. Combinational IC devices such as DE- 
CODERs, MUXs, and ROMs contain exhaustive decoder sections which 
are inherently noisy (logically)—any two logically adjacent CANONICAL 
terms are, by definition, coupled terms. So, the probability is high that at 
least one pair of coupled terms exists for a valid HAZARDous transition in 
an asynchronous FSM. However, underdeveloped STATIC HAZARDs of 
the type shown in Fig. 6-19 are quite common in such IC devices, and this 
fact makes it possible for exhaustive decoder devices to be used in some 
asynchronous circuits. Still, a wiser choice would be to avoid the use of all 
exhaustive decoder devices in asynchronous FSM design since there is al- 
ways the possibility, if not a likelihood, that one or more HAZARDs will 
be produced and will be developed sufficiently to cause problems either in 
the FSM itself or in a next stage device that it controls. Remember that 
HAZARDs produced by commercial IC devices such as DECODERs, 
MU Xs, and ROMs cannot be eliminated directly since there is no user access 
to their decoder sections. 


6.5.4 ESSENTIAL HAZARDS 


Elimination of all CRITICAL RACEs and STATIC HAZARDs from an asyn- 
chronous FSM operated in the fundamental mode does not ensure proper 
operation of the FSM. Noncombinational HAZARDs produced by explicitly 
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located asymmetric path delays in gates and/or leads can cause the FSM to 
malfunction. These HAZARDs, called ESSENTIAL HAZARDs (or E-HA- 
ZARDs), are multiple-order steady-state HAZARDs in the sense that they 
involve the change of two or more state variables in otherwise steady-state 
output signals. By this definition STATIC HAZARDs are first-order com- 
binational HAZARDs because they involve the change of only one state 
variable. Note that the term ‘“‘essential’’ does not imply “‘indispensible’’ or 
‘‘necessary’’ but, rather, refers to the fundamental mode of FSM operation 
that is required for the possible existence of an E-HAZARD. Without ex- 
ception, E-HAZARDs cannot be eliminated by adding redundant cover as 
can STATIC HAZARDs. 

The requirements for ESSENTIAL HAZARD formation are as follows: 


1. The asynchronous FSM must be operated in the fundamental mode. 

2. There must be at least two state (feedback) variables and at least one 
external input. 

3. There must be at least two paths of propagation of an external input to 
the last state variable to change (the first invariant state variable): one 
path directly to that state variable and another path indirectly to the same 
state variable by way of one or more different state variables. 

4. An asymmetric path delay must be explicitly positioned in the direct path 
of an input to the last state variable to change such that a critical race is 
established at the race gate between that input variable and one or more 
state variables via the indirect path. If the race is won by the state vari- 
able(s) an ESSENTIAL HAZARD is formed. Explicitly located asym- 
metric path delays of sufficient duration may ensure that the race is won 
by the state variable(s) and, hence, that the E-HAZARD is always 
formed. 


The requirements for ESSENTIAL HAZARD formation are illustrated 
by the block diagrams in Fig. 6-20, where the fictitious lumped MEMORY 
elements have been purposely omitted for the sake of simplicity. In Fig. 6- 
20(a) we give the requirements for second-order E-HAZARD formation 
which involves the change of two state variables in response to a change in 
input X: when an “‘unplanned’’ delay in the tı (X) path to ya exceeds the 
combined delays in paths t» and t3, hence 


ty > t2 + fs 


there results a successive change in yp and ya (in that order) before the NS 
forming logic can completely respond to the change in X which initiated the 
first transition. This unintended process is the ESSENTIAL HAZARD that 
causes the FSM to malfunction. In the event that the condition tı = t2 + 
t> should exist, a critical race is established between input X and the feedback 
variable y,, and the outcome is uncertain. Here, y, is the second state vari- 
able to change and y, is the first to change. 

The E-HAZARD shown in Fig. 6-20(a) can be removed by placing a 
counteracting delay (dashed box) in the y, feedback path so that 


ti <h + ts + At 
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Outputs 


Output forming 
logic 


E-HAZARD formation if t,>(t2 +t3) 
where y, is the second state 
variable to change and yis the 
first to change 


(a) 


Outputs 


Output forming 
logic 


E-HAZARD formation if t} >t, +t} +t% 
where y, is the third state variable 
to change, and y, and y, are the 
first and second to change 


(b) 


Fig. 6-20. Requirements for ESSENTIAL HAZARD formation. (a) Second-order 
E-HAZARDs. (b) Third-order E-HAZARDs. 


The added delay removes or reverses the asymmetry in path delay that 
caused the HAZARD, but it also slows down circuit response. Note that the 
counteracting delay, At, can also be placed on either the t2 or t, internal 
path, but to do so may cause the formation of other E-HAZARDs. For this 
reason, it is best to use an external feedback path for this purpose. The 
nature of the electronic circuits which produce counteracting delays of this 
type are discussed briefly in Sect. 6.8.3. 

Shown in Fig. 6-20(b) are the requirements for third-order E-HAZARD 
formation involving the change of three state variables in response to a 
change in the input X. When the delay in the ft, path to ya is of sufficient 
duration to cause the condition 


ti > tle + ts + t4 
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a third-order E-HAZARD is formed. During the formation of this E-HAZ- 
ARD three state variables y,, Ye, and ya are caused to change (in that order) 
before the NS forming logic can respond completely to the change in input 
X that initiated the first transition. Thus, y, is the third state variable to 
change. Elimination of the third-order E-HAZARD is accomplished by ap- 
propriately placing a counteracting delay At (dashed box) such that 


li< h +b + t4 + At 


The counteracting delay may be placed on either or both of the feedback 
paths, y, or ye. It is best not to use any of the internal paths for this purpose 
for reasons given earlier. 

If we compare the path delay requirements for second- and third-order 
E-HAZARD formation, we conclude that the greater the order of a potential 
E-HAZARD, the more difficult it becomes to meet the requirements for its 
formation. Second-order E-HAZARDs are much more likely to cause FSM 
malfunction than third-order E-HAZARDs, and fourth-order E-HAZARD 
formation is highly unlikely. 

Certain sequential patterns are required before an ESSENTIAL HAZ- 
ARD can be formed in an asynchronous FSM. These patterns are best re- 
vealed by using a NEXT STATE map or state diagram. Shown in Fig. 6- 
21(a) are the patterns required for second-order E-HAZARD formation in 
a generalized asynchronous FSM as revealed ina NEXT STATE map. The 
two possible patterns for the case k # b are illustrated in Figs. 6-21(b) and 
(c). These patterns are consistent with the block diagram of Fig. 6-20(a), 
namely, that two state variables are caused to change in turn before the NS 
forming logic can completely respond to the change X, —> X,, which initiated 
the first transition. If k = b in Fig. 6-21(a), then the FSM will eventually 
and correctly stabilize in STATE © regardless of any delayed response of 
the NS forming logic to the change X; > X,. So, if k = b, the FSM transits 
to the correct state (STATE Œ) but by a roundabout path. We will discuss 
this type of timing defect later in this section. 

The E-HAZARD patterns revealed in the NEXT STATE maps of Fig. 
6-21 are also revealed in the fully documented state diagram segment shown 
in Fig. 6-22. This is not surprising since the NEXT STATE map is nothing 
more than a graphical representation of the state diagram. Let us follow the 
sequence of events that lead to E-HAZARD formation by using the state 
diagram segment in Fig. 6-22. Properly operating, the FSM should transit 
from @ to (©) under branching condition . . . x1x9 when X; — x, and should 
hold in STATE © under the condition ... xıxo. The transition @ > ® 
amounts to a change of 0 — 1 in the yo state variable. However, if it happens 
that the complete response to x; — x, is sufficiently delayed in the x; path 
to yı of the NEXT STATE (NS) forming logic following the initiation of the 
a —> () transition, the FSM will continue to sense ... Xıxọ rather than 

. . X1Xq and will undergo another transition from STATE ©) to STATE ©. 
This second transition occurs because yo (the first state variable to change) 
wins the race with xı, at the race gate thereby forcing Y, to change from 0 
to 1. Thus, the delayed response of the NS forming logic to xı — x; has 
caused the FSM to sequence incorrectly @ —> b > ©. 
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E-HAZARD 
if 
kb 


(a) (b) 


Fig. 6-21. (a) Second-order E- 
HAZARD patterns as revealed 
in a generalized NEXT STATE 
map. (b), (c) Examples of the 
two types of E-HAZARD 

(c) patterns inherent in (a). 


What happens next as a result of the complete response of the NS forming 
logic to the x; — xı change determines what type of E-HAZARD is actually 
formed. If the FSM either holds at STATE (c)or transits on to and holds at 
STATE@)in final response to the X; > x; change, an E-HAZARD is formed. 
This is a malfunction of the FSM since the FSM incorrectly transits either 
from@) to@) or from @) to @ via the E-HAZARD path. In either case, the 
requirements for E-HAZARD formation are shown in Fig. 6-22 to be that 
the input condition J,, be contained in branching condition f,, that the input 
condition Ia» be contained in branching condition f,, that the input condition 
I,» not be contained in branching condition fe», and that there be at least 
one invariant state variable per transition in the E-HAZARD path. Here, it 
follows that a given transition can take place only if an input condition, J 
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irements for FSM Transition 


Requirements for E-HAZARD formation: 
l, 
Ing G fa, Tap G fp and Iap É fop 
fap and fpa differ by only one change in the 


sampling variable 


Requirements for d-trio formation: 
Ipe C fz; Top Cc fy and Izp on fy 
f, and fpe differ by only one change in the 
sampling variable 
Fig. 6-22. General requirements for second-order E-HAZARD and d-trio 


formation shown by using a state diagram segment equivalent to the NEXT 
STATE map in Figure 6-21(a). 


(e.g., Ia»), is contained in the branching condition, f (e.g., fab), for that 
transition, as indicated in Fig. 6-22. Mathematically, the three requirements 
for E-HAZARD formation are represented as Ipe C fa, Ia» C fp, and Lp 
É fe». An additional requirement is that branching conditions fas and fpe 
differ logically by only a single change in the sampling variable. 

There is a third possible transition path that the FSM can take once it 
has reached STATE (© following the initial response to ¥ı — xı described 
earlier. In the case of k = b in Fig. 6-21(a), the FSM will transit back to 
STATE (}), which is the correct final state. This third alternative path is 
shown in Fig. 6-22 by the dashed arrow from (©)to©®). A pattern such as (@) 
> b> O> (b) is called a d-trio (delay-trio) HAZARD, meaning that an 
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asymmetric path delay causes three state changes before the FSM finally 
resides stably in the correct state. Therefore, we conclude that a d-trio HAZ- 
ARD is a timing defect that causes two unintended additional changes in 
state variables before the FSM finally resides stably in the proper state. The 
requirements for d-trio HAZARD formation are shown in Fig. 6-22 to be 
the same as that for second-order E-HAZARD formation except that now 
the requirement is Jz, C fc» so as to provide a path back to STATE (b). 
Higher-order HAZARDs of this type are also possible. 

Summary. A second-order E-HAZARD or d-trio is formed if an asym- 
metric path delay of sufficient duration is placed on the direct input path to 
the second state variable to change (first invariant state variable), providing 


(b) 


Y, =y,CK+y CK Yy =y CK + CK FEN, 


HAZARD cover 


(c) 
Fig. 6-23. Design of an asynchronous toggle circuit. (a) State diagram. (b) NEXT 


STATE map. (c) K-maps and minimum SOP cover including STATIC HAZARD 
cover. 
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Indirect path 


for At, 


Indirect path 
for Atco 


y, (H) 


Counteracting delay 
added here to 
(d) remove E-HAZARD 
caused by At, 
Fig. 6-23 (contd.). (d) Circuit diagram in distributed path delay form showing 
gate delays and an unintended path delay At at position A that will cause an 
E-HAZARD to form if (At + 7) > (ts + 1s). Also shown is the counteracting 
delay (dashed box) required to eliminate the HAZARD. 


that the requirements given in Fig. 6-22 are met. The second-order E-HAZ- 
ARD or d-trio is eliminated by placing a counteracting delay on the feedback 
line corresponding to the first state variable to change—the indirect path. 
The counteracting delay must be equal to or greater than the net delay which 
caused the E-HAZARD or d-trio. 


An ESSENTIAL HAZARD Analysis. In Fig. 6-23 we design the TOGGLE 
circuit. This circuit is sometimes called a nongated RET T-FF if an output 
Q is issued, and is useful in the design of asynchronous sequential machines 
operated in the pulse mode (discussed in Sect. 6.8). The TOGGLE circuit 
is particularly well suited to our purposes at this time because its architecture 
is relatively simple and yet it has the capability of producing both STATIC 
and ESSENTIAL HAZARDs. Skipping, for the moment, to Fig. 6-23(c), 
we notice that the minimum cover for Yo indicates that the STATIC HAZ- 
ARD occurs in yo while in STATE and that it is externally initiated by 
the change CK — CK. The HAZARD cover is Yi yo as determined by the 
procedure presented earlier. 

Shown in Fig. 6-23(a) is the state diagram for the TOGGLE circuit and 
in Fig. 6-23(b) its NEXT STATE map representation. When we compare 
the patterns in these figures with those in Figs. 6-21 and 6-22, we see that 
the TOGGLE circuit contains potential ET-HAZARDs of the type produced 
when k = d. The presence of E-HAZARDs can be demonstrated by placing 
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an explicitly located asymmetric path delays in the logic diagram. Presented 
in Fig. 6-23(d) is the logic diagram for the TOGGLE circuit which is obtained 
from the NEXT STATE logic expressions in Fig. 6-23(c). In this circuit the 
LPD notation is dropped, and each gate is assigned a path delay 7; (repre- 
senting the gate and its inputs) to permit the various paths to be easily 
tracked. This logic circuit is said to be represented in distributed path form. 
Now, if an adjustable delay At is placed at position A in the direct path to 
yı and if (At, + 71) > (ts + Tg), the second-order E-HAZARD is formed. 
In this case the CRITICAL RACE (to race gate 4) between CK and yo is 
won by yo via the indirect path through gates 5 and 8. The result is a change 
in the second state variable yı caused by a change in yo. Notice that the 
output of race gate 4 (yoCK) agrees logically with the transit requirements 
for the second y-variable change represented by 01 — íD in Fig. 6-23(a). 
Note also that the STATIC HAZARD cover, yiyo, has been included but 
that it plays no role in the formation or elimination of this E-HAZARD, a 
fact that may not be true in other FSMs. 

The development of the E-HAZARD in the TOGGLE circuit is shown 
in the ideal timing diagrams of Fig. 6-24. Here, a unit path delay t, is assigned 
to each gate and to each INVERTER. In Fig. 6-24(a) the asymmetric path 
delay at position A is assigned the value At, = 41,. This delay causes the 
FSM to transit incorrectly 


-> 01 > C> 40 


for input change CK —> CK. Properly operating, the FSM should transit 
— for that input change, but instead it malfunctions as indicated. 

If we assign to each gate in Fig. 6-23(d) a unit path delay t,, as we have 
just done, the condition (At, + 71) > (ts + tg) for E-HAZARD formation 
becomes At, > Tp. This suggests that when At; is little more than a gate 
path delay, the E-HAZARD will form. This is demonstrated by the timing 
diagram in Fig. 6-24(b), where we have set At, = 21,. A close inspection 
of the timing diagram reveals that, as a result of a CK change from 0 to 1, 
the FSM transits through the sequence 


00 — 01 — 11 > 01 > oscillation 


ending in an oscillation. The FSM should transit — for the input 
change CK — CK. But because of the small delay 27, at position A, yo wins 
the race against CK at gate 4 but only by 1,. This causes y; to change twice 
in succession following the initial change in yo and forces the FSM back into 
the original cycle and, hence, into oscillation. 

Typically, E-EHAZARDs cause oscillatory behavior of the type described 
above under ideal conditions when the asymmetric path delay causing the 
HAZARD has a duration slightly greater than the minimum value required 
to produce the HAZARD. Thus, such oscillatory behavior indicates the 
onset of E-HAZARD formation but only for logic simulations involving iden- 
tical gates. For the TOGGLE circuit of Fig. 6-23(d) oscillatory behavior 
occurs when Af, is in the range of 7, to 27,. For At, > 31, the EHAZARD 
manifests itself as in Fig. 6-24(a). 
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Removal of the E-HAZARD caused by At, in the TOGGLE circuit of 
Fig. 6-23(d) is accomplished by placing on the yo feedback line (dashed box) 
a counteracting delay At which satisfies the condition (At, + 71) < (ts + 
ts + At) but which also slows down circuit response. Placement of this 
delay on the yı feedback line would not satisfy the requirement for elimi- 
nating the E-HAZARD. 

E-HAZARD production also occurs when an asymmetric path delay At 
is placed at position C or at position D in Fig. 6-23(d). We leave it as an 
exercise for the reader to determine the path delay requirements for E- 
HAZARD formation at each of these positions. An asymmetric path delay 
At placed at position B produces a special STATIC HAZARD under the 
condition that (A tg + 173) > (tı + 74). However, this is not an E-HAZARD, 
as we have defined it, since it involves a race to gate 7 between the sampling 
variable CK and its complement CK . Note that this special STATIC HAZ- 
ARD can form only if the ANDed residues of the coupled p-terms (to the 
race gate) is not logic 0. An E-HAZARD cannot be formed by placing a 
delay of any magnitude of position E. Why not? 


A More Complex ESSENTIAL HAZARD Analysis. Presented in Fig. 6-25 are 
the state diagram and NEXT STATE map for an FSM which possesses two 
timing defects, an E-HAZARD and a d-trio. The formation paths of these 
two HAZARDs are revealed on the state diagram by dashed arrows and in 
the NEXT STATE map by solid arrows. Here, it is seen that the EEHAZARD 
pattern is the same as that shown in Figs. 6-21 and 6-22 for the case where 
k =(o)and that the d-trio HAZARD pattern agrees with that for which k = 
b. Notice that the requirements necessary for E-HAZARD formation, 
namely, Isa C. fe, lep C fz, and In Z fap, are met if J., = AB and that the 
requirements for d-trio formation, Iac C fa, laa C fa, and laa C fea, are met 
if Iaa = AB. Notice also that the E-HAZARD and d-trio paths involve a 
change in a single input variable and that each state-to-state transition in- 
volves one invariant state variable. 

Let us trace the sequence of events leading to the formation of the two 
timing defects by using the state diagram in Fig. 6-25(a). Consider that the 
FSM initially resides (stably) in STATE under holding conditions AB. 
When the input change A — A is sensed, the transition AD — 01 is initiated 
and a 1 — 0 change occurs in yı. Now, if the complete response of the NS 
forming logic to the change A — A is delayed in the A path to yo, the NS 
logic still senses AB after yı has changed 1 — 0. Because the FSM still 
senses AB instead of AB, it will transit 01 > QO) with a 1 — 0 change in yo. 
The FSM will then reside stably in STATE 00) even after the NS forming 
logic completely responds to the input change A — A. In short, the FSM 
should transit (© — @) under branching conditions AB, but because of an 
unintended, explicitly located, path delay in the direct path of A to yo, the 
FSM malfunctions by erroneously undergoing a transit (©)—> b > @. The 
reader may verify that the NEXT STATE map in Fig. 6-25(b) provides this 
same information but in a somewhat less vivid manner. 

Next we trace the formation path of the d-trio HAZARD as depicted in 
the state diagram of Fig. 6-25(a). Begin with the FSM in STATE under 
holding conditions AB. When the input change B > B is sensed by the FSM, 
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Fig. 6-25. An FSM showing the presence of an E-HAZARD and a d-trio. (a) 
State diagram representation. (b) NEXT STATE map representation. (c) NEXT 
STATE K-maps and minimum cover showing no STATIC HAZARDS. 
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the — 10 transition is initiated causing a 0 — 1 change in yı. If an 
unintended, explicitly located delay exists in the direct B path to yo, the 
second state variable to change, the NS forming logic continues to sense 
input conditions AB instead of AB, thereby causing the FSM to transit 10 
— (11). Finally, in complete response to the B > B change, the FSM senses 
AB and transits 11 —> (10), completing the d-trio HAZARD path. Again, one 
notes that the same information is provided by the NEXT STATE map of 
Fig. 6-25(b), but less vividly. Note that this d-trio path is nondisruptive to 
FSM operation, provided that this FSM is not used to drive another. 

No HAZARD analysis of an FSM is complete without checking for the 
presence of STATIC HAZARDs. This is done in Fig. 6-25(c) where we show 
the K-maps and minimum cover for the NEXT STATE variables, Y; and 
Yo. The NEXT STATE logic expressions indicate that no STATIC HA- 
ZARDs are possible since no coupled terms exist in either expression. 

The details of E-HAZARD and d-trio formation are best displayed by 
the use of timing diagrams, and this we will do. First, however, a logic circuit 
must be constructed so that the HAZARD-producing delays can be located 


Yq (H) 


E-HAZARD if (Atg + T7) > [tg + T5 + T10 + (Tg OF To)] 
E-HAZARD if (t7 + Atp) > [T2 + 5+ 119 + (Tg OF To)] 


d-trio if Atp >(t,+ t, +719) 


(a) 
Fig. 6-26. Formation of the E-HAZARD and d-trio revealed in the FSM of Figure 
6-25. (a) Circuit diagram showing position (E or F) of the asymmetric path delay 
At that will produce the E-HAZARD, the position (D) of an asymmetric path 
delay At that will cause the d-trio to form, and the position of the counteracting 
delay (dashed box) that will eliminate these timing defects. 
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Fig. 6-26 (contd.). (b) Timing diagram showing the formation of the E-HAZARD. 
(c) Timing diagram showing formation of the d-trio. 


and delay paths can be traced. Shown in Fig. 6-26(a) is the logic circuit 
which has been constructed by applying the LPD model to the NEXT 
STATE logic given in Fig. 6-25(c). Here, the LPD notation has again been 
dropped and the circuit is represented in distributed path delay notation by 
assigning discrete delays to each gate. 
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Before we construct a timing diagram, it will be helpful to establish the 
requirements for E-HAZARD formation and elimination as deduced from 
the logic circuit in Fig. 6-26(a). The position of the unintended delay At is 
shown in Fig. 6-26(a) to be at position E for E-HAZARD formation and at 
D for d-trio formation. These positions (E and D) were ascertained by tracing 
the direct and indirect paths of the inputs to the second y-variable to change. 
For example, position Æ is in the direct path of the sampling variable A to 
the second state variable to change, yo, via gates 7 and 11, where gate 11 
is the race gate. The indirect path of the input A to race gate 11 is by way 
of gates 2, 5, and 10, feedback variable yı (the first y-variable to change) 
and gate 8 or 9. Thus, input A and feedback variable yı are engaged in a 
critical race to gate 11 by way of the direct and indirect paths. If Atg is 
sufficiently large, then (Atg + 17) > (t2 + Ts + Tio + To) and yı wins the 
race causing the formation of the E-HAZARD. A counteracting delay At 
which is placed in the y, feedback path [dashed box in Fig. 6-26(a)] and 
which meets the condition (Ate + 17) < (t2 + Ts + Tio + To + At) eliminates 
the E-HAZARD. Notice that the input yoA to race gate 11 agrees logically 
with the state variable and branching condition requirements for the first 
state variable change QD — 01 in Fig. 6-25(a)]. 

Now, it can be seen that the timing diagram in Fig. 6-26(b) verifies the 
_ formation of the E-HAZARD under the condition that At = 5r, at position 
E when all gates are assigned a unit path delay, tp. The change in input 
conditions AB — AB should result in the transition —> O). But because 
of the presence of the delay Atg = 5t1,, the formation of the E-HAZARD 
causes the FSM to transit incorrectly (1) — 0l — OÒ. The E-HAZARD 
forms because the unintended delay At keeps the terms yoA (H) and yıA (H) 
from going ACTIVE as they normally would following the change A —> A 
shown in the timing diagram. 

From the logic diagram in Fig. 6-26(a), we can deduce the requirements 
for d-trio HAZARD formation just as we did for E-HAZARD formation. 
The presence of an unintended delay at position D is in the direct path of 
sampling variable B to state variable yo via gates 9 and 11. The indirect path 
of input B to gate 9 is by way of gates 1, 4, and 10, and feedback variable 
yı. Thus, a critical race to gate 9 exists between input B and feedback variable 
yı. If Atp is sufficiently large such that A tp > (1, + T4 + 710), then yı wins 
the race and the d-trio is formed. A counteracting delay At in the feedback 
path (dashed box) which meets the condition Atp < (t1 + T4 + Tio + At) 
removes the d-trio. 

The formation of the d-trio HAZARD is verified by the timing diagram 
in Fig. 6-26(c) for the case A tp = 51,, where, as before, all gates are assigned 
a unit path delay, tp. The d-trio is initiated by the change in input conditions 
AB — AB, causing the FSM to transit incorrectly 00) —> 10 —> —> 
when it should have transited (00) > (10). The two additional transitions 
amount to the production of a two-path delay glitch in the yo output signal 
and, hence, constitute a HAZARD which cannot be eliminated by combi- 
national means. 

Not all explicitly located asymmetric path delays lead to E-HAZARD or 
d-trio formation when the delays are present in the direct path of a sampling 
variable to a state variable. A typical example is the placement of a delay 


6.5 / Design Considerations 567 


568 


of any magnitude at position G in Fig. 6-26(a). No E-HAZARD or d-trio is 
possible in this case because the output of gate 8 (yA) does not satisfy the 
transit requirements for first or second y-variable change deduced from the 
state diagram in Fig. 6-25(a). For E-HAZARD or d-trio production to occur 
the output of gate 8 must be compatible with either y,A or yiAB if gate 8 is 
the race gate, or compatible with y,A or yoB if gate 11 is the race gate. 

However, the logic circuit shows the output of gate 8 to be y,A. It is left as 
an exercise for the reader to verify that an E-HAZARD is formed by an 
asymmetric path delay At placed at position F in Fig. 6-26(a) if the require- 
ment (T7 + Atr) > (T2 + Ts + Tio + To) is satisfied. 


Summary of SOP Race-Gate Requirements for E-HAZARD and D-trio Forma- 
tion. 


1. A race gate (ANDing or ORing) must be in the direct path of the sampling 
variable to the second y-variable to change (first invariant y-variable), 
and the asymmetric path delay required to produce the E-HAZARD or 
d-trio must be present in that direct path. For example, the AND race 
gate (gate 9) in Fig. 6-26(a) is in the direct path of B to yo (the second y- 
variable to change), and the delay At must be present at position D. 

2. An ANDing race gate must generate a p-term that is logically compatible 
with the transit requirements for the second y-variable change. For ex- 
ample, yıB from AND gate 9 in Fig. 6-26(a) must be logically compatible 
with yiAB, the requirement for the 10 — transition in the d-trio path 
shown in Fig. 6-25(a). That is, y;AB must be contained in the NS expres- 
sion for the second y-variable to change (Yo), which it is, as indicated in 

Fig. 6-25(c). 

3. An ORing race gate must have a direct-path p-term input that is logically 
compatible with the transit requirements for the first y-variable change. 
For example, the yoA input to the OR race gate (gate 11) is logically 
compatible with ypAB—the requirement for the (11) — 01 transition which 
initiates the E-HAZARD process. Thus, ypAB must be contained in the 
NS expression for the second y-variable to change (Yo), which it is, as 
shown in Fig. 6-25(c). 

4. The indirect path for any race gate (ANDing or ORing) must be logically 
compatible with all nonsampling external input variables and must permit 
the first y-variable change. For example, the indirect path to OR race 
gate 11 for E-HAZARD formation in Fig. 6-26(a) must be compatible with 
nonsampling input B, which it is, and must permit a 1 — 0 change in yy. 
Note that on rare occasions the inclusion of STATIC HAZARD cover 
can provide an indirect path to a race gate. 

5. An asymmetric path delay of sufficient magnitude placed in the direct 
path to the race gate causes the race (between direct and indirect paths 
to the race gate) to be won by the indirect path. The first y-variable to 
change causes the second y-variable to change, resulting in the formation 
of a second-order E-HAZARD or d-trio. 


The race gate requirements for E-HAZARD and d-trio formation given 
apply only to SOP logic. A similar set of requirements can be developed for 
POS logic. The task of doing this is left to the reader as an end-of-chapter 
problem (Problem 6.19). 

A special STATIC HAZARD can result when two coupled p-terms to 
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an ORing race gate contain the sampling variable as the only coupled vari- 
able. The delay required to produce the special STATIC HAZARD must be 
present in the INVERTER-less path of the sampling variable to the ORing 
race gate and must be larger than the delay of the INVERTER in the re- 
maining path of the sampling variable to the same ORing race gate. The 
HAZARD is eliminated by adding to the Y expression involved the HAZARD 
cover (ANDed residues) for the coupled p-terms. In a similar manner, a 
special STATIC HAZARD can be formed by two coupled s-term inputs to 
an ANDing race gate in POS logic. Such a HAZARD can be eliminated by 
adding the ORed residues of the s-terms to the Y expression containing the 
s-terms. 

An example of a special STATIC HAZARD results if a delay Atg > tı 
is present at position B in Fig. 6-23(d). In this case the coupled p-terms are 
those from NAND gates 3 and 4, and the race (to NAND gate 7) is won by 
p-term yoCK, thereby causing the FSM to malfunction. The HAZARD is 
eliminated by adding the term y;yo to the Y, expression. While this eliminates 
the STATIC HAZARD for any value of delay at position B, it allows the 
formation of an E-HAZARD under the condition that (Atg + 73) > (4 + 
T4 + Tg + Tyc), Where tyc is the path delay associated with the HAZARD 
cover yıyo. In this case the race gate is gate 7 and the path is —> 10 —> 
C0) — OD. Note that the requirements established for E- HAZARD formation 
are met. 


Perspective on HAZARDs. Almost all multiple state asynchronous FSMs de- 
signed to operate in the fundamental mode will have the potential to form 
at least one E-HAZARD or at least one d-trio HAZARD. Fortunately, the 
requirements for E-HAZARD and d-trio HAZARD formation are not always 
easily met in the NEXT STATE forming logic of an asynchronous FSM, 
and even when they are met there is often enough inertial delays associated 
with the feedback paths to prevent their formation and the malfunction that 
may result. Still, an active E-HAZARD or d-trio represents one of the most 
serious types of timing defects known to exist in asynchronous FSMs de- 
signed to operate in the fundamental mode. For this reason, designers of 
asynchronous FSMs must be aware of the potential for these defects to cause 
FSM malfunction and take reasonable precautions to ensure that this does 
not happen. The precautions include avoidance of excessive delays on cer- 
tain leads or in certain gates (including INVERTERs) and, if necessary, the 
placement of counteracting (preventive) delays on specific feedback lines. 
If preventive delays are placed in feedback lines, it must be understood that 
such delays will slow down circuit response. In such cases the designer must 
weigh the increased probability for successful FSM operation due to the 
preventive delays with the resulting reduction in circuit response. Thus, 
massive delays on feedback lines may be totally unacceptable for some high- 
speed FSM applications. If so, restricted augmentation of the minimum path 
delay requirements for E-HAZARD formation (without insertion of feedback 
delays) is possible by DeMorgan transformation of the race gate. But this 
can be done if an INVERTER is required for the sampling variable in the 
race gate term. The transformation yoCK — Yo+CK in Fig. 6-23(d) is an 
example. 

It must be remembered that an active ESSENTIAL HAZARD in an 
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asynchronous FSM cannot be eliminated by the combinational logic methods 
used to eliminate STATIC HAZARDs. Also, while it is possible (but not 
probable) that an asynchronouis FSM can operate properly with STATIC 
HAZARDs present, the presence of even one active E-HAZARD will most 
assuredly cause the FSM to malfunction. Therefore, it is strongly recom- 
mended that designers of asynchronous FSMs eliminate all STATIC HA- 
ZARDs from their designs and take the necessary precautions to minimize 
the probability for E-HAZARD formation. The effort to accomplish these 
aims will not be minimal to be sure, but the end reward of successful FSM 
operation will more than justify the means of achieving it. 
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The essence of the LPD model presented in Sect. 6.2 is the lumped MEM- 
ORY element that separates (in time) the corresponding NEXT STATE and 
PRESENT STATE variables. It was from this fundamental character of the 
model that the stability criteria [Eqs. (6-2) and (6-3)] were established. There, 
as will be recalled, it was stated that an asynchronous FSM is considered 
stable in the j** STATE of some sequence if, and only if, Y;(t) = y,(t) for 
all j. So what requirements must be met by the FSM to satisfy the stability 
criteria contained in Eq. (6-2)? To answer this question properly, it is nec- 
essary to look at the operation of an asynchronous FSM at the STATE level. 
For this purpose we define (actually redefine from Sect. 5.6.7) the following 
timing parameters: 


Sampling Variable. A specific input variable whose passage through its AC- 
TIVE (or INACTIVE) transition point is required to initiate a state-to- 
state transition. Thus, the sampling variable, also called the triggering 
variable, is the last input variable permitted to change its logic level in 
the initiation of a state-to-state transition. 


Setup Time (tsu). The time interval immediately preceding the ACTIVE (or 
INACTIVE) transition point of the sampling variable during which all 
inputs must be maintained at their proper logic levels. 


Hold Time (¢,). The time interval immediately following the ACTIVE (or 
INACTIVE) transition point of the sampling variable during which all 
inputs must be maintained at their proper logic levels to ensure successful 
completion of the transition. 

Intimately connected with these three timing parameters is the asyn- 
chronous input condition. It is appropriate at this time that we restate 
from Sect. 5.8.4 the definition of asynchronous input: 


Asynchronous Input. Any external input to an FSM that can changè- logic 
levels at any time particularly during the setup and hold times established 
by the sampling variable. By definition, the sampling variable for any 
given STATE is an asynchronous input. 


In the discussions that follow, use will be made of the timing parameters 
to develop a better understanding of the state transition process in any FSM, 
synchronous or asynchronous. In addition, the reader will gain an appre- 
ciation for the heavy restrictions which must be placed on the use of asyn- 
chronous inputs in such FSMs. 
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The timing parameters just defined are illustrated in Fig. 6-27 by the rising 
edge of the voltage waveform for a sampling variable, xo, and a transition 
from STATE (p) to STATE (q) Here, it is seen that prior to the beginning 
of the setup time (tsu) the external inputs, exclusive of the sampling variable, 
may change logic levels, but the FSM still retains its present STATE D. 
During the setup period all external inputs must remain logically stable in- 
cluding the sampling variable which is approaching its triggering (ACTIVE 
transition) threshold ¢,,. At the triggering threshold the sampling variable 
logically samples the logic status of the variables involved in the branching 
operation. An additional period of time, the hold time ta, is required for the 
effects of the sampling variable change to settle in, after which the FSM will 
reside in a stable STATE() if Y(t) = y,(¢) for all j, or will transit (cycle) 
on to another state if Y;(t) # y,(t) for any j. Illustration of the setup- and 
hold-time requirements relative to the falling edge of the sampling variable 
waveform follows in a similar manner. Note that, in general, the setup and 
hold times will vary from STATE to STATE, and that their values for an 
ACTIVE transition of the sampling variable will usually not be the same as 
those for an INACTIVE transition. 

Each state of an asynchronous FSM will generally have its own sampling 
variable and its own unique setup and hold-time requirements established 
by the sampling variable. Therefore, an asynchronous FSM can correctly 
transit from one stable state to another only if the setup- and hold-time 
requirements established for that transition are met by the appropriate input 
variables. In Figs. 6-28(a), (b), and (c) are shown three branching configu- 
rations commonly found in asynchronous FSM design. The first, in Fig. 6- 
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Fig. 6-27. Rising edge of voltage waveform for sampling variable Xo showing the 
setup- and hold-time requirements established by Xo for a transition ® to © 
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(a) (b) (c) 
Fig. 6-28. Examples of three common branching configurations showing the 
sampling variable involved for each. (a), (b) Two two-way out-branching 
- configurations where setup- and hold-time requirements of the sampling variable 
must be met. (c) The GO/NO-GO configuration for which branching is 
independent of setup- and hold-time considerations. 


28(a), features two-way outbranching from a STATE(e) where the sampling 
variable is the first variable (x; or xo) to change. If input x, is the first to 
change, then xo must meet the setup- and hold-time requirements of x; so 
that a predictable transition will take place. Similarly, if xo is the first variable 
to change, then input x; must meet the setup- and hold-time requirements 
of xo to ensure a predictable transition. Thus, in either case, failure of the 
nonsampling variable to meet the setup- and hold-time requirements estab- 
lished by the sampling variable could result in an unpredictable transition 
which is unacceptable FSM behavior. 

The two-way outbranching configuration in Fig. 6-27(b) differs from that 
in Fig. 6-28(a) in that the sampling variable is always xo. So xı must meet 
the setup- and hold-time requirements of xo if a predictable transition is to 
result. 

The GO/NO-GO configuration shown in Fig. 6-28(c) deserves special 
attention because it is the only configuration whose outbranching does not 
depend on setup- and hold-time considerations. The reader may recall that 
this GO/NO-GO configuration was cited in Sect. 5.8.4 as being the only 
reliable means of dealing with asynchronous inputs. And so it remains! The 
GO/NO-GO configuration in Fig. 6-28(c) differs from that in Fig. 5-67 only 
to the extent that in the latter case, CLOCK is the implied sampling variable. 
In Fig. 6-28(c), xı is the only input controlling the branching from STATE 
(6), though there may be numerous other inputs associated with an FSM 
having this configuration in its state diagram. This GO/NO-GO configuration 
cannot fail for any change in input x; that crosses the switching threshold. 

Naturally, we would prefer to design all asynchronous FSMs by using 
the GO/NO-GO in Fig. 6-28(c) since it does not depend on setup- and hold- 
time considerations and, accordingly, cannot fail. Unfortunately many al- 
gorithms require the use of two (rarely more than three) outbranching de- 
cisions as in Figs. 6-28(a) and (b), and multiple-branching configurations such 
as these place severe constraints on the permissible intervals of input change. 
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To reinforce what has just been learned, consider the branching con- 
figuration in Fig. 6-28(b). Let us suppose that at some point in time an FSM 
resides in STATE D under holding condition xo, and that a transition to 
STATE @)is required. In Fig. 6-29 we illustrate the requirements for a suc- 
cessful transition(p) — @)under branching conditions xıxo. Notice that the 
sampling interval must lie within the proper stable region (in this case the 
HV region) of the input variable waveform before a successful transition Q) 
— (g)can be assured. This, of course, is precisely what is expressed in Fig. 
6-27. 

The problems posed by multiple-branching conditions, as in Figs. 6-28(a) 
and (b), are not trivial and cannot be ignored if meaningful and reliable FSM 
designs are to result. Let us be clear on one point which emerges from the 
previous discussion: 


The sampling variable must be considered the only asynchronous input 


controlling the branching from any given STATE of a sequential FSM. 


This implies the following: 


No two (or more) external inputs controlling the branching in an FSM 
should be allowed to change in close proximity to each other. 
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Fig. 6-29. An input voltage waveform that meets the setup- and hold-time 
requirements established by the sampling variable, Xo, in Figure 6-28(b). 
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If this restriction is not observed, stabilized entry of the FSM into a given 
state cannot be assured. Remember that all inputs in an asynchronous FSM 
are, by definition, asynchronous unless they are constrained by some means 
to work ‘“‘synchronously’’ with the input designated as the sampling variable. 

For an FSM operated synchronously, CLOCK is the designated sampling 
variable for each state of the machine; hence CLOCK is the universal sam- 
pling variable in such a machine. All other external inputs controlling the 
branching from a particular state must necessarily meet the setup- and hold- 
time requirements for that state imposed by CLOCK if the FSM is to operate 
reliably. Failure to meet this requirement can result in unpredictable be- 
havior as discussed at the end of Sect. 5.8.4. 

In the general case of a multiple-branching asynchronous FSM, there is 
no universal sampling variable for the machine. Each state may have its 
own unique sampling variable. Therefore, to deal with multiple-branching 
conditions in asynchronous FSMs, the designer really has but one choice: 


Constrain all external inputs to meet the setup- and hold-time require- 


ments imposed on each state by the sampling variable for that state. 


This means that all (other) input variables in an FSM must be synchronized 
with the sampling variable to the extent that their logic levels cannot be 
altered during the setup and hold times established by the sampling variable. 
Thus, the inputs can change their logic levels but only after the FSM has 
stabilized according to the stability criteria Y(t) = y,(t) for all j. What we 
have just stated is the fundamental requirement for branching in any se- 
quential machine. Again we state that failure to meet this requirement could 
lead to unpredictable behavior and malfunction. 

How the setup- and hold-time requirements are met for any given state 
in a multiple-branching asynchronous FSM is determined by the designer 
of the FSM in consideration of what the FSM must do and the nature of the 
external world that must provide the FSM’s input signals. A simple example 
would be the case of an asynchronous FSM whose multiple branching from 
any given state is controlled by push-button (manual) switch variables. In 
this case the setup- and hold-time requirements for branching from such a 
state could be satisfied by pushing the input buttons one at a time, making 
certain that the sampling variable button for that state is pushed last of all. 
In effect, this synchronizes all (other) inputs to the sampling variable—they 
are forced to maintain their proper logic levels during the setup and hold 
times imposed by the sampling variable. But there could be several states 
in an FSM that have multiple-branching conditions, and each of these states 
could have its own unique sampling variable. This would require the designer 
to identify the sampling variable of each such state so that the switch buttons 
could be pushed in the precise order required for reliable branching. 

Section 6.9 discusses other alternatives in dealing with the setup- and 
hold-time requirements imposed by the sampling variable. There, the hand- 
shake interface is reintroduced as a means of controlling the timing between 
external inputs. Section 6.9 also discusses in depth the phenomenon called 
metastability. 
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The arguments just presented point to the importance of maintaining 
strict control over all inputs to an asynchronous (or synchronous) FSM. It 
is not enough just to design an FSM and hope that it will work when it is 
put into operation. 


6.5.6 Rules for State Diagram Construction 


In previous sections of this chapter we have stated or at least implied some 
of the rules regarding proper construction of the state diagram for asyn- 
chronous FSM design. For example, we have already alluded to the need 
for logically adjacent states so as to avoid possible CRITICAL RACEs, and 
we have addressed the problem of multivariable branching conditions. Now, 
it is necessary that we place these rules on a somewhat more formal basis 
and add to them a few other rules and guidelines which follow quite naturally 
from the previous sections. 


STATE Code Assignment Rule (Logic Adjacency Rule) 


With few exceptions, all state-to-state transitions must be logically 


adjacent, that is, unit-distance coded. 


Failure to observe the logic adjacency rule for an asynchronous FSM may 
cause CRITICAL RACEs and possible malfunction of the FSM. One ex- 
ception is the creation of an intentional non—CRITICAL RACE condition 
for the expressed purpose of gaining a more optimum design as discussed 
in Sect. 6.5.2. 

When the logic adjacency rule cannot be satisfied for a particular state 
diagram, extra ‘“‘fly states’? may be added as illustrated in Fig. 6-30. How- 
ever, it must be remembered that the maximum number of states permitted 
for m state variables is | 


Npa = 27 (6-6) 


If the addition of extra states is not desirable or possible, additional state 
variables can be added. If neither of these options is desirable, the race 
condition can be eliminated by following the procedure described in Sect. 
6.5.2. In any case, it is essential that no CRITICAL RACE be left in the 
design of the FSM. 


Branching Condition Rule 


State branching dependency on more than one asynchronous input 


must be avoided. 


Remember that the sampling variable must be the only asynchronous vari- 
able controlling branching from a particular state. All other external inputs 
in a multivariable branching condition must be constrained to meet the setup- 
and hold-time requirements established by the sampling variable—there are 
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a Fly state 


Fig. 6-30. Use of a fly state to prevent a race condition. 


no exceptions. How this can be accomplished is discussed in Sect. 6.5.5 and 
later in Sect. 6.9. If the branching condition rule is not obeyed, dependable 
operation of the asynchronous FSM cannot be assured. 


Output Rules 


1. Do not attempt to generate an output on a fly state. 


2. Do not attempt to generate an output conditional on a branching (exiting) 
condition. 


The reason for these rules should seem obvious. An output on a fly state or 
an output conditional of a branching condition will be nothing more than a 
glitch, possibly too short in duration to trigger the digital device(s) receiving 
the output signal. 

Examples of how not to generate outputs in an asynchronous FSM are 
given in Fig. 6-31. Notice that the unconditional output P îÎ | in Fig. 6-31(a) 
is in violation of output rule 1 and that the conditional output in Fig. 6-31(b) 
violates output rule 2. Recall that output generation schemes such as those 
in Fig. 6-31 are proper for synchronous FSMs since CLOCK is understood 
to be the sampling variable. 


x 


PTL 


Fig. 6-31. Examples of 
improper generation of outputs. 
(a) Unconditional output on a 
fly state [violation of Rule (1)]. 
(b) Output generation 
conditional on the exiting 

(a) (b) condition [violation of Rule (2)]. 
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(a) (b) (c) 
Fig. 6-32. Examples of proper generation of outputs. (a) Unconditional output. 
(b) and (c) Conditional outputs. 


Examples of proper generation of unconditional and conditional outputs 
in an asynchronous FSM are given in Fig. 6-32. It seems clear that the 
unconditional output in Fig. 6-32(a) is sustained to the extent that input X 
is held ACTIVE, whereas the unconditional output of Fig. 6-31(a) can be 
sustained no longer than a path delay. Similarly, the output QO of Fig. 6-32(b) 
will be sustained for as long as AB is ACTIVE. In Fig. 6-32(c) is shown the 
case of an output, R, that is conditional on an input condition not part of 
the branching requirements for that STATE. These output assignments to- 
gether with their many variations are commonly used in asynchronous de- 
sign. 


Expansion and Merge Rules. The LPD model discussed in Sect. 6.2 is valid 
for the general Mealy FSM as well as for its degenerate forms, the Moore 
machines, represented in Fig. 6-2. It is desirable at this time to show how 
the designer can change the state diagram for an asynchronous FSM from 
a Moore form to that of a Mealy machine or vice versa, or simply merge or 
expand the state diagram to alter the number of states. There are really only 
two rules to remember: 

Merging or expansion of states in a state diagram should be performed 
under the following conditions: 


1. If the change yields a less complex NEXT STATE or output forming 
logic design without unacceptably altering the basic algorithm or timing 
constraints of the FSM. 

2. If it is necessary to correct for timing defects or to alter the path delays 
of the circuit so as to meet timing specifications. 


Successful merging or expansion of the state diagram requires not only 
a thorough understanding of the FSM itself but also an understanding of the 
functional environment within which the machine must operate. Following 
any such merge or expansion the designer must determine whether or not 
any timing problems have been introduced by the state diagram alteration 
(e.g., setup and hold-time problems, HAZARDs, or CRITICAL RACEs). 

Examples of typical Mealy < Moore expansions and merges are pre- 
sented in Fig. 6-33. Observe that the basic algorithm has been preserved in 
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A+B HÎLif A Co==> 


Mealy segment Moore segment 


(a) 


Moore segment Mealy segment 


(b) 
Fig. 6-33. Examples of state diagram expansion and contraction (merge). 
(a) Simple Mealy <> Moore conversion. (b) More complex Mealy <> Moore 
conversion. 


each conversion but that no account has been taken of any timing constraints 
which might have been in effect. The addition or removal of states changes 
the timing conditions of the FSM since each state-to-state transition rep- 
resents a certain amount of delay. For example, in the Moore segment of 
Fig. 6-33(b), STATE @ is used as a fly state presumably for purposes of 
maintaining logically adjacent transitions. Its merger with STATE) pro- 
duces the Mealy segment shown which changes the timing conditions of the 
FSM. Note that in either segment the output Z is permitted to be ACTIVE 
only for input conditions AB. Also, note that all outgoing branching con- 
ditions for each state satisfy Eqs. (6-4) and (6-5). 
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6.5.7 


Initialization and Reset of Asynchronous FSMs 


Section 5.8.6 dealt with the subject of initialization and reset of synchronous 
FSMs. There, we described the use of a SANITY circuit to PRESET or 
CLEAR a FLIP-FLOP. Of course, FLIP-FLOPs are not present in asyn- 
chronous FSMs that are designed to operate in the fundamental mode. But 
SANITY circuits, of the type shown in Fig. 5-77, are still required to initialize 
these FSMs as described in the paragraphs that follow. 

To initialize (or reset) an asynchronous FSM, it is necessary that the 
outputs of the SANITY circuit [SANITY(H) or SANITY(ZL)] be connected 
to the appropriate gates so as to drive the present state variables (hence the 
FSM) into the required initial state. With reference to the conjugate gate 
forms shown in Fig. 2-28, we set out the MIXED LOGIC connections nec- 
essary to initialize the gates of which all digital machines are composed. 


To Initialize Logic 0: 


Connect SANITY(L) to ACTIVE HIGH input ANDing gate forms, 
NAND and AND. 


Connect SANITY(#H) to ACTIVE LOW input ANDing gate forms, 
NOR and OR. 


To Initialize Logic 1: 


Connect SANITY(L) to ACTIVE LOW input ORing gate forms, NAND 
and AND. 


Connect SANITY(A) to ACTIVE HIGH input ORing gate forms, NOR 
and OR. 


Note that these connection requirements are satisfied inside FLIP-FLOPs 
as, for example, the JK-FF shown in Fig. 5-30(b). 

In making the connections indicated, care should be exercised to plan 
for the fan-in requirements of the gates and the fan-out capabilities of the 
SANITY circuit(s). Related to these remarks is the admonition to analyze 
the logic circuit carefully before making the SANITY connections. In most 
cases the goal should be to initialize only those gates that are essential to 
the initialization process. The JK-FF in Fig. 5-30 is a simple case in point. 
On the other hand, implementation of an asynchronous FSM with array 
logic, such as PLAs or PALs, may require the initialization of entire AND 
or OR arrays. 


6.6 DESIGN AND ANALYSIS OF ASYNCHRONOUS FSMs 


Up to this point we have applied the lumped path delay (LPD) model to the 
design of simple asynchronous FSMs and have discussed many factors which 
must be considered before successful designs can be achieved. Now it is 


- desirable to gather this information together into procedural form followed 


by a few simple but useful design examples. 
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Design Procedure for Asynchronous FSMs 


The design procedure that follows is presented in five parts for future ref- 
erence purposes. We emphasize that the procedure we present is to be con- 
sidered as a guide only, not a rigorous routine that must necessarily be 
followed. Deviations from this procedure are expected depending on the 
complexity of the FSM involved. 


Part I. Understand the Problem 


1. Develop a thorough understanding of the functional requirements and 
I/O specifications of the asynchronous FSM to be designed. 


2. Take note of any specific timing constraints that must be met. 


Part II. Construct the State Diagram 


1. Construct a fully documented state diagram which is free of ENDLESS 
CYCLEs and which is in agreement with the algorithm and timing con- 
straints for the FSM. In particular, make certain that all inputs controlling 
the branching from each STATE meet the setup- and hold-time require- 
ments of that STATE. If necessary, use timing diagrams to test for 
branching reliability. Use the GO/NO-GO configuration whenever pos- 
sible, even at the expense of using extra states or state variables. 

2. If desirable make a preliminary judgment as to the type of outputs (con- 
ditional or unconditional) required and merge or expand the state diagram 
accordingly. Repeat step 1; then go to Part III. 


Part III. Make State Code Assignments 


1. Unit-distance code all State-to-state transitions in the state diagram so 

that they are logically adjacent; then go to Part IV. 

2. If unit-distance coding is not possible, do one of the following: 

a. Add fly states, or merge or expand the state diagram as needed to 
establish logic adjacency and repeat Part II. 

b. Check for CRITICAL RACEs. If present, remove them (see Sect. 
6.5.2) and repeat Part II; then go to Part IV. 

c. Go to Part IV if only nonCRITICAL RACE conditions exist, if the 
alternative paths of the race cause no timing problems or output 
glitches, and if the race conditions contribute to a more optimum cir- 
cuit. Otherwise, remove all race conditions as in 2(b), repeat Part II, 
and go to Part IV. 


Part IV. Obtain the NEXT STATE and Output Functions 


1. Use the state diagram and the LPD model to map each NEXT STATE 
variable (Y;) and each output by taking the feedback variables (y’s) as 
the map axes. 

2. Loop out minimum or reduced cover for each NEXT STATE variable 
and output. 

3. Check the minimum (or reduced) cover for STATIC HAZARDs and po- 
tential E-HAZARDS and d-trios by following the procedures given in 
Sects. 6.5.3 and 6.5.4. Eliminate the STATIC HAZARDs and make note 
of all potential E-HAZARDS and d-trios for future reference, or take 
preventive action, or both. Now go to Part V. 
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6.6.2 Design Examples 


Part V. Construct the Logic Diagram 


1. Construct the circuit in MIXED LOGIC notation by taking into account 
the I/O specifications given in Part I. 

2. If possible, implement and test the circuit under actual operating con- 
ditions. The use of a computer-aided simulation is also an acceptable 
testing procedure. 


The five-part design procedure first given is flexible and may be altered 
somewhat to meet the needs of a particular design project. However, sig- 
nificant deviation from the intent of any part of it may result in an improper 
design and malfunction of the FSM. To provide a better perspective of the 
intent of each part of the design procedure, we offer the abridged flowchart 
shown in Fig. 6-34. Although some detail has been omitted, it represents 
those features we wish to emphasize. 


We have covered the basic design procedure, and it is now desirable to 
illustrate its use with a few useful examples. In the examples that follow we 
will design a commonly used FLIP-FLOP and three devices of our own 
choosing, including two that were designed as synchronous FSMs in Chapter 
5. An attempt will be made to cover the essential features of the design 
methodology emphasized in this chapter, but without specific mention of 
the various steps. 


The Edge-Triggered D FLIP-FLOP. Let us assume that this device is to trigger 
on the rising edge of the CLOCK (CK) and that the DATA (D) input must 
always be constrained to meet the setup and hold-times established by 
CLOCK, the sampling variable. We may further assume that both inputs, 
CK and D, arrive from positive logic sources and that the device is to have 
two outputs O(A) and O(L). 

Presented in Fig. 6-35(a) is the four-state state diagram for this device 
which we reproduce here from Fig. 5-36(a). Notice that there are no END- 
LESS CYCLEs. Also, there are no race conditions since all state-to-state 
transitions are logically adjacent (i.e., are unit distance coded). 

In Figs. 6-35(d) and (c) are shown the K-maps and minimum cover for 
the NEXT STATE variables, Yı and Yo, and the output, Q. An inspection 
of the Y expressions indicates that neither has a STATIC HAZARD. The 
coupled terms yıDCK and yoCK in Y, do not produce a STATIC HAZARD 
in STATE AD ona CK—CK change, and the HAZARD produced in STATE 
and associated with the coupled terms yıDCK and yoCK in Yo is covered 
by yiyo. 

There is considerable potential for E-HAZARD and d-trio formation as 
can be seen from a brief inspection of the state diagram in Fig. 6-35(a). If 
certain unintended asymmetric path delays exist in the circuit, E-HAZARD 
formation will occur along path) c > @- (a)under branching condition 
DCK from STATE @), or along path © — a > @ > © under branching 
condition DCK from STATE (®©. And d-trio formation will occur along path 
-> b> O> or along path@— d>@—> @ Notice that the d-trio 
paths cause no glitches in the output Q and, therefore, amount only to a 
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Understand the functional requirements, I/O 
specifications and timing constraints of the FSM 
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Construct a fully documented state diagram 
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Map each NEXT STATE variable and output, 
and loop out minimum or reduce cover 
‘Check for HAZARDs 


STATIC 
HAZARDs 


y Construct the circuit diagram in MIXED LOGIC 
notation as per I/O specifications in Part I 


Fig. 6-34. An abridged flow chart of the design procedure for asynchronous 
582 FSMs showing five major parts. 


Y, =YoDCK + yoCK + y,DCK + y,VoCK 


Y} =Y, DCK + yoCK + ypD + Vio 


Covered by Y4 Yo 


(b) 


(c) 
Fig. 6-35. Design of a RET D FLIP-FLOP. (a) State diagram. (c) K-maps and 
minimum cover for the NEXT STATE variables. (c) Output K-map. 


small delay in achieving state stability. The E-HAZARD paths, on the other 

hand, are very disruptive since they cause either an unintended SET or 

RESET ofthe FLIP-FLOP. Both E-HAZARD paths are of the type for which 
= din Fig. 6-22. 

This brings us to Figs. 6-35(d) and (e), where we have constructed the 
logic circuit diagram based on the LPD model and have provided the circuit 
symbol for this FLIP-FLOP. For comparison purposes later, the gate/input 
tally is 9/26, which, as usual, excludes INVERTERS. 

Our D FLIP-FLOP in Fig. 6-35(d) has been designed with a mixed-rail 
output by connecting an INVERTER to the output line yo( H). For this reason 
we have given this FLIP-FLOP the same circuit symbol as that given to the 
RET D-FF in Fig. 5-38(c). However, it must be understood that the IN- 
VERTER form of the mixed-rail output does not take the place of the unique 
mixed-rail outputs produced from a BASIC CELL, the outputs that are 
common to most FLIP-FLOPs. In Sect. 6.7.2 we will discuss methods of 
design that will provide this unique mixed-rail output on FLIP-FLOPs and, 
at the same time, yield simpler but not necessarily less trouble-prone designs. 
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(d) (e) 
Fig. 6-35 (contd.). (d) Circuit diagram derived from the LPD model. (e) Circuit 
symbol. 


Special-Purpose Edge-Triggered FLIP-FLOP. For this example we will design 
a special SET/TOGGLE (ST) edge-triggered FLIP-FLOP which has the cir- 
cuit symbol given in Fig. 6-36(a) and which operates according to the table 
given in Fig. 6-36(b), reproduced from Fig. 5-44(a). It is assumed that 
CLOCK samples the data on its falling edge (hence FET) and that inputs S 
and T must be constrained to meet the setup and hold-times established by 
CLOCK. The polarization levels required for the inputs and output are im- 
plied by the circuit symbol. 

In Fig. 6-36(c) is shown the state diagram for this ST FLIP-FLOP. It is 
derived directly from the operation table given in Fig. 6-36(b). For example, 
the SET transition from STATE @) to STATE @) is determined from the 
combination of the SET and TOGGLE conditions, or (ST + ST + ST) - 
CK = (S + T)- CK, and the RESET transition is just the TOGGLE con- 
dition, STCK, all triggered on the falling edge of the CLOCK, CK. The 
remainder of the branching conditions are determined from the application 
of Eqs. (6-4) and (6-5). Observe that the completed state diagram has no 
ENDLESS CYCLEs or CRITICAL RACEs. 

The K-maps and minimum cover given in Fig. 6-36(d) reveal one STATIC 
HAZARD in Y; with HAZARD cover as indicated. Also, there is significant 
potential for E-HAZARD and d-trio production as can be seen from the state 
diagram. If the appropriate delays exist in the circuit, E- HAZARD formation 
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1 SET 
Q, TOGGLE 
1 SET 
Q, No Change 


Y, = yo STCK + y1 YoCK + yoCK + y, Yo ST + yı STCK 


HAZARD cover 
Yo = y,SCK + yı TCK + Yo S + Yor + YoCK + Y1 Yo 


(d) 


Fig. 6-36. Design of a special SET/TOGGLE (ST) FET-FLIP-FLOP. (a) Circuit 
symbol. (b) Operation table. (c) State diagram. (d) K-maps and minimum cover 
showing HAZARD COVER. 


can occur along path @)—> b > (<)> (@) under branching condition STCK 
from STATE (a), along path D= c-@- (a) under branching condition 
STCK from STATE ©, or along path @)—> a >) — ©) under branching 
condition (S + T)CK from STATE @). The first E-HAZARD path would 
cause a (+) glitch in Q, the second path would produce an unintended 
RESET of the FLIP-FLOP, and the last path would lead to an unintended 
SET condition. All four E-HAZARD paths are of the type for which k = d 
in Fig. 6-22. A d-trio can occur along path@-— b >(c)—>(@) but only under 
branching condition TCK. This d-trio causes no problem in the output signal 
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OSC(H) SANITY (L) 


One-to-three 
Pulse 
Generator 


(a) 


but does cause a delay in achieving state stability. Remember that should 
an E-HAZARD or d-trio become a problem, it could be eliminated by loading 
the appropriate y-variable feedback line with a delay at least equal to the 
net delay that caused the HAZARD, assuming that the delay magnitude is 
known. 


One- to Three-Pulse Generator. We leave the subject of FLIP-FLOPs to de- 
sign an asynchronous FSM that was previously designed in Sect. 5.9.2 asa 
synchronous machine. This is done so as to illustrate the differences that 
exist between synchronous and asynchronous FSM design. In Fig. 6-37 we 
provide the block diagram and operation table for the one- to three-pulse 
generator which were given previously in Fig. 5-81. In comparing the two 
figures, it is evident that oscillator (OSC in the asynchronous design) has 
replaced CLOCK in the synchronous design. It is the function of this ma- 
chine to generate a single set of one, two, or three clean pulses depending 
on the prior settings of the two debounced control switches, SW; and SWo. 
The settings of the control switches must be made and settled in prior to 
the use of the START button S, which is also debounced. We will assume 
that the oscillator operates at a frequency which does not exceed the limi- 
tations established by the worst case gate path delays inherent in the machine 
and that S is of long duration compared to the OSC (sampling variable) 
period. 

The state diagram for an asynchronous FSM that meets the requirements 
of the one- to three-pulse generator is presented in Fig. 6-38(a). A brief 
inspection of this state diagram indicates that it is a Mealy machine (it has 
conditional outputs) of three state variables and it has no ENDLESS CY- 
CLEs or CRITICAL RACEs. Notice that we have arbitrarily separated the 
pulses by one OSC period, the minimum separation. Greater separation can 
be obtained in multiples of OSC by adding more states. Note also that this 
state diagram is formed exclusively of GO/NO-GO branching configurations. 

Shown in Fig. 6-38(b) are the K-maps and minimum cover for the three 
NEXT STATE variables. The expression for Y; reveals one STATIC HAZ- 
ARD which occurs in STATE 011 on the OSC -> OSC change, as indicated 


No output 


One pulse 
PULSE (H) Two pulses 


Three pulses 


(b) 
S = START 


SW = Switch 
OSC = Oscillator 


Fig. 6-37. I/O specifications for the one- to three-pulse generator. (a) Circuit 
symbol. (b) Operation table. 
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PULSE TJ if (SW, - SWo) 


PULSE TL if (SW, + SWo) 


Y 
Yı 


Yo 
PULSE 


PULSE Tl if SW, 


yiYoOOSC + yoS + yoyo + y2yı 
Y2V0OSC + yıOSC + yi¥o + Jey 
HAZARD cover 
Y2¥1SOSC + yoOSC + y2y1OSC + Y¥2¥iyo 
Y2Vi YoSWi + Y2oyi1YoSWo + Y2y1YoS Wi + y2yiYoSWiSWo 


Fig. 6-38. Design of a one- to three-pulse generator. (a) State diagram. (b) K- 
maps and minimum cover for HAZARD-free operation. 
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by the set of coupled terms (y2yo9OSC, y,OSC). This HAZARD is covered 
by the term yy, shown in the expression for Y,. There are no other STATIC 
HAZARDs in the Y expressions or the output expression. 

The potential for E-HAZARD formation exists as is evident from an 
inspection of the state diagram in Fig. 6-38(a). E-HAZARDs can be initiated 
from any of seven states. The initiation of E-HAZARD from STATE @Q)is 
not possible under the conditions required for S, namely, that S be of long 
duration compared to the period for OSC. All E-HAZARDs are of the type 
for which k = d in Fig. 6-22 with one exception. The E-HAZARD that can 
be initiated from STATE (f) is of the type for which k = (c)in Fig. 6-22. 
There are no d-trios possible in this FSM. 

The two-level circuit for this FSM requires a gate/input tally of 20/64, 

i including the output forming logic portion. The implementation of this FSM 
is best suited to an array logic device such as an FPLA. Presented in Fig. 
6-39(a) is the p-term table suitable for programming a PLA and in Fig. 6- 
39(b) is given the abridged symbolic representation for an 8 x 16 x 4 FPLA 
(or FAPLA) which has been programmed to function as the one- to three- 
pulse generator of Fig. 6-38. Here, the feedback line connections are not 
shown but are implied. For a review of FPLAs and their applications to 
design, the reader is referred to Sect. 4.11.3. 

The SANITY(ZL) circuit, discussed in Sect. 5.8.6, is applied to the op- 
eration of the one- to three-pulse generator as indicated in Fig. 6-39(b). Here, 


Inputs Outputs 
OSC S SW, SWo Jı Yo 


yi YoOSC 
y2S 

Y2Yo 

y2y1 
y2VoOSC 
y;OSC 


yiYo 

y2y1 

¥2¥15 OSC 
yoASC 

y2y1 OSC 
y2y1Yo 
y2yiyoS Wi 
y2¥1YoS Wo 
y2yi1YoS Wi 
y2V1YoS WiS Wo 


o oo ooo o o ooo oDe nme om me 
o oo o oo o ommen me ooo oo 
SS SoS SAS m. Ooo ooo o o 
— = = = O oo o o o o o o o o o o 


(a) 


Fig. 6-39. PLA implementation of the one- to three-pulse generator of Fig. 6-38. 
(a) p-term table. 
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¥2(H) 


+ Input to p-term 


J- Stores a 1(H) Yo(H) 
-- Storesa0(H) | OSC(H) 
S(H) 

SW,(H) 


SW,(H) 


SANITY (L) 


y,(H) 


CNW eee eee 
SP a PP a 
SPS Beek ee Se ee 
oN del ae Ta eS 
T a oh eee ane ee ee 
LR ee SEARS SRA 
sae eee See A 
DOF Et y,(H) 


ir ae i <r iP $P D te P(H) 


(b) 
Fig. 6-39 (contd.). (b) Abridged symbolic representation of an 8 X 16 X 4 FPLA 
(or FPAL) programmed to function as the one- to three-pulse generator. 


the FSM is driven into STATE 000 on power-up by connecting SANITY(L) 
to each p-term line that is associated with a y variable as indicated by the 
12 connections (X’s). The only provisos are that the START button S not 
be pushed until after the machine has settled into the 000 STATE, a period 
of about t = RC, which is the time constant given by Eq. (5-8) for the 
SANITY circuits discussed in Sect. 5.8.6, and that both S(H) and SAN- 
ITY(L) input signals be of long duration compared to the period for OSC. 
These conditions avoid the complications that might result from having 
branching dependency on more than one asynchronous input (the branching 
condition rule). Equally acceptable would be to power-up the one- to three- 
pulse generator into the 100 STATE, (A). This would be accomplished by 
disconnecting the SANITY(Z) input to the four y2(H) p-term lines in Fig. 
6-39(b) and adding in their place a single s-term (vertical) line connecting 
SANITY(#) to y2(A) with the understanding that the provisos given above 
still apply. A SANITY(#) signal should be taken from the SANITY(ZL) 
circuit by using an odd number of INVERTERs, preferrably three for buf- 
fering purposes. In effect, a SANITY(ZL) input disables (CLEARs) an AND 
stage having ACTIVE HIGH inputs, while a SANITY(A#) input enables 
(PRESETs) an OR stage having ACTIVE HIGH inputs. The polarization 
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levels of the SANITY circuits used must be reversed for the case of ACTIVE 
LOW inputs to the AND or OR stages. Refer to Sect. 6.5.7 for a review of 
this subject. 

Use of a PROM to implement the one- to three-pulse generator would 
not be a good choice for two reasons. First, fully developed STATIC HA- 
ZARDs produced in a ROM device cannot be eliminated by combinational 
logic methods simply because one does not have access to the exhaustive 
decoder section of the ROM. So, if used in an asynchronous FSM, PROMs 
will produce logic noise and may cause the FSM to malfunction. Second, 
an eight-input PROM generates 256 MINTERMs of which only a small frac- 
tion are actually used, an inefficient use of the device. 


Digital Combination Lock/Sequence Detector. As a final example for this sec- 
tion, let us design a two-input/two-output FSM that is to function as a digital 
combination lock, or sequence detector, according to the I/O specifications 
given in Fig. 6-40. Like the example just discussed, this machine has been 
previously designed as a synchronous FSM (in Sect. 5.9.3) and is redesigned 
here as an asynchronous FSM for comparison purposes. It is a requirement 
that the entire sequence provided in Fig. 6-40(b) be followed without de- 
viation before the FSM will issue the output OPEN. The inputs A and B are 
treated the same as switches S1 and S2 in Fig. 5-89. It is assumed that a 
SANITY(ZL) circuit will be used to start up the FSM in the initial LOCK 
STATE and that each switch action will be debounced and widely separated 
in time from the other. The latter assumption is necessary to ensure that the 
setup- and hold-time requirements are met for each state. The complement 
of the switch variable may be taken as the OFF condition. 


SANITY (RESET) (L) 


A(H) —»>| Digital LOCK (H) 
combination 
B(H) —> lock OPEN(H) 


(a) 


; 


AB= or it A e a 
xt a. Fig. 6-40. I/O specifications for 
| ERRER - g digital combinational lock. 
LOCK (a) Block diagram symbol. 
(b) Input sequence leading to 
the issuance of the output 
(b) OPEN. 
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SANITY 
(RESET) 


(a) 


A 
SANITY 
(RESET) 


OPEN Tl 


(b) 


Fig. 6-41. Design of a digital combination lock. (a) State diagram as derived 


from Figure 5-91 (a) but without fly states and state code assignments. (b) State 
diagram with fly states and state code assignments. 
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A first-cut state diagram which satisfies the sequential requirements of 
this FSM and which has no ENDLESS CYCLEs is constructed in Fig. 6- 
A41(a). It is seen to be the same as that used for the synchronous design in 
Fig. 5-91(a). However, it has one major drawback as the state diagram for 
an asynchronous design. An excessively large number of STATE variables 
would have to be used to achieve logically adjacent state-to-state transitions. 
This problem can be solved by using unused states as fly states to branch 
back to STATE@), but this would still require the use of more states than 
is necessary. The best solution is to make use of states in the original se- 
quence as fly states, provided that these states are not output states, and 
then “‘fill in’’ elsewhere with unused states. This is done in Fig. 6-41(b) where 


Yi =Y3Y2Y1YoB + Y3 Y2 Y1A + y3 Y2 Y1B + Y3 Y2y1A Yo =Y3V2V1 AB + Y1 Y0 A + Y1 Y0A + Y1 YoB 


+ Yo AB +y YA + Yz Y2 yı AB + Y3 yı AB 
S Á— 
HAZARD cover 


(c) 


Fig. 6-41 (contd.). (c) K-maps and minimum cover for the NEXT STATE 
variables. 
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State Transition 


NEXT STATE Coupled Variable and 
Variable Change Branching Condition* 


* Deduced from the coupled terms. 
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Y3y2Vi1A, Y3y¥2yV1yoR 0110 oe 0010 NAt 
_ = Le a AB. 
Y3Y2y1Á, Y3y2y1yoB 1010 = 0010 NA 
Re ci «es AB Senn. eee 
yiyoA, Y3Y2y1yoB 0011 ——> 0010 Y3¥2yi: AB 


AB 
y3y2yiB, Y3y2yiA 1110 >. 0119 NA 


| — B 
Y3y2y1Á, YyoÁB 0111 ——— 0111 NA 


Y3y2V1A, yiyoA 0111 ——> 0111 NA 
— AB 
Y3Yy2yıB, Y3y2y1Á 1110 m 1010 
= AB 
yiyoB, YiyoA 0011 ——— 0001 


+ Not applicable. The state transition does not occur under the input conditions required by the coupled terms, or does not occur 


at all. 


(d) 
Fig. 6-41 (contd.). (d) STATIC HAZARD analysis. 


ten states have been given state code assignments (by using four state vari- 
ables) which makes the FSM free of CRITICAL RACEs and free of output 
race glitches. 

The K-maps and minimum cover for the state diagram of Fig. 6-41(b) are 
given in Fig. 6-41(c). A STATIC HAZARD analysis of the NEXT STATE 
variable expressions is provided in Fig. 6-41(d). The analysis indicates that 
of the several sets of coupled variables that exist only two sets yield valid 
STATIC HAZARDs. Both HAZARDSs exist in the Y, expression and are 
internally initiated. The minimum HAZARD cover for both is indicated in 
Figs. 6-41(c) and (d). Note that no externally initiated HAZARD is possible 
since the FSM never undergoes a transition through the 0111 STATE. It is 
left as an exercise for the reader to verify that there are six E-HAZARD 
paths and one d-trio path in this digital combination lock. 

The outputs, OPEN and LOCK, are generated by the terms Y YY, and 
Y Y2 Y, Yo, respectively, as read from the state diagram. These together with 
the NEXT STATE forming logic make a total gate/input tally of 24/91 (ex- 
cluding INVERTERs) assuming no limits are placed on the number of gate 
inputs that are permitted. 

The digital combination lock (or sequence detector) we have just designed 
is, in reality, a controller since the outputs, OPEN and LOCK, must produce 
action in some other part of a system as, for example a solenoid or a data 
bank, and so on. Thus, this example could be regarded as an introduction 
to system-level design. However, there is much more to system-level design 
than has been offered here. Section 6.7 takes yet another step in that di- 
rection by developing the concept of the NESTED machine. 
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A brief inspection of the flowchart in Fig. 6-34 indicates that analysis is an 
integral part of the design process. No design is complete without checking 
the FSM for the various defects that may cause it to malfunction, or that 
may cause the NEXT STATE, to which it is attached, to malfunction. Still, 
there are times when a designer must determine the sequential nature of a 
logic circuit for an asynchronous FSM so as to determine its function or to 
explain why it does not operate properly. In any case, the approach is 
roughly the reverse of the design procedure given in Fig. 6-34 to the extent 
that a state diagram is derived from the logic circuit. The analysis may then 
be continued by using that state diagram together with all other information 
to troubleshoot the FSM for any possible problems it may have. On the 
whole, the analysis procedure is quite similar to that given in Sect. 5.9.4 for 
synchronous FSMs. 


Procedure for Asynchronous FSM Analysis. The procedure for asynchronous 
FSM analysis is presented in the following six steps: 


1. Given the circuit for an asynchronous FSM in either SOP or POS form 
and assuming that it has been designed to operate in the fundamental 
mode, reconstruct the circuit in MIXED LOGIC LPD form (if this has 
not already been done) so as to identify the NEXT STATE and PRESENT 
STATE variables. 

2. Read the LPD circuit to obtain the NEXT STATE and output logic 
expressions. 

3. Map the NEXT STATE and output logic expressions in EV K-maps that 
have as their coordinate axes the PRESENT STATE variables. 

4. Construct the PRESENT STATE/NEXT STATE (PS/NS) TABLE (in 
CANONICAL SOP form) directly from the EV K-maps. Inclusion of the 
output data in the PS/NS TABLE is necessary only when the output 
forming logic is complex. 

5. Construct the fully documented state diagram from the PS/NS TABLE. 

6. Analyze the state diagram for possible ENDLESS CYCLEs (oscilla- 
tions), CRITICAL RACEs, output race glitches, STATIC HAZARDs, 
and ESSENTIAL HAZARDs (including d-trios). If the FSM contains 
either an oscillation or CRITICAL RACE or both, the usual procedure 
is to break off the analysis at this point and eliminate these defects by 
following some known algorithm for the FSM’s operation. It makes little 
sense to continue the analysis of an FSM that contains timing defects 
that will cause it to malfunction. However, once the FSM is free of os- 
cillations and CRITICAL RACEs, the analysis should continue. 


An Example. As an example, Fig. 6-42(a) shows a two-input/one-output logic 
circuit for an asynchronous FSM which is to be analyzed. From its ap- 
pearance we judge that it should be analyzed by using the LPD model, and 
so we reconstruct it as in Fig. 6-42(b), where the PRESENT and NEXT 
STATE variables are easily identified. The next step is to read the LPD 
circuit for the NEXT STATE and output logic expressions and then plot the 
corresponding K-maps. These results are presented in Fig. 6-42(c). 
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(a) . 
Fig. 6-42. Analysis of a two-input/one-output asynchronous FSM. (a) Logic 
circuit. 


The final steps are to construct the PS/NS TABLE from the K-maps and 
then use these K-maps to derive the state diagram. This is done and the 
results are given in Figs. 6-42(d) and (e). Since the single output is a con- 
ditional output, the FSM is identified as a Mealy machine. 

The defect analysis begins with the state diagram where it is apparent 
that the FSM has no ENDLESS CYCLEs. However, it does have a CRIT- 
ICAL RACE. In attempting to transit (0 —> @ the FSM will stabilize into 
either STATE (a) or STATE @ since the holding conditions for both these 
states contain the (¢)—> @)branching condition AB. The FSM can end up in 
STATE @ because the branching condition from ©) to (a)is AB. Assuming 
that the algorithm on which this FSM is based requires a transiton from (©) 
—>(@, we can remove the CRITICAL RACE by using STATE ©) as a fly 
state [dashed arrow in Fig. 6-42(e)]. This causes no change in the Y, expres- 
sion given in Fig. 6-42(c) but adds a fourth term to the Yo expression which 
now reads Yo = yA + yoB + yıB + yiyoA. Having accomplished this 
change, we continue with the analysis of the FSM. 

An inspection of the NEXT STATE logic expressions, following removal 
of the CRITICAL RACE, reveals the presence of no STATIC HAZARDs. 
For example, the coupled terms (yoAB, y1Yo) in the expression for Yı shown 
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(b) 


Yo =y1A + YB +y,B 


(c) 


Fig. 6-42 (contd. ). (b) LPD logic circuit showing the PRESENT and NEXT 


STATE logic variables. (c) NEXT STATE and output logic expressions and 
derived K-maps. 
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PRESENT External NEXT PRESENT External NEXT 


STATE inputs STATE STATE inputs STATE 
(PS) (NS) (PS) (NS) 
a A 00 3 B 11 
A 01 1 B 10 
AB 01 AB 11 
5i AB 00 m AB 00 
AB 11 AB 11 
AB 01 AB 10 
(d) 
0) B 


ZTLi£A 


Qe), Poro 


Fig. 6-42 (contd.). (d) PRESENT P STATE table. (e) Derived state 
diagram showing correction path (dashed arrow) for the CRITICAL RACE path 


— 


in Fig. 6-42(c) indicate that a state transition from di) 0) would have to 
occur under branching conditions AB. But according to the state diagram 
this transition can take place only for branching conditions AB. Thus, there 
can be no STATIC HAZARD in Y,. Similarly, the coupled terms 
(y,B, y,A) in the Yo expression require a(11)—> transition under branch- 
ing condition AB, and this does not occur. Therefore, no STATIC HAZARD 
exists in Yo. Remember that for any internally initiated HAZARDous tran- 
sition (i.e., one initiated by a state variable) the external input conditions 
must remain constant. 

The potential for E-HAZARD and d-trio formation exists as is evident 
from an inspection of the corrected state diagram. The d-trio path is seen 
to be G@)—> c > >Q If this timing defect were to be activated by an 
unintended delay in the B path to the yo state variable, a critical error would 
result since the FSM would issue the conditional output Z while momentarily 
in STATE @) This type of error differs from an output race glitch in that 
the duration of the output Z is dependent on the magnitude of the unintended 
delay that caused the d-trio. E-HAZARD formation is also possible in the 
corrected FSM along the pah@— c —> b —>(@under branching condition 
AB. This E-HAZARD is of the type for which k = ©@)in Fig. 6-22 (STATE 
(b) serves as a fly state) and would result if an unintended delay occurred in 
the B path to yı. Thus, if these defects exist, they could be eliminated by 
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placing a counteracting delays of sufficient duration on both the yı and yo 
feedback lines. 


6.7 THE NESTED MACHINE APPROACH TO ASYNCHRONOUS FSM DESIGN 


The single most distinguishing feature of the LPD model is its lumped MEM- 
ORY element. The lumped MEMORY element not only serves as the MEM- 
ORY stage of the FSM, but it also can be regarded as the most rudimentary 
form of asynchronous machine. If we view the MEMORY element in this 
way, we are lead quite naturally to the concept of the NESTED asynchro- 
nous machine. This follows since now the lumped MEMORY element can 
be replaced with any one of a variety of other asynchronous machines which 
would serve as the MEMORY element. Use of the NESTED machine con- 
cept can permit the design of certain complex asynchronous FSMs which 
might otherwise not be practical or even possible. The idea here is that the 
design of a complex asynchronous FSM can be accomplished in parts, one 
part driving another, and so on, a concept common to digital design. Fur- 
thermore, the application of the NESTED machine concept can often lead 
to FSM designs that are less prone to HAZARD formation. In this section 
we will explore some of the simpler forms of the NESTED machine models 
and provide a few simple examples of their application. 


The NESTED Machine Models 


The most general NESTED machine model for an asynchronous FSM is 
presented in Fig. 6-43(a). It is seen to be nothing more than a Mealy model 
with a NESTED asynchronous machine as its MEMORY stage. The simplest 
NESTED asynchronous machine, other than the most degenerate case of 
the lumped MEMORY element, is the BASIC CELL. So, if we replace the 
NESTED asynchronous machine MEMORY stage of Fig. 6-43(a) with a 
bank of BASIC CELLs, we obtain the general NESTED CELL model of 
an asynchronous Mealy machine shown in Fig. 6-43(b). In this model the 
NEXT STATE forming logic is the SET/RESET control logic for the bank 
of NESTED BASIC CELLS, which have now become the MEMORY ele- 
ments. It is interesting to note that the only difference between synchronous 
and asynchronous models resides in the nature of MEMORY element used. 
Thus, if we replace the bank of asynchronous BASIC CELLS, in Fig. 6- 
43(b), with FLIP-FLOPs regulated by CLOCK, we end up with the general 
model for synchronous FSMs in Fig. 5-4. This means that the reader should 
already have some familiarity with the NESTED machine concept from the 
experiences of Chapter 5. 

A series of degenerate forms can be derived from the general NESTED 
CELL model of Fig. 6-43(b) just as was done for the LPD models in Fig. 
6-2. One of the simplest degenerate forms is that shown in Fig. 6-43(c). Here, 
the SET/RESET logic is the controller for a single NESTED CELL, and 
no output forming logic exists. This model, as we shall soon learn, is of 
particular value in designing FLIP-FLOP type asynchronous machines. It 
has the advantage of supplying a mixed-rail output while, at the same time, 
offering a means of reducing hardware requirements and, in many cases, 
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6.7.2 Design Examples 


Memory stage 


(a) 
Fig. 6-43. NESTED machine models for asynchronous FSMs. (a) General Mealy 
model. 


reducing the potential for FSM malfunction. In fact, without making specific 
mention of it, the NESTED CELL model was applied to the design of pulse- 
triggered and edge-triggered FLIP-FLOPs in Sects. 5.6.3 and 5.6.5. This is 
evidence of the fine line that separates synchronous and asynchronous ma- 
chine design, a matter that will be discussed further in Sect. 6.8. 


In the design examples given in this section, use will be made of both the 
general and degenerate forms of the NESTED CELL model illustrated in 
Fig. 6-43. We will apply the NESTED CELL approach to the redesign of 
the familiar rising edge-triggered (RET) D FLIP-FLOP, to the design of the 
edge-triggered JK and data-lockout (DL) FLIP-FLOPs, and to the redesign 
of the one- to three-pulse generator considered in the previous section. 


Redesign of the RET D FLIP-FLOP. The state diagram of Fig. 6-35(a) can 
be collapsed to form a three-state FSM controller for a BASIC CELL, as 
shown in Fig. 6-44(a). The output Q is replaced by outputs SET and RESET, 
which become the inputs to the BASIC CELL. Notice that these outputs 
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(b) 


Xo SET/RESET 
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(c) 
Fig. 6-43 (contd.). (b) NESTED CELL version of the Mealy model. (c) A simple 
600 degenerate form of the NESTED CELL model. 


Y, =YoDCK + y,CK Yo =VoD+y,+CK 
RESET TL SET TL = (y D +y,)CK 


(a) 


CK(H) 


„ma m um e o o aa we mm a, m m ile ee a e o n 


D(H) 


m -o aw w e s a n y — o om 


Fig. 6-44. Design of the RET D FLIP-FLOP by using the NESTED CELL 
approach. (a) State diagram for the SET/RESET controller. (b) K-maps and 
minimum cover for the NEXT STATE and output logic. (c) LPD logic circuit 
showing connections for PRESET and CLEAR overrides ( dashed leads). 
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are properly located according to the algorithm for the D FLIP-FLOP. That 
is, the device must SET on the rising edge of CLOCK if D is ACTIVE or 
must RESET on the rising edge of CLOCK if D is NOT ACTIVE. 

The state diagram in Fig. 6-44(a) represents an asynchronous controller 
since it provides the control logic for a BASIC CELL. The controller can 
be designed by using either the LPD model or the NESTED CELL model, 
hence a second application of the NESTED CELL model. In the latter case, 
the output CELL would be driven by two BASIC CELLs of the controller 
together with any NEXT STATE logic that is needed. We choose the LPD 
model design shown in Figs. 6-44(b) and (c) since it yields the more optimum 
design. Notice that the NEXT STATE variable expressions reveal no 
STATIC HAZARDs. Though not obvious from a first inspection of these 
expressions, there are two potential d-trios present that will be discussed 
shortly. The circuit diagram in Fig. 6-44(c) requires only six NAND gates 
for its implementation and forms the basis for the design of commercial RET 
D FLIP-FLOPs. We have included the fictitious lumped MEMORY delay 
notation as an aid to reading the circuit. 

Additional PRESET and CLEAR overrides can be added as indicated in 
the circuit diagram of Fig. 6-44(c). Notice that it is necessary to connect the 
PR(L) override to both NAND gate 3 and NAND gate 5. Then if PR(L) = 
1(L), the RET D-FF is SET since Q(H) = 1(H) and yo = 1(H) causing 
O(L) = 1(L). The D-FF is CLEARed by the CL(L) input to NAND gates 
2 and 6. Now, if CL(L) = 1(L), the D-FF is RESET since Q(L) = O(L) 
and all three inputs to NAND gate 5 are 0(L), yielding O(H) = 0(#). These 
connections should be compared with those in Fig. 5-30(b) for the pulse 
triggered JK-FF. 

The gate/input tally for the D FLIP-FLOP of Fig. 6-44 is 6/13 if the 
PRESET and CLEAR overrides are excluded. This may be compared with 
a gate/input tally of 9/26 for the design of the RET D FLIP-FLOP represented 
in Fig. 6-35, a substantial difference. 

As mentioned earlier, the RET D-FF in Fig. 6-44 has the potential for 
d-trio production. A brief inspection of the state diagram in Fig. 6-44(a) 
indicates that a d-trio can be formed beginning in STATE(c)under branching 
conditions DCK. Since y, is the second state variable to change, an unin- 
tended delay of sufficient duration in the CLOCK path to yı will result in 
the formation of the d-trio@— a > (@)— @ This represents an unrecov- 
erable error because the D-FF has suffered an unintended SET the duration 
of which is delay dependent. Use of the state diagram in Fig. 6-44(a) with 
the circuit in Fig. 6-44(c) indicates that the minimum requirement for d-trio 
formation is Ata > T3 + T4 + 7, when the delay At, appears at position A 
in Fig. 5-44(c). If active, this d-trio can be eliminated by placing in the yo 
path to NAND gate 4 a counteracting delay equal to or greater than the 
delay At, that caused the d-trio. 

Similarly, a d-trio can be formed beginning in STATE@®) under branching 
conditions DCK. Since yo is the second state variable to change in this case, 
an unintended delay of sufficient size in the CLOCK path to yo will result 
in the d-trio path®@)— a> (c)->@. This represents an unintended RESET 
of the FLIP-FLOP and is, therefore, a critical error. If we use both the state 
diagram and logic circuit in Fig. 6-44, we find that the minimum requirement 
for formation of this d-trio is Atg > t2 when the unintended delay is at 


position B in Fig. 6-44(c). In round numbers, this means that this RET D- 
FF can be caused to malfunction if an unintended delay of little more than 
a gate path delay occurs in the CLOCK path to gate 3. If active, this d-trio 
can be removed by placing a counteracting delay of at least A tg duration in 
the yı feedback path to NAND gate 3. 

The development of the d-trio for delay position B in Fig. 6-44(c) is il- 
lustrated in the timing diagram of Fig. 6-45. Here, we have taken the delay 
Atg to be 37, and have assigned a unit path delay t, to each gate. Notice 
that since D = 0 for this timing sequence, terms yoDCK and yoD are both 
logic 0 and are not represented in the timing diagram—they make no con- 
tribution. A close inspection of the timing diagram indicates that as the delay 
A tg shrinks from 3r, to T, the d-trio disappears but without passing through 
an oscillation stage. 

As we pointed out in Sect. 6.6.2, the mixed-rail outputs that typify the 
NESTED CELL designs of FLIP-FLOPs are of a unique type. There is a 
certain degree of symmetry associated with the mixed-rail outputs O( A) and 
O(L) in response to the inputs SET and RESET (see the timing diagrams 
in Fig. 5-17). This symmetry is not shared with the mixed-rail outputs that 
are generated from the Q(H) line and an INVERTER split from it to produce 
O(L), as is required in the LPD circuit of Fig. 6-35(d). 

An important feature of the edge-triggered D FLIP-FLOP is that it pos- 
sesses a ‘‘data-lockout’’ feature. Once the data signal has been stored in the 
FLIP-FLOP, further changes in D will have no effect on the output response 
until the next sampling interval of CLOCK. Thus, no improper transitions 
are possible for defect-free operation. Of course, D may change erratically 
prior to the initiation of t,, (see Fig. 6-27), but the output response will 
depend only on the logic level of D held steady during the sampling interval 
of CLOCK. 


The RET JK FLIP-FLOP. This design example follows closely that of the 
RET D FLIP-FLOP in Figs. 5-36 and 5-38. Here, we will apply the NESTED 
CELL model of Fig. 5-37 to the design of the rising edge-triggered (RET) 
JK FLIP-FLOP. It is our goal to obtain a near optimum design for this FLIP- 
FLOP and then analyze it for potential timing defects. 

Presented in Fig. 6-46(a) is the four-state state diagram that correctly 
represents the RET JK-FF and that will be used for its design. A three-state 


CK(H) | 
CK(H) lead to gate 3 i aan kare ee 
A) a Eee 
a = De 
Yanki T Lla ome @)—>01-+@) > @) 


— Actual transitions: 
Yo = (y, + CK)(H) | [ 

Fig. 6-45. Timing diagram for the RET D FLIP-FLOP of Figure 6-44 showing the 

development of a d-trio due to a 37, asymmetric path delay on the CK path to 

yo (B). 


6.7 / The Nested Machine Approach to Asynchronous FSM Design 603 


(a) 


604 


state diagram for this FLIP-FLOP can be constructed, one similar to that 
of Fig. 6-44(a), by introducing Eq. (5-6) into the state diagram in Fig. 6-44(a). 
This results in a design that is the RET version of the JK-FF shown in Fig. 
5-43(d). Verification of this is left as an exercise for the reader. 

Shown in Figs. 6-46(b) and (c) are the K-maps, minimum cover, and logic 
circuit for the NESTED CELL design of the RET JK-FF. Notice that the 
NEXT STATE logic for the two BASIC CELLs is free of STATIC HA- 
ZARDs. The logic circuit in Fig. 6-46(c) represents a near optimum design 
since the ORed terms for S4 and Ra have been merged with the input to 
BASIC CELL A (gates 5 and 6). 

The RET JK-FF in Fig. 6-46 has the potential to malfunction as a result 
of formation of either one of four E-HAZARDs. The state diagram in Fig. 
6-46(a) indicates that one E-HAZARD path is —> 0l —> @ > under 
branching condition JK - (CK — CK) when an asymmetric path delay exists 
in the direct path to BASIC CELL A at position £E; [see Fig. 6-46(c)]. The 
indirect path of the CLOCK signal is through gates 7, 8, and 9. Thus, the 


minimum path delay required to form this E-HAZARD is Atg, > 17 + 7s 


ice 


(b) 

Fig. 6-46. Design of the RET JK FLIP-FLOP by using the NESTED CELL 
model. (a) State diagram. (b) K-maps and minimum cover for the NEXT STATE 
and output forming logic of the BASIC CELLS. 
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Fig. 6-46 (contd.). (c) Logic circuit. 


+ t in terms of the distributed gate delays. Note that the critical race is to 
gate 2 and that the output of gate 2 satisfies the transit requirements for the 
second y variable change as indicated by the state diagram in Fig. 6-46(a). 
This E-HAZARD can be eliminated (if active) or otherwise prevented by 
placing a counteracting delay equal to or greater than A tg: in the B(L) feed- 
back path. 

A second E-HAZARD path is deduced from the state diagram of Fig. 6- 
46(a) to be aD —> 10 — (00) —> under branching condition JK - (CK > 
CK) when an asymmetric path delay Atm > (Tio + To + Tg) iS present in 
the direct path to BASIC CELL A at position E2. The indirect path is through 
gates 10, 9, and 8 and the critical race is to gate 3. Notice that the output 
of gate 3 is BCK, which agrees with the transit requirements for the second 
y variable change as deduced from Fig. 6-45(a). Elimination (or prevention) 
of this E-HAZARD results if a counteracting delay, equal to or greater than 
the net delay causing the HAZARD, is placed in the B(H) feedback path. 
E-HAZARD and d-trio formation can also occur when asymmetric path 
delays are placed at positions E3, E4, D1, and D2. The analyses of these 
potential defects are left as an exercise for the reader. 

The operation of the edge-triggered JK-FF is charactrerized by a data- 
lockout feature as are all edge-triggered FLIP-FLOPs. Once data have been 
stored in the FLIP-FLOP on the triggering edge of the CLOCK waveform, 
further changes in the J and K data signals will have no effect until the next 
sampling interval of CLOCK. Remember, it is the logic levels of J and K, 
held steady throughout the sampling interval of CLOCK, that are stored and 
that determine the output response. 

If it is necessary to add asynchronous PRESET and CLEAR overrides 
to the JK-FF of Fig. 6-46(c), it is only necessary that use be made of gates 
7, 8, 9, and 10 in a manner similar to that shown in Fig. 5-30(b). 
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The JK Data-Lockout FLIP-FLOP. For some applications there are special 
timing constraints that require the use of a FLIP-FLOP that is edge triggered, 
has a half-CLOCK-cycle delay in output response to an input change, but 
does not have the error-catching mode feature of the master/slave FLIP- 
FLOP. Such a device is known as the Data-Lockout FLIP-FLOP. It was 
discussed briefly in Sect. 5.6.5. 

The state diagram for the RET JK data-lockout FLIP-FLOP is given in 
Fig. 6-47(a). The “‘ears’’ on the six-state state diagram are responsible for 
the half-CLOCK-cycle delay. Notice that it is not possible to collapse this 
state diagram to one of four states without losing this delay capability. 

Shown in Figs. 6-47(b) and (c) are the K-maps, minimum cover, and logic 
circuit fora NESTED CELL design of the data-lockout FLIP-FLOP. Note 
that the simple NEXT STATE forming logic (to the two BASIC CELLs) is 
HAZARD-free and that it is obtained by using the generic form of the state 
transition table for the BASIC CELL given in Fig. 5-15(c). By count, the 
gate/input tally for this design is 13/34. 


(a) 


Fig. 6-47. Design of a RET JK data LOCKOUT FLIP-FLOP by using the 
NESTED CELL model. (a) State Diagram. 
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Fig. 6-47 (contd.). (b) K-maps and minimum cover for the output Q and the SET 
and RESET parameters S and R. 


Redesign of the One- to Three-Pulse Generator. As our last example, we will 
apply the general NESTED CELL model of Fig. 6-43(b) to a redesign of the 
one- to three-pulse generator considered earlier in Sect. 6.6.2. To do this, 
use will be made of the state diagram in Fig. 6-38(a) except that now it will 
be mapped by applying the state transition table for the BASIC CELL as 
was done in the design of the data-lockout FLIP-FLOP above. 

Presented in Fig. 6-48(a) are the K-maps and minimum STATIC-HAZ- 
ARD-free cover for the SET/RESET logic and output logic. A partial NAND- 
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(c) 
Fig. 6-47 (contd.). (c) Logic circuit. 


centered implementation of this FSM is given in Fig. 6-48(b) where, for 
simplicity, we have omitted the SET/RESET logic. 


Summary. The NESTED machine models should be regarded as a gener- 
alization of the LPD models. Or put another way, the LPD models can be 
thought of as the most degenerate forms of the NESTED machine concept. 
Although this argument suggests that there is but one model (the NESTED 
machine model) from which all others are derived, we shall continue to 
distinguish between the NESTED CELL model and the LPD model for 
reference purposes. In any case, asynchronous FSMs that are designed with 
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PULSE = ABC(SW,) + ABC(SW,) + ABC(SW,)(SWo) + ABC(SW;) 


(a) 
Fig. 6-48. Design of the one- to three-pulse generator by using the NESTED 


CELL model of Figure 6-38(b). (a) K-maps and minimum cover for the 
SET/RESET logic and output forming logic. 


these models are operated in the fundamental mode. This is in contrast to 
those that operate in the PULSE mode, the subject of the next section. 

There are specific design applications for which one or another of the 
two models (LPD or NESTED CELL) should be considered preferential. 
The following gives some of these applications together with the recom- 
mended model: 


1. FLIP-FLOPs are best designed by using the NESTED CELL model. The 
advantages are mixed-rail outputs, reduced circuit complexity, and re- 
duced potential for STATIC HAZARD production. 
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Fig. 6-48 (contd.). (b) Circuit diagram showing only the NESTED CELLs and 
output forming logic. 


2. 


Simple nonFLIP-FLOP FSMs are best designed with the LPD model. 
The advantage of the LPD model is its simplicity of application and a 
result that is often an optimum design. The disadvantage is that the re- 
sulting circuits are often prone to have STATIC HAZARDs. Thus, care 
must be exercised to eliminate all STATIC HAZARDs during the design 
stage. For the case of potential E-HAZARD or d-trio formation, the de- 
signer should make note of their potential for causing malfunction of the 
FSM and either provide a plan for their removal, should they become a 
problem, or take preventive measures during the design stage. 


. Inthe case of complex asynchronous FSMs, the designer should consider 


using the NESTED machine models. This permits the FSM to be divided 
into more tractable parts and also tends to minimize STATIC HAZARD 
formation. If the FSM requires a large number of state variables, com- 
puter aided methods may be required. 


The foregoing information is offered only as a guide. Certainly, there will 


be “gray area’’ cases and others that go counter to these recommendations. 
Usually, if the designer has a thorough understanding of the operation and 
I/O specifications of the FSM to be designed, an appropriate model will 
emerge quite naturally. If not, it may be necessary to design the FSM by 
using more than one model so that the ‘‘best’’ design can be chosen. We 
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recommend this approach whenever it is reasonable to do so. Better designs 
can never emerge unless designers are willing to make the extra effort to 
explore new approaches to a given design problem. 


6.8 THE PULSE MODE APPROACH TO ASYNCHRONOUS FSM DESIGN 


Asynchronous FSMs which are designed to operate with nonoverlapping 
pulsed inputs and which use unclocked FLIP-FLOPs as MEMORY elements 
are called PULSE mode sequential machines. The PULSE mode approach 
offers a simple and reliable means of designing CLOCK-independent FSMs 
but at the price of greatly restricted input signal conditions. The previous 
sections in this chapter dealt exclusively with asynchronous FSMs that were 
designed to operate in the fundamental mode, a mode characterized, in part, 
by overlapping input signals and the potential to form certain types of timing 
defects such as ENDLESS CYCLEs, CRITICAL RACEs, and ESSEN- 
TIAL HAZARDs. 

It is the goal of this section to present the PULSE mode approach as an 
alternative means of designing certain types of asynchronous FSMs. We will 
show that the PULSE mode approach has certain features in common with 
synchronous FSM design and avoids many of the problems associated with 
the fundamental mode. However, these apparent advantages are offset by 
the severe restrictions placed on the input signals. In fact, it is for this reason 
that we have chosen to defer treatment of the PULSE mode approach until 
this time. 


6.8.1 PULSE Mode Models and System Requirements 


The generalized model for PULSE mode FSM design is shown in Fig. 6-49. 
It is unique in the sense that its MEMORY stage is composed of un- 
CLOCKED (nongated) T FLIP-FLOPs. However, as we indicate shortly, 
other types of MEMORY elements may be used but only if certain conditions 
are met. Degenerate forms of this model follow as in Figs. 5-2 and 5-3. 
The inputs to PULSE mode FSMs must be nonoverlapping pulses that 
are at least minimally separated such that the leading edge of any one pulse 
lies outside of the sampling interval for the trailing edge of any previous 
pulse. Examples of such pulses are shown in Fig. 6-50. Here, the positive 
pulses are shown to have ACTIVE durations (pulse widths) with no upper 
bound but with a lower limit sufficient to trigger the FLIP-FLOP MEMORY 


loo soe 


inputs Outputs 
(non-overlapping) Unclocked PS > (pulsed 
T FLIP-FLOPs or 
level) 


Fig. 6-49. General (Mealy) model for PULSE mode FSM design. 
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Fig. 6-50. Examples of nonoverlapping and at least minimally separated positive 
pulses having ACTIVE durations with no upper bound. 


elements. ‘““Runt’’ pulses, those that are not fully developed, must not be 
permitted since their effect on the FLIP-FLOPs is unpredictable. The com- 
plement of the PULSE trains shown in Fig. 6-50 are examples of negative 
pulses having no upper bound on their INACTIVE durations. It should be 
understood that the ‘‘at least minimally separated” restriction placed on 
these input pulses is equivalent to the requirement that inputs to a funda- 
mental mode circuit be permitted to change only when the stability criteria 
Y(t) = y,(t) are satisfied. In fact, proper operation of any FSM (synchronous 
or asynchronous) can be ensured only if all MEMORY elements of the FSM 
achieve stability prior to the change of an input logic level. 


Choice of MEMORY Elements. The choice of MEMORY elements for PULSE 
mode FSM design is quite limited. Positive (0 —> 1 — 0) pulses of unrestricted 
ACTIVE duration require the use FET T-FFs, while negative (1 — 0 — 1) 
pulses of unrestricted INACTIVE duration require RET T-FFs. The various 
options are summarized in Fig. 6-51 where we have included the use of edge- 
triggered JK-FFs operated as T-FFs. 

If further restrictions are placed on the inputs to PULSE mode circuits, 
use of other MEMORY elements becomes possible. Figures 6-52(a), (b), and 
(c) show examples of alternative MEMORY elements that must be operated 


(a) 


1(H) 
(b) 
Fig. 6-51. MEMORY elements required for PULSE mode FSMs which receive 


pulses of unrestricted pulse width. (a) Nongated FET T-FFs for positive pulses. 
(b) Nongated RET T-FFs for negative pulses. 
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S(H) 


(a) | (b) (c) 


External 
inputs 
(ACTIVE HIGH) 


(d) 
Fig. 6-52. Examples of alternative MEMORY elements for PULSE mode FS Ms 
which receive positive pulses of restricted ACTIVE duration. (a) BASIC CELL. 
(b) GATED SR LATCH operated as BASIC CELL. (c) Pulse triggered 
JK-FF operated as a BASIC CELL. (d) Example of data-controlled-triggering. 


as BASIC CELLs, and must receive inputs having ACTIVE durations that 
are limited to the delays positioned on the QO feedback lines. By our limiting 
the pulse widths to the feedback delays, we ensure that only one MEMORY 
element will be activated in response to an input change. Also, if we map 
with the generic form of the state transition table for the BASIC CELL [(Fig. 
5-15(c)], we eliminate the possibility that the S$ and R inputs to these MEM- 
ORY elements can go ACTIVE at the same time. Thus, under these con- 
ditions the pulse-triggered JK-FF in Fig. 6-52(c) becomes a suitable memory 
element for a PULSE mode FSM, but only if it is operated as a BASIC 
CELL. 

Under certain conditions CLOCKed FLIP-FLOPs can be used as com- 
ponents of MEMORY elements for PULSE mode FSMs. The requirement 
is simply that FLIP-FLOP triggering be controlled by the external inputs to 
the FSM. The MEMORY element shown in Fig. 6-52(d) is an example of 
one that is suitable for use in PULSE mode designs. It must be operated in 
a master/slave fashion so that the master and slave sections are never trig- _ 
gered on the same rising (or falling) edge of a data pulse. The presence of 
the NOR gate shown in Fig. 6-52(d) helps to accomplish this for ACTIVE 
HIGH inputs. An external input will SET or RESET the BASIC CELL (via 
the NEXT STATE logic) on the rising edge of its pulse but will trigger the 
RET D-FF (slave section) only on the falling edge of the same pulse. The 
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presence of ACTIVE LOW inputs to the NOR gate requires the use of 
INVERTERs or, if all inputs are ACTIVE LOW, an AND gate could be 
used. An OR gate replaces the NOR gate if an FET D-FF is used. In any 
case, it is easy to see that a restriction is placed on the minimum tolerable 
ACTIVE duration of the pulse. The ACTIVE period of a given pulse must 
be greater than the combined minimum path delay through the NEXT 
STATE logic and master section (neglecting the presence of the NOR gate); 
otherwise the pulse will not be picked up by the slave section and data will 
be lost. This is quite the opposite problem from that of the BASIC CELL- 
type elements in Figs. 6-52(a), (b), and (c) where an upper bound must be 
placed on the ACTIVE duration of each pulse. The reader should note that 
the master CELL of Fig. 6-52(d) can be replaced by any of the MEMORY 
elements in Fig. 6-51. 

It is important to understand that the MEMORY elements in Fig. 6-51 
require that the NEXT STATE logic be designed for T FLIP-FLOPs, while 
those of Fig. 6-52 require a NEXT STATE logic designed for the BASIC 
CELL. All MEMORY elements require that the pulses be nonoverlapping 
but only the MEMORY elements in Fig. 6-52 require pulses of restricted 
ACTIVE duration. 

Presented in Fig. 6-53 is a model which is applicable to the use of the 
alternative MEMORY elements of the type shown in Figs. 6-52(a), (b), and 
(c) and which is appropriate for array or discrete logic implementation of 
the NEXT STATE and output logic functions. This model differs from that 
of Fig. 5-85 only to the extent that delays of duration At are placed on the 
feedback lines. As will be demonstrated later, these delays are necessary 


to ensure that only one MEMORY element can be activated in response to 
an input pulse. 


6.8.2 PULSE Mode FSM Characteristics and Design Procedure 
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Like synchronous FSMs and unlike fundamental mode FSMs, properly de- 
signed and operated PULSE mode machines cannot have ENDLESS CY- 
CLEs, CRITICAL RACEs, or ESSENTIAL HAZARDs. Aside from the 
unique problems associated with the use of BASIC CELLS in PULSE mode 


Pulsed > Outputs 
Inputs 


(nonoverlapping) 


NEXT STATE 


> Status 


1 At; i 
péédback Delays 
Fig. 6-53. General model for PULSE mode circuits which use BASIC CELLs as 
the MEMORY elements. 
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design, the only timing defects common to PULSE mode FSMs are output 
race glitches and STATIC HAZARDs in the output forming logic. So, while 
PULSE mode circuits are operated asynchronously, they can have timing 
defects no different from those of synchronous FSMs. Moreover, PULSE 
mode FSMs whose inputs are nonoverlapping and at least minimally sep- 
arated cannot have asynchronous input problems since the inputs are, in 
effect, synchronized to each other. Compared to fundamental mode FSMs, 
PULSE mode FSMs are much simpler to design with fewer potential prob- 
lems. However, the attractive features of the PULSE mode approach are 
offset by input restrictions that greatly limit PULSE mode FSM application. 


Design Procedure. Not surprisingly, the design procedure for PULSE mode 
FSMs follows that of synchronous FSMs, but with some significant differ- 
ences, as outlined here: 


1. Construct a state diagram by using single variable outgoing branching 
conditions from each state. There can be as many outgoing branchings 
from a given state as there are inputs, and all branching variables will 
either be uncomplemented or complemented but never mixed. Variables 
not used as outgoing branching conditions from a given state are assumed 
to act as holding conditions for that state. Thus, state holding conditions 
need not be specified unless it is desirable for emphasis. Remember that 
the sum rule [Eq. (6-4)] cannot be applied to PULSE mode FSMs since 
only one pulse can be ACTIVE at any given time. 

Logically adjacent state-to-state transitions are not necessary except 
to eliminate output race glitches. Since CLOCK-triggered output holding 
registers cannot be used to filter out logic noise in PULSE mode designs, 
output race glitches and STATIC HAZARDs in the output forming logic 
must not be permitted to exist if they can cause a problem. Fly states 
cannot normally be used in PULSE mode circuit design. Why not? 


2. Select a suitable MEMORY element of the type shown in Figs. 6-51 or 
6-52. At this point it is necessary to know the nature of the input pulses. 
Pulses of unlimited pulse width require FLIP-FLOPs of the type shown 
in Fig. 6-51. If the pulse widths fall within certain limits, MEMORY 
elements of the type given in Fig. 6-52 can be used. In the latter case, 
delays at least as long as the longest possible input pulse width must be 
placed on the feedback lines in accordance with Fig. 6-53. Use of the 
MEMORY element in Fig. 6-52(d) is the exception. 


3. Map the NEXT STATE and output logic functions from the state diagram 
just as is done in synchronous FSM design. If T-FFs of the type shown 
in Fig. 6-51 are chosen as the MEMORY elements, then use must be 
made of the state transition table for T-FFs given in Fig. 5-26(c). How- 
ever, if the choice is a MEMORY element of the type presented in Fig. 
6-52, use must be made of the generic form of the state transition table 
for the BASIC CELL given in Fig. 5-15(c). In this latter case, either delays 
must be positioned on all feedback lines or the input pulse widths must 
be limited to less than the shortest path delays through the circuit. Again, 
use of the MEMORY element in Fig. 6-52(d) is the exception. 

4. Loop out minimum or reduced cover for the NEXT STATE and output 
logic functions by following the same procedure as for synchronous 
FSMs. When minimizing output functions, care should be taken not to 
create output race glitches involved with don’t care states. See Sect. 5.8.2 
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6.8.3 Design Examples 
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for a detailed discussion of this matter. Also, since STATIC HAZARDs 
can be formed in the output forming logic, it may be necessary to analyze 
the output function for these defects, particularly if their presence can 
cause a problem in the next stage. Remember that while the inputs must 
always be pulsed signals, the FLIP-FLOP outputs may be either level 
(hence overlapping) or pulsed signals. 


The following design examples illustrate the application of the PULSE mode 
approach to asynchronous sequential machine design. An attempt is made 
to cover most of the salient features of this method but leaving some to 
discovery and end-of-chapter problems. 


Design of a Simple PULSE Mode Sequence Recognizer. Our first example is 
the design of a PULSE mode circuit having two inputs, X and Y, and one 
output, Z, as indicated by the block diagram in Fig. 6-54(a). It is the function 
of this FSM to issue the output Z coincidentally with the last input pulse in 
the sequence ... Y-X-X ... whenever this sequence occurs. Hence, the 
output is to be a pulsed output as opposed to a level output which is inde- 
pendent of input pulse width. We assume that the signals are positive pulses 
of unrestricted ACTIVE duration. 

The state diagram appropriate for this sequence recognizer is presented 
in Fig. 6-54(b). Notice that the sequence. . . Y-X-X . . . is easily recognized 
and that all inputs are accounted for by single variable branchings from each 
state. However, it is not necessary to indicate the holding conditions (as we 


PULSE mode 


(c) 


Fig. 6-54. Design of a simple sequence recognizer by using the PULSE mode 
approach. (a) Block diagram. (b) State diagram applicable to PULSE mode 
design. (c) NEXT STATE and output K-maps and minimum cover. 
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(e) 
Fig. 6-54 (contd.). (d) Logic circuit using FET JK-FFs as the MEMORY elements. 
(e) Timing diagram (excluding gate delays) showing the sequence beginning in 
STATE 10. 


have done) since for the PULSE mode such conditions are understood. The 
conditional output in STATE (is necessary since it is required that Z be 
issued coincidentally with the second X pulse following a Y pulse, and since 
FET T-FFs must be used as the MEMORY elements. If this is not obvious 
to the reader at this time, it will be when we consider the resulting timing 
diagram for the logic circuit. 

The NEXT STATE and output logic K-maps and minimum cover are 
presented in Fig. 6-54(c). The NEXT STATE K-maps are plotted by using 
the state transition table for T-FFs given in Fig. 5-26(c). There is no need 
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to examine the T expressions for STATIC HAZARDs since these defects 
cannot be generated in the NEXT STATE forming logic of PULSE mode 
FSMs which are properly designed and operated. 

Shown in Fig. 6-54(d) is the PULSE mode logic circuit for this simple 
sequence recognizer. It can be seen that the MEMORY elements are FET 
JK-FFs operated as T-FFs and that the NEXT STATE logic is connected 
to the CK(L) inputs of these FLIP-FLOPs as required by Fig. 6-51(a). 

A more detailed account of the operation of this PULSE mode FSM is 
best provided by a timing diagram. Figure 6-54(e) shows the MIXED LOGIC 
timing diagram for this FSM beginning with STATE 0). For simplicity, we 
have neglected gate path delays. The pulses are of variable widths and are 
nonoverlapping with leading edges which are required to exist outside of the 
sampling interval for the trailing edge of any previous pulse. That the output 
pulse Z is issued coincidentally with the second X pulse following a Y pulse 
is verified by the timing diagram and logic circuit of Figs. 6-54(e) and (d), 
respectively. Since Z = BX, B must be ACTIVE when the second X pulse 
goes ACTIVE if Z and X are to have the same ACTIVE period. Had we 
placed Z as an unconditional output associated with STATE @) in Fig. 6- 
54(b), then Z (i.e., Z = A) would not be a pulsed output coincident with X, 
but instead would be a level output coincident with A. 

For contrast, we will now implement the sequence recognizer of Fig. 6- 
54(b) by using BASIC CELLs as the MEMORY elements and by applying 
the model shown in Fig. 6-53. This represents a significant departure from 
the previous design in that two FLIP-FLOP input signals are needed for 
each state variable, and an upper bound must be placed on the ACTIVE 
duration of the input pulses. Also, it is now necessary to assign the condi- 
tional output Z to STATE for reasons that will be made clear in the 
discussion that follows. 

In Fig. 6-55(a) are given the NEXT STATE and output K-maps and 
minimum cover for the BASIC CELL design of the sequence recognizer, 
assuming nonoverlapping input pulses which are at least minimally sepa- 
rated. The resulting logic circuit is presented in Fig. 6-55(b). Notice that 
delays of duration At are placed on all feedback lines. This is necessary so 
that the input pulse widths are limited to durations of At—not to the best 
case gate path delays for the transitions, which is very short. Also indicated 
in the logic circuit is the fact that the BASIC CELLs can be replaced by 
ACTIVE LOW input pulse-triggered (PT) JK-FFs operated as BASIC 
CELLs. This substitution is made possible by designing the NEXT STATE 
forming logic with the generic form of the state transition table for the BASIC 
CELL [Fig. 5-15(c)] which precludes the (S, R) = (1, 1) condition. If the 
(S, R) = (1, 1) condition were permitted to occur, the PT JK-FFs would go 
into oscillation. For further discussion on this matter, the reader is referred 
to Sect. 5.6.3 and Fig. 5-29(b). 

The reassignment of the conditional output Z to STATE in the state 
diagram of Fig. 6-54(b) and the need for delays At on the feedback lines in 
Fig. 6-55(b) are best explained by using the timing diagram shown in Fig. 
6-55(c) where, for simplicity, we have neglected all gate path delays. Let us 
begin in STATE and follow the sequence of events leading to the output 
Z. For simplicity, use is made of the gate numbering system in Fig. 6-55(b) 
together with positive logic values as read from the MIXED LOGIC timing 
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(b) 
Fig. 6-55. PULSE mode design of the sequence recognizer in Figure 6-54(b) by 
using BASIC CELLs as the MEMORY elements. (a) NEXT STATE and output 
K-maps. (b) Logic circuit showing delays At in the feedback lines. 


diagram. Beginning with X and Y both at logic 0, the outputs of all gates are 
0. Then when X goes 0 — 1, gate 4 goes 0 — 1 and SETs BASIC CELL B. 
If the original X pulse is still ACTIVE (logic 1) when the signal from BASIC 
CELL B reaches gate 1, then BASIC CELL A will SET, causing an error 
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(d) 
Fig. 6-55 (contd.). (c) Timing diagram showing the overall operation of the pulse 
mode circuit. (d) Timing diagram for the 01 — 10 transition showing the 
development of the output pulse, Z, in gate path delay units Tp. 


transition to STATE (1) and the unintended output of Z. Therefore, if the 
circuit is to function properly, the X or Y pulse width (Turse) must be limited 
to a duration no greater than the feedback delays At plus the minimum gate 
path delay for transitions. We take Tpuise = At as a reasonably conservative 
design practice. So after a Y pulse and on the second consecutive X pulse, 
the output Z = AX appears to go ACTIVE coincidentally with X as required. 
Had the conditional output Z been associated with STATE giving Z = 
BX, as in Fig. 6-54(b), it would appear that an output of very short duration 
(a glitch) would be issued. The only other alternative is to place an uncon- 
ditional output Z on STATE to give Z = A, a level output issued co- 
incidentally with A. 

That the output Z in Fig. 6-54(d) cannot be issued precisely coincidentally 
with X is shown by the detailed timing diagram for the (01) — (0) transition 
in Fig. 6-55(d). This timing diagram is constructed under the assumption that 
all gates (including those of the BASIC CELLs) have unit path delays T, 
and that At = 101,. Notice that the Z pulse is ACTIVE for an 81, period 
but is delayed relative to X by 31,. Thus, as At approaches 27,, the Z pulse 
width approaches 0. Notice that if the conditional output Z is assigned to 
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STATE ©), giving Z = BX, there results an output glitch of duration 7, that 
is independent of the pulse width. 


Delay Circuits. Much was said in Sect. 6.5.3 about the use delays in feedback 
lines as a means of preventing E-HAZARD formation. Now, use of the 
PULSE mode model, shown in Fig. 6-53, requires the presence of such 
delays in the feedback lines. So, it is reasonable that the reader be given 
some idea of how delay circuits are constructed even though such topics 
generally fall outside the scope of this text. Shown in Fig. 6-56(a) is the 
circuit for a nearly ideal inertial delay element of the type that could be used 


A(H) 

Majority B(H) 
gate y 

(M) y(H) 
R2 RENDEZVOUS MODULE 
y = AB + Ay + By 
(a) (b) 
A+B 


(c) (d) | 
Fig. 6-56. An inertial delay element. (a) Circuit made up of resistors R, diodes D, 
capacitances C, and a majority gate M configured as RENDEZVOUS MODULE. 
(b) Logic diagram and majority function for the RENDEZVOUS MODULE. 
(c) STATE DIAGRAM for the RENDEZVOUS MODULE. (d) Timing diagram 
showing development of the inertial delay. At, and the filtering action of the R-C 
circuit. 
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in the logic diagram of Fig. 6-55(b) or that could be used as a counteracting 
delay in logic circuits of the type shown in Figs. 6-23(d) and 6-26(a). The 
delay circuit consists of resistors (R1 = R2), capacitors (C1 = C2), diodes 
(D1 = D2), and a majority gate, M, configured as an FSM called a REN- 
DEZVOUS MODULE or MULLER C (concurrency) MODULE. The logic 
circuit for the RENDEZVOUS MODULE and the majority function derived 
from it are given in Fig. 6-56(b). By inspection, the majority function, y = 
AB + Ay + By, is logic 1 iff a majority (in this case two) of the inputs are 
logic 1. Thus, the output of the RENDEZVOUS MODULE can go to logic 
1 only if A and B both become logic 1, and will go to logic 0 only if A and 
B both become logic 0. The sequential character of the RENDEZVOUS 
MODULE is completely specified by its state diagram in Fig. 6-56(c). 

The RENDEZVOUS MODULE together with the R-C circuit in Fig. 6- 
56(a) ensures the creation of the delay At indicated in the timing diagram 
of Fig. 6-56(d). Although the detailed analysis of this circuit is complex and 
beyond the scope of this text—it is a nonlinear second-order circuit—its . 
operation can be understood qualitatively with little difficulty. On the rising 
edge of the Y input waveform the RC time constant at node B is smaller 
than that at node A because diode D2 is turned ON (with a low resistance 
compared to either R1 or R2) while diode D1 is OFF (with a high resistance). 
As a result, node B reaches the high-voltage threshold of the majority gate 
before node A because capacitor C2 can charge up through the low resistance 
of diode D2. However, the output of the RENDEZVOUS MODULE cannot 
go HIGH until after nodes A and B have both gone HIGH, hence the delay. 
The reverse is true for the falling edge of the Y waveform where now diode 
D1 is ON and D2 is OFF, resulting in a smaller time constant at node A 
than at node B. Thus, node A reaches low voltage before node B since the 
capacitor C1 can discharge through the low resistance of diode D1. Then 
since the output of the RENDEZVOUS MODULE cannot go LOW until 
both nodes A and B are LOW, a time delay results. 

The magnitude of the delay At produced by the circuit in Fig. 6-56(a) 
can be adjusted somewhat by altering the values of the R’s and C’s in the 
R-C circuit, and a threshold device such as a Schmitt trigger can be placed 
on the output of the RENDEZVOUS MODULE to minimize waveform dis- 
tortion. Notice that the narrow input pulses have no effect on the delayed 
output pulse, a result of the low pass filtering action of the R-C circuit. 


Design of a PULSE Mode Digital Combination Lock. As a second example we 
will design the PULSE mode version of the digital combination lock which 
was previously designed as a synchronous FSM in Sect. 5.9.3 and as an 
asynchronous fundamental mode FSM in Sect. 6.6.2. Because of the nature 
of the pulsed inputs, our present design will necessarily deviate significantly 
from the two previous designs. 

The pulse sequence for the digital combination lock is given in Fig. 6- 
57(a). This sequence of events (pulses) matches that of Fig. 5-89, except in 
the latter case the input pulses can be overlapping. In the present design, 
inputs X and Y are assumed to be pulsed signals from push-button switches 
which are interlocked in such a manner that only one switch can be activated 
at any one time. As indicated by the pulse sequence, the output OPEN is 
issued coincidentally with the X pulse after which a second X pulse initializes 
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Fig. 6-57. PULSE mode design of a digital combinational lock. (a) Input pulse 
sequence. (b) State diagram. (c) NEXT STATE and output K-maps and minimum 
cover. 
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Fig. 6-57 (contd.). (d) p-term table. (e) Implementation with a6 X 14 x 6 FPLA. 
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the FSM into the LOCK state. Any deviation from this sequence must also 
result in resetting the FSM into the LOCK state. 

The state diagram that satisfies the requirements for the PULSE mode 
design of the digital combination lock is shown in Fig. 6-57(b). The pulse 
sequence is easily identified, and both inputs are accounted for by the single 
variable branching conditions from each state. Notice that there are three 
race conditions, none of which leads to an output race glitch. Also, observe 
that the position of the conditional output OPEN implies the use of falling 
edge-triggered FLIP-FLOPs as the MEMORY elements. We assume that 
the ACTIVE durations of the inputs have no upper bound and select FET 
T-FFs for the MEMORY. Next we map out the NEXT STATE logic expres- 
sions together with the output functions as shown in Fig. 6-57(c). 

All that remains at this point is to decide how the digital combination 
lock is to be implemented and what to use for the input conditioning circuits. 
We choose to use a PLA for the NEXT STATE and output forming logic. 
Presented in Figs. 6-57(d) and (e) are the p-term program table and logic 
circuit for PLA implementation of this PULSE mode FSM. We see that 
there are 5 inputs (not counting the SANITY input), 11 p-terms, and 5 out- 
puts. Therefore a5 x 12 x 5 PLA or larger will suffice. Note that PULSE 
mode FSMs are initialized by a SANITY circuit in the same manner as are 
synchronous FSMs, that is, by means of the PRESET and CLEAR overrides 
associated with the FLIP-FLOPs. 

The input conditioning circuits for switches X and Y amount to nothing 
more than debouncing circuits of the type shown in Fig. 5-88, but without 
the synchronizing stage. To make certain that the pulse signals from these 
switches are always nonoverlapping and at least minimally separated, the 
switches should be mechanically interlocked (as indicated) so that only one 
switch can be activated at any one time. 


Design of a Candy Bar Vending Machine Controller. As our final design ex- 
ample, we will design a PULSE mode FSM that can control the operation 
of a candy bar vending machine. The candy bars each cost 40 cents and are 
dispensed automatically by the machine after correct change has been de- 
posited. The machine accepts nickels, dimes, and quarters only. It consists 
of a controller (of our design), an electromechanically operated coin changer 
for nickel return, an accumulator register with counter and comparator to 
keep account of the coin exchange, and an electromechanically operated 
candy bar dispensing mechanism. In this section we will concern ourselves 
only with the design of the controller. The system-level design of this vending 
control system is the subject of Problem 6.50 at the end of this chapter. 
The denomination of each coin is evaluated as it passes through the 
receiver of the machine (via a coin slot) and the accumulator is automatically 
updated. After each coin has left the receiver, the controller receives from 
the accumulator register, counter, and comparator one of three signals: < 
40 cents, > 40 cents, or = 40 cents. If < 40 cents (underpayment), the 
machine awaits the deposit of another coin. If > 40 cents (overpayment), 
the machine returns to the customer one nickel at a time by means of the 
coin changer until correct change remains. Or if = 40 cents, the candy is 
dispensed (dropped) to the customer, the accumulator is cleared, and the 
controller is returned to its initialization state ready for the next customer. 
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A state diagram which satisfies the requirements of the candy bar vending 
machine just described is given in Fig. 6-58(a) together with definitions of 
the abbreviations that are used. Here again, one notices the simplicity of 
the state diagram for the PULSE mode design; each branching condition is 
a single uncomplemented input variable and no holding conditions need to 
be indicated. Of course, all inputs must be nonoverlapping pulses that are 
at least minimally separated. However, no special provisions are needed to 


_generate these pulses since this vending machine cannot operate otherwise. 


Note that it is not necessary to indicate the holding conditions on the various 
states because all input variables not used for outbranching from a given 
state are implied holding conditions for that state. 

The conditional outputs DC, DA and CA in Fig. 6-58(a) are pulsed outputs 
as are all conditional outputs in PULSE mode designs; the unconditional 
output RN is, of course, a level output. Thus, the FSM will be designed as 
a Mealy machine with mixed outputs (pulsed and level) and with FET T- 
FFs which are assumed to be produced from FET JK-FFs. 

The K-maps and minimum cover for the NEXT STATE and output form- 
ing logic are given in Fig. 6-58(b). Here, full use is made of the don’t cares 
arising from the three unused states. This is permissible for the output logic 
since there are no race conditions, hence no chance for output race glitch 
formation. The implementation of this PULSE mode FSM is left to the reader 
as an exercise. 


J SANITY 


CIR — Coinin receiver 
CCR — Coin clear of receiver 
<40¢ — Underpayment 
>40¢ — Overpayment 
=40¢ — Exact payment 

CDR — Candy drop ready 
CR — Changer ready 

DC — Drop candy 


CA — Clear accumulator 
DCÎ} if =40¢ RN — Return nickel 
DA — Decrement accumulator/counter 


>40¢ 


RNTL 
DAT if CR 


(a) 
Fig. 6-58. PULSE mode design of a candy bar vending machine. (a) Fully 
documented state diagram and definitions of abbreviations. 
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T, = BC - (CCR) + ABC -(<40¢) T, = BC - (CIR) + ABC - (>40¢) 
+ BC - (CDR) 


CA = BC - (CDR) 


(b) 
Fig. 6-58 (contd.). (b) K-maps and minimum cover for the NEXT STATE and 
output logic. 


6.8.4 Analysis of PULSE Mode FSMs 


The procedure used to analyze a PULSE mode circuit is the reverse of that 
used for design. One begins with a logic circuit, reads the NEXT STATE 
and output logic expressions, and maps the results. Then the K-maps are 
used to construct the PRESENT STATE/NEXT STATE (PS/NS) table, 
which, in turn, is used to construct the state diagram. A similar procedure 
was followed in Sects. 5.9.4 and 6.6.3 for synchronous FSMs and asyn- 
chronous (fundamental mode) FSMs, respectively. However, the example 
that follows demonstrates that PULSE mode FSM analysis has its own 
unique characteristics which set it apart from the analyses discussed pre- 
viously. 


An Example. Consider the PULSE mode logic circuit presented in Fig. 6- 
59(a). It is easily identified as a PULSE mode circuit because of the manner 
in which the FLIP-FLOPs are used. It is also seen to be a Mealy machine 
since the output is a function of input Y. The NEXT STATE and output 
logic expressions are read from the logic circuit and are provided in the 
figure. These expressions are mapped and the results are shown in Fig. 6- 
59(b). The PS/NS table can be constructed from these K-maps, but it is 
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usually worth the effort to convert the T K-maps to D K-maps, as we have 
done in Fig. 6-59(c), and then construct the PS/NS table from the D K-maps. 
Either way, the results for the PS/NS table are the same and are given in 
Fig. 6-59(d). Certain of the entries in the PS/NS table have been lined out 
because they pertain to input conditions which are not applicable to PULSE 
mode circuits. Of those entries that remain, only single uncomplemented 
input variables are relevant. Thus, the 01) — transition occurs under 
branching condition Y while the 4D — (10) transition takes place under _ 
branching condition X, and so on. The result is the state diagram in Fig. 6- 
59(e) representing a four-state Mealy machine. Again we note that an in- 
dication of the holding condition for STATE is not essential to the con- 
struction of the fully documented state diagram for this FSM. Such holding 
conditions are implied. 

No FSM analysis is complete without making an assessment of the timing 
defects it may have. However, in properly designed and operated PULSE 
mode FSMs, ENDLESS CYCLEs and CRITICAL RACEs are not possible, 
and STATIC HAZARDs can exist only in the output forming logic. This 
FSM has none of these defects. Moreover, an inspection of the state diagram 
in Fig. 6-59(e) indicates that no output race glitches exist. Therefore, this 
FSM will operate properly, provided that the input pulses are nonoverlap- 
ping and at least minimally separated. Remember that the use of the nongated 


Z(H) 


Ta = AY + BY + ABX 
Tp = BY + AY + BX 


Z = ABY 


(a) 
Fig. 6-59. Analysis of a PULSE mode FSM. (a) Logic circuit and NEXT STATE 
and output logic expressions as read from the circuit. 
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Fig. 6-59 (contd.). (b) K-maps for the NEXT STATE and output logic. (c) D-FF 
K-maps converted from the T-FF K-maps in (b). (d) The PS/NS table obtained 
from the K-maps. (e) State diagram derived from the PS/NS table. 


FET T-FFs as the MEMORY elements permits the ACTIVE duration of the 
positive pulses to be unrestricted. 

The algorithm for this FSM is easily read from the state diagram in Fig. 
6-59(e). It may be stated as follows: 


Output Z is issued coincidentally with any three consecutive Y pulses fol- 
lowing any number of X pulses or following no X pulse. 


In symbolic notation and beginning in STATE , this agorithm can be 
expressed as the pulse/output sequence 


6.8 / The Pulse Mode Approach to Asynchronous FSM Design 629 


. X-X ... Y-Y-Y*-Y-Y-Y*-X-Y-Y-X-X-Y-Y-Y*-X-Y... 


where the asterisk (*) indicates an output condition. Thus, this FSM is a 
pulse sequence detector that recognizes an uninterrupted series of three Y 
pulses whenever they occur. It is left as an exercise for the reader to show 
that the state diagram of Fig. 6-59(e) can be collapsed to one having three 
States. 
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Modular elements are devices that have been designed to perform a task 
that is frequently required. Their existence saves the designer the trouble 
of redesigning the device each time its performance is needed. FLIP-FLOPs, 
registers, and counters may be considered as simple examples of modular 
elements that are designed to be operated in a synchronous environment. 
However, in this section we focus our attention on the design of modular 
elements which will operate in an asynchronous system-level environment. 
This involves the use of the handshake interface in which the outputs of one 
FSM are the inputs to another, and vice versa. 

Asynchronous finite state machines that are designed to operate in the 
fundamental mode (by using the LPD or NESTED CELL models) have their 
problems and limitations, as we have pointed out at various times in previous 
sections of this chapter. Recall that FSMs operated in the fundamental mode 
require that no more than one input controlling the branching from a given 
state be permitted to change logic levels at any given time. Also, fundamental 
mode FSMs will malfunction if ENDLESS CYCLEs, CRITICAL RACEs, 
or active ESSENTIAL HAZARDs are present. Even the presence of a single 
STATIC HAZARD in the NEXT STATE forming logic of a fundamental 
mode FSM can cause it to malfunction. 

PULSE mode FSM design is offered in Sect. 6.8 as a means of over- 
coming some of the problems and limitations inherent in fundamental mode 
machines—but at the expense of even more severe input constraints. It will 
be recalled that the inputs to PULSE mode FSMs must be nonoverlapping 
pulses which are at least minimally separated. When this requirement is met, 
the PULSE mode FSM will operate free of ENDLESS CYCLEs, CRITI- 
CAL RACEs, STATIC HAZARDs (in the NEXT STATE forming logic), 
and E-HAZARDs and d-trios. However, as a result of the input constraints, 
PULSE mode FSM designs have very limited applications. 

Ideally, we would prefer to design asynchronous FSMs which have all 
the desirable characteristics of the fundamental mode and PULSE mode 
models but with none of their problems and limitations. While these idealized 
design goals can never be fully realized, we can come close. In this section 
we will consider design strategies that make use of the handshake interface 
in a manner that avoids some of the problems and limitations which char- 
acterize fundamental mode and PULSE mode FSM designs. We will dem- 
onstrate, however, that these design strategies are not without their price 
tag, the price being increased hardware requirements and increased time 
delays over those which result from fundamental and PULSE mode designs. 

In this section we present two important modular elements: the ARBI- 
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TER MODULE and the D-FLOP MODULE. Several others exist and are 
presented as problems at the end of this chapter. 


6.9.1 The ARBITER MODULE 


The ARBITER MODULE is used to control access to a protected system 
by means of the handshake interface illustrated in Fig. 6-60. In effect the 
ARBITER MODULE permits only one of two contending input requests to 
have access to a protected system at any given time even if both requests 
are made simultaneously. If both requests are ACTIVE, access is granted 
to the first to go ACTIVE—hence, first-in, first-out. The second request 
signal will be granted access only after the DONE signal for the first has 
been received from the protected system. Single-access requests are granted 
without contention, but, if both go ACTIVE at precisely the same time, 
access will be granted to one, and only one, on the basis of some electronic 
imbalance in the logic circuit. Any metastable condition that exists in the 
ARBITER MODULE must be resolved before access can be granted to one 
or the other of the input requests. 

Shown in Fig. 6-61(a) are the state diagrams that satisfy the requirements 
of a two-request ARBITER MODULE. An inspection of these state dia- 
grams reveals that the ARBITER MODULE consists mainly of four 
TRANSPARENT D-LATCHes (pulse-triggered D-FFs) and a SET-domi- 
nant BASIC CELL. The inputs to the BASIC CELL are Q, O DONEX = 
S and Qy © DONEY = R, and the output, Q, of the BASIC CELL is the 
triggering signal to the TRANSPARENT D-LATCHes in antiphase fashion 
as shown. Inputs REQX and REQY are obviously the data inputs to the 
LATCHes. Thus, a full handshake configuration exists, since the outputs 
of the REQX and REQY TRANSPARENT D-LATCHées are also inputs to 
the BASIC CELL (via its NEXT STATE forming logic), and vice versa. 
Note that a DONEX or DONEY input signal to the ARBITER MODULE 
is issued by the protected system following successful receipt of the re- 
spective output, GRANTX or GRANTY. Consequently, the “DONE” sig- 
nals are a necessary part of the handshake interface. 

Since the ARBITER MODULE appears to consist of three simple, well- 
known FSMs, its logic circuit can be constructed directly from the state 
diagrams without the assistance of the familiar K-map step. This is done in 
Fig. 6-61(b), where two XOR gates provide the NEXT STATE forming logic 
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Fig. 6-60. Block diagram of the ARBITER MODULE and its handshake interface 
with a protected digital system. 
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for the special BASIC CELL. The two REQ D-LATCHes may be thought 
of as an input register, the two GRANT D-LATCHes as the output register, 
and the special BASIC CELL (discussed later) as the MEMORY. Alter- 
natively, the input and output D-LATCHes could be regarded as the NEXT 
STATE and output logic FSMs, respectively, that form a special version of 
the NESTED machine model in Fig. 6-43. Note that we have arbitrarily 
chosen the REQ and DONE inputs and the GRANT outputs to be ACTIVE 
HIGH, but alteration of their ACTIVATION LEVELs can be made if ap- 
propriate changes are also made in the hardware. Note also that we have 
included in Fig. 6-61(b) the MASTER CLEAR (MCL) connections required 
to initialize (or reset) the ARBITER MODULE into its standby state. The 
two NAND gates together with the asynchronous CLEAR inputs to the 
TRANSPARENT D-LATCHes provide this feature, as explained shortly. 
The block circuit symbol for the ARBITER MODULE is given in Fig. 6- 
61(c). 

To help the reader understand the operation of the ARBITER MODULE, 
we have constructed a MIXED LOGIC I/O table for the BASIC CELL in 
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REQX -Q 
REQX : Q 
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(a) 
Fig. 6-61. Design of a two-request ARBITER MODULE. (a) State diagrams. 
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(c) 
Fig. 6-61 (contd.). (b) Logic circuit derived from the state diagram in (a) showing 
MASTER CLEAR connections. (c) Block circuit symbol. (d) MIXED LOGIC I/O 
table for the BASIC CELL of the ARBITER MODULES. 


Fig. 6-61(d). The ARBITER MODULE is initialized (or reset) by applying 
a 1(L) to the MCL(L) inputs, which forces the MODULE into the standby 
condition (4) of the I/O table. In condition (4) under normal operation the 
two REQ D-LATCHes are transparent and the two output D-LATCHes are 
in the RESET state. Thus, in condition (4) both GRANTX and GRANTY 
are DEACTIVATED due to the 1(H) = 0(L) outputs of the BASIC CELL. 
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(e) 
Fig. 6-61 (contd.). (e) Timing diagram showing the operating of the ARBITER 
MODULE when the GRANTY output is connected to the DONEY input, and the 
GRANTX output is connected to the DONEX input via a large delay At. 


Let us assume that the MCL(ZL) inputs are all maintained at 0(L) so that 
the ARBITER MODULE can perform normally. Thus, when all inputs to 
the ARBITER MODULE are INACTIVE, the module is in its standby state. 
Then, if only REQX goes ACTIVE, the BASIC CELL is driven into con- 
dition (2) which ACTIVATEs the GRANTX D-LATCH and holds the X 
input D-LATCH in its SET state. When the DONEX< signal is received from 
the protected system, the BASIC CELL returns to standby condition (4) 
and awaits the next request for access. Similarly, if REQY is the only AC- 
TIVE request, the BASIC CELL is forced into condition (3) and GRANTY 
is ACTIVATED. This holds the Y input D-LATCH in its SET state until a 
DONEY signal is received after which the BASIC CELL is returned to the 
standby state. 

Now, if both REQX and REQY go ACTIVE, one immediately after the 
other, the BASIC CELL will reside in condition (2) or (3) and the module 
will issue either a GRANTX or a GRANTY signal depending on which re- 
quest (X or Y) is received first. If REQX is first, then a GRANTX signal is 
issued immediately and GRANTY is delayed until a DONEX signal is re- 
ceived from the protected system. When the DONEX signal is received, the 
BASIC CELL is forced into condition (3), via condition (1), permitting 
GRANTY to go ACTIVE. Similarly, if REQY is the first to go ACTIVE, 
GTANTY is issued immediately and GRANTX is delayed until DONEY is 
received from the protected system. When the DONEY signal is received, 
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the BASIC CELL is forced into condition (2), via condition (1), thereby 
causing GRANTX to go ACTIVE. By the same reasoning, we note that 
GRANTX and GRANTY will go INACTIVE in the order that REQX and 
REQY go INACTIVE but only after the respective DONE signals are re- 
ceived from the protected system. Thus, in general, any change in the 
GRANTX and GRANTY signals will occur in the order that REQX and 
REQY change but only following receipt of the respective DONE signals 
by the MODULE. 

The operation of the ARBITER MODULE just described is summarized 
by the timing diagram in Fig. 6-61(e). Here, the GRANTY output is con- 
nected to the DONEY input and the GRANTX output is connected to the 
DONEX input both by way of a large delay At representing a response delay 
from the protected system. 


Metastability and Arbitration. Once the ARBITER MODULE has been placed 
in the standby mode, simultaneous 0 — 1 changes in the inputs REQX(A) 
and REQY(A#) (hence, simultaneous 1 — 0 changes in the S(L) and R(L) 
inputs to the BASIC CELL) may, on rare occasions, cause the MODULE 
to behave improperly or unpredictably. To understand why this may happen 
and to understand the steps that can be taken to minimize the problems that 
/ may result, it is necessary to discuss the operation of the BASIC CELL as 
it pertains to the operation of the ARBITER MODULE. Remember that the 
ARBITER MODULE is the first device we have dealt with that requires a 
BASIC CELL to be operated in the (S, R) = (1, 1) condition, the standby 
condition. 

It may be recalled from Fig. 6-9 that when the S and R inputs to a BASIC 
CELL undergo simultaneous 1 — 0 changes, the BASIC CELL breaks into 
a logic oscillation, one that continues until one (or both) of the inputs changes 
0 — 1. This logic oscillation occurs because the cross-coupled NAND gates 
are identical in every respect and because they drive each other in a manner 
that causes the output Q(Ħ) to alternate between ACTIVE and INACTIVE 
states, exactly antiphase to output P(L). Such behavior in a BASIC CELL 
is called logic instability. It may be regarded as the “‘ideal’’ logic response 
of the BASIC CELL to simultaneous 1 — 0 changes in the logic inputs S 
and R. 

The behavior of real NAND gates in a BASIC CELL differs from that 
just described. Real NAND gates are not identical. Their gain and their noise 
margins are not identical, and their 0 —> 1 and 1 — 0 switching thresholds 
and propagation delays normally differ somewhat from gate to gate. Fur- 
thermore, the input voltage signals have finite rise and fall times. As a result 
of these factors, there is a very small but nonzero probability that a real 
BASIC CELL will enter a “‘temporary’’ condition called metastability fol- 
lowing simultaneous LV to HV changes (equivalent to 1 — 0 changes log- 
ically) in the inputs, or following an input “‘runt’’ pulse, one that barely 
reaches the switching threshold. In the metastable condition, the BASIC 
CELL will either reside in an unresolved state somewhere between SET 
and RESET (but in neither) or it will oscillate. Experiments have shown that 
the time the BASIC CELL may spend in the metastable state usually 
amounts to few tens of gate delays, but, potentially, it could be much longer. 
BASIC CELLs composed of NAND (or NOR) gates with relatively large 
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propagation time to rise time ratios (t,/t,;,) tend to oscillate in the metastable 
state while BASIC CELLs with gates having t,/t,y ratios less than unity 
tend to favor unresolved behavior in the metastable state. In either case, 
the BASIC CELL will eventually emerge from the metastable state and 
reside stably in a SET or RESET condition, an outcome that is not usually 
predictable. Experimental work on this subject is cited in the Annotated 
References at the end of this chapter. 

Thus, an ARBITER MODULE may be caused to operate improperly or 
unpredictably if, on rare occasions, its BASIC CELL is forced into a tem- 
porary condition of metastability by simultaneous LV to HV changes in the 
REQX and REQY inputs or by a runt pulse in one of these input signals. 
Unfortunately, the metastable condition cannot be prevented from occur- 
ring. Metastability is a statistical phenomenon that is fundamental to feed- 
back systems such as cross-coupled NAND gates and cannot be eliminated 
by any electronic ‘‘fix it’? scheme. The “‘fix it” scheme will have its own 
small but nonzero probability of going metastable. However, the oscillatory 
behavior resulting from the metastable state can be prevented, and the met- 
astable exit time (the statistical time interval between entrance into and exit 
from the metastable state) can be reduced if not minimized. These measures 
can be accomplished in a CMOS BASIC CELL by adjusting certain switch- 
ing thresholds of the cross-coupled NAND gates higher than normal and by 
adding INVERTERs (to the BASIC CELL outputs) that have switching 
thresholds lower than normal. If done properly, the result is a special BASIC 
CELL (BASIC CELL plus INVERTERs) as in Fig. 6-61(b) that will prevent 
oscillation and possibly reduce the metastable exit time should the BASIC 
CELL become metastable. Oscillation, resulting from the metastable con- 
dition, is prevented because the NAND gates can no longer drive each other 
in an antiphase manner. Also, to compensate for the threshold adjustments 
in both the NAND gates and the INVERTERs, gain elements may need to 
be installed on the INVERTER outputs. The details of how all this can be 
accomplished and the effect that such alterations may have on such factors 
as the gain bandwidth product and propagation delays, are complex and are 
beyond the scope of this text. However, a good treatment of this subject is 
cited in the Annotated References at the end of this chapter. 

Once accomplished, the ARBITER MODULE will operate properly 
under any set of input conditions. However, on rare occasions, arbitration 
decisions may be delayed for potentially long periods of time due to the 
metastable ‘‘hangup’’ condition. Even so, upon emerging from such a meta- 
stable state, whenever that occurs, the ARBITER will make a clean decision 
and grant a request for access to one, and only one, contending request. 
The outcome of this decision may not be predictable. 

The phenomenon of metastability is fundamental to the task of arbitration 
and cannot be eliminated by altering the design of the ARBITER. The only 
sure way to minimize the probability of a metastable hangup is to minimize 
competition for access to the protected system. Obviously, the greedier the 
contending requests are for access the greater will be the probability that 
the ARBITER will go metastable at some point in time. 

A natural side effect of altering the thresholds of the NAND gates ina 
BASIC CELL is the effect this alteration has on the 0 — 1 and 1 — 0 
propagation delays. The effect on the propagation delays of the BASIC 


ARBITER MODULE 
REQX 


K GRANTX 


DONEX 


DONE Y 


MCL(L) 


CELL cannot itself account for the overall behavior of the special BASIC 
CELL in the ARBITER MODULE just described. However, it can be dem- 
onstrated logically that a proper choice of edge propagation delays can, 
under certain conditions, eliminate the oscillatory behavior exhibited in Fig. 
6-9. We leave this task as an exercise for the reader. 


Application of the ARBITER MODULE. One way to overcome the severe 
input restrictions placed on PULSE mode designs is to find a means of 
producing nonoverlapping pulses from asynchronous input signals which can 
be overlapping. The use of the ARBITER MODULE provides such a means 
as demonstrated in the paragraphs that follow. 

Shown in Fig. 6-62(a) is a PULSE mode FSM driven by an ARBITER 
MODULE and the logic (two AND gates) necessary to produce nonover- 
lapping pulses from two asynchronous inputs X and Y. The PULSE mode 
FSM is the same as that in Fig. 6-54. Nonoverlapping pulses to the PULSE 
mode FSM are assured by connecting the GRANT outputs of the ARBITER 
MODULE to their respective DONE inputs, and by connecting the mixed- 
rail outputs from the ARBITER MODULE to the AND gates as shown.. 

The operation of the PULSE mode FSM is illustrated by the timing dia- 
gram in Fig. 6-62(b). Note that overlapping input pulses X and Y yield non- 
overlapping pulses GX and GY even when the ACTIVE periods of the input 
pulses are coincidental. This is so because of the action of the ARBITER 
MODULE. 


1(H) 


(a) 
Fig. 6-62. Application of the ARBITER MODULE to the simple PULSE mode 
sequence recognizer of Figure 6-54. (a) Logic circuit showing the ARBITER 
MODULE connections necessary to produce non-overlapping pulses from two 
asynchronous input signals. 
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(b) 
Fig. 6-62 (contd.). (b) Timing diagram for the logic circuit of (a) showing the 
occurance of an output pulse Z(H) any time the pulse sequence... Y- X-X 


. . . occurs. 


A more likely use of the ARBITER MODULE is to arbitrate contending 
requests for access to a multiple-branching fundamental mode FSM. Since 
any two or more inputs controlling the branching to such an FSM cannot 
be permitted to change simultaneously, it is necessary to either constrain 
the input sources to meet the setup and hold-time requirements of each 
state’s sampling variable or to interpose an input conditioning circuit that 
will accomplish this. The use of an ARBITER stage for this purpose is the 
subject of Problems 6.47 and 6.49 at the end of this chapter. 


6.9.2 Externally Asynchronous/Internally Clocked Systems 
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In this section we describe digital logic architecture that invokes the ad- 
vantages of both the synchronous and asynchronous design methodologies, 
but without many of their disadvantages. From the perspective of the ex- 
ternal world such a system operates asynchronously but is internally clock 
driven following a specific handshake protocol. The term “‘handshake’’ re- 
fers to a logic configuration whereby the outputs of one FSM become the 
inputs to another, and vice versa. 

A well-designed externally asynchronous/internally clocked (EAIC) sys- 
tem should have the following characteristics: 


e Correct operation of an EAIC system is assured regardless of when the 
inputs change with respect to themselves or with respect to the internal 
CLOCK. 

¢ The initiation of a state transition does not depend on a periodic CLOCK 
signal, as in a synchronous FSM; rather it depends on completion of the 
previous state transition and on an acknowledgment of readiness for the 
next. Thus, each transition event occurs immediately after an acknowl- 
edgment has been received indicating that all data inputs have satisfied 
the set-up and hold-time requirements of the internal CLOCK. 

e The EAIC system is delay insensitive and will operate correctly without 
CLOCK distribution problems (CLOCK SKEW). 

e When input signals are stored in the MEMORY elements of the EAIC 
system, they are, in effect, synchronized with respect to the internal 
CLOCK. Once stored, further data input is temporarily ‘‘locked out,” 
and the stored information is retained in MEMORY until after the outputs 
have been updated with that information, a process similar to edge-trig- 
gered FLIP-FLOP operation. 

e FSMs designed with the EAIC architecture can be initialized (or reset) 
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into any state, and logic noise in the outputs can be ‘“‘filtered out’’ by 
using a standard output holding register triggered antiphase to the internal 
CLOCK. | 


e The NEXT STATE and output forming logic for the EAIC system can 


be implemented by using many of the same alternatives discussed in Sect. 
5.11. 


The features of the EAIC system represent a compromise between asyn- 
chronous fundamental mode and synchronous approaches to sequential ma- 
chine design. All the advantages of a synchronous system design are realized, 
but without the possibility of CLOCK SKEW. A disadvantage of the EAIC 
system is that additional logic is required to produce the internal CLOCKing 
mechanism. As a result, the response time of the EAIC system will normally 
lie somewhere between equivalent synchronous and fundamental mode de- 
signs. 

In Fig. 6-63 is shown the block diagram for one version of the EAIC 
architecture. The EAIC system consists of an input register, a MEMORY 
register, a RENDEZVOUS MODULE (RMOD) that generates the CLOCK 
signal, NEXT STATE and output forming logic, and an output holding reg- 
ister should it be necessary to filter the output signals. The input and MEM- 
ORY registers are composed of D-FLOP MODULE s that combine with the 
RMOD to produce the handshake interface required for EAIC system op- 
eration. The input and MEMORY registers receive identical CLOCK signals 
from the RMOD and CLOCK driver. Note that the purpose of the CLOCK 
driver is to boost the CLOCK signal for greater fan-out capability. For small 
systems the CLOCK driver can be omitted. 


Inputs put Q Q PS 
D-FLOP NEXT STATE MEMORY 
forming D-FLOP 
REGISTER ee 
PRESET CLEAR 
panies Output Q F> Outputs 
holding 
4 REGISTER 
q> 
CLOCK 
driver m 


CLOCK 


CLEAR 


Fig. 6-63. Block diagram for an externally asynchronouslinternally clocked 
system. 639 
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(b) 
Fig. 6-64. (a) State diagrams for the J” D-FLOP MODULE showing its resolver 
and output FSM components. (b) State diagram for an n-bit RENDEZVOUS 
MODULE. 


The state diagrams for the J“ D-FLOP MODULE and n-bit RENDEZ- 
VOUS MODULE are given in Figs. 6-64(a) and (b). Figure 6-64(a) shows 
that the D-FLOP MODULE consists of two FSMs, a resolver FSM and an 
output FSM. The resolver FSM stores the input data Dy on the falling edge 
of the triggering variable Tz, and issues a request R; (to the RENDEZVOUS 
MODULE) for a CLOCK signal when it (the resolver FSM) enters the 
RESET condition (STATE @0) or SET condition (STATE AD. The storage 
function of the resolver FSM is similar to that of the FET D-FF as is evident 
by comparing Figs. 6-64(a) and 6-44(a) with CLOCK complemented. Thus, 
once stored, further change in the data input signal cannot alter the stored 
value—a data-lockout feature. 
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When the requests for CLOCK, R, are received from all n D-FLOPs, 
the RENDEZVOUS MODULE in Fig. 6-64(b) issues a CLOCK signal. This 
CLOCK signal, together with the state variable outputs (y1, yo) of the re- 
solver circuit, cause the output FSM in Fig. 6-64(b) to make a transition that 
depends on the resolved condition (SET or RESET) of the resolver FSM. 
In the SET condition (STATE AD the output FSM undergoes a transition 
to STATE) conditionally on yıyoCK and issues an ACTIVE Ọ; signal. In 
the RESET condition (STATE 0) the transition is to STATE ©) condi- 
tionally on y1yoCK, and Q; becomes INACTIVE. In either case, a tiggering 
signal T; is issued by the output FSM, sending the resolver FSM back to 
its unresolved state (STATE OD) where request R; becomes INACTIVE. 
When all requests for CLOCK, R, become INACTIVE, the RENDEZVOUS 
MODULE undergoes a transition to STATE ©) where CLOCK is INAC- 
TIVE. An INACTIVE CLOCK signal causes all triggering variables, 7, to 
become INACTIVE, which, in turn, forces the storage of input data in all 
D-FLOPs and a repetition of the process just described. 

Shown in Figs. 6-65(a) and (b) are the fundamental mode K-maps for the 
resolver and output FSMs of the D-FLOP, respectively, as obtained from 
Fig. 6-64. The cover used here is not minimum in every case but is necessary 
to help ensure that the EAIC system is delay insensitive. The system must 
operate correctly with any delays inserted in the CLOCK distribution leads. 


Yy =YoDT + yT Yo =Y D +T +y; R=Y1¥o + Y1 Yo 
= (D + y1) ` YoT = (Y1Yo) ® (Y1Yo) 


(a) 


Y = y1 YoCK + y1y + Yoy + CKy T =Y; (¥i¥o) -CK+y-(¥1¥o) - CK 


=Y1YoCK + (Y1yo CK) -y 
(b) 
Fig. 6-65. Design of the D-FLOP MODULE. (a) K-maps and minimum cover for 


the resolver FSM. (b) K-maps and minimum cover for the output FSM. 
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(d) 
Fig. 6-65 (contd.). (c) Logic circuit for the D-FLOP MODULE showing the 
ACTIVE LOW CLEAR and PRESET override connections and the resolver and 
output FSM sections. (d) Block circuit symbol. 
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(e) 
Fig. 6-65 (contd.). (e) Timing diagram for the D-FLOP showing its operation 
when request R is connected to the input CK. 


The logic for the request parameter, R, is taken as an XOR function to 
guarantee that R will go ACTIVE only when the resolver FSM is stable in 
one or the other of the two resolved states. However, an OR function would 
also suffice. The logic expressions for Y and T in Fig. 6-65(b) are also chosen 
to meet stability requirements. For example, the timing parameter, T, cannot 
go ACTIVE until the resolver FSM has stabilized into a resolved state and 
until the output has been updated. 

The logic circuit for the D-FLOP is provided in Fig. 6-65(c) where the 
resolver and output sections are clearly indicated. The resolver FSM is rec- 
ognized as being similar to that of Fig. 6-44(c) but with NOR logic and 
CLOCK ACTIVE LOW. Other differences stem from the choice of cover 
taken for Yı. A somewhat different version of the D-FLOP (called the Q- 
FLOP) is presented in work on Q-modules cited in the Annotated References 
of this chapter. 

The two NOR gates and two INVERTERs shown in Fig. 6-65(c) provide 
a metastable detection stage for the GATED BASIC CELL. The NOR gates 
and INVERTERs are designed with special switching thresholds so as to 
detect and resolve the metastable state should it occur. The details of how 
this is accomplished is beyond the scope of this book. However, the work 
on Q-modules, cited in the Annotated References at the end of this chapter, 
offers a simple cross coupled CMOS INVERTER design for the metastable 
detection stage. 

Inherent in the EAIC system is the requirement for an upper bound to 
be placed on the propagation delay through the NEXT STATE forming logic, 
Atns. An inspection of Fig. 6-65(c) indicates that correct operation of the 
EAIC system can be guaranteed only if Atns < (Afpiogic + Atresoiver + 
Atrmop), Where the delay period in parentheses is approximately one half 
the CLOCK period. This requirement is easily met by NEXT STATE form- 
ing logic of two or three levels. Note that the T(H) generating logic (7-logic) 
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and the RMOD logic each constitute two levels of logic with respect to 
propagation delay. The resolver circuit logic (including the detection stage) 
constitutes approximately four levels of logic. 

Asynchronous PRESET and CLEAR overrides can be added to the D- 
FLOP MODULESs so as to permit initialization (or reset) into any state of 
an EAIC system. The connections for these overrides are shown in Fig. 6- 
65(c). A block circuit symbol, presented in Fig. 6-65(d), provides a mac- 
roscopic view of all the D-FLOP terminals including the PRESET (PR) and 
CLEAR (CL) inputs. 

In Fig. 6-65(e) is given the timing diagram for the D-FLOP MODULE 
illustrating its operation when request R is connected to CLOCK. This timing 
diagram is obtained from a computer simulation. It shows that the D-FLOP 
process begins with the falling edge of the R = CK signal which forces the 
T variable LOW, thereby storing the data in the resolver FSM. The process 
continues with the updating of the output on the following rising edge of the 
R.= CK signal, and ends with a return of the resolver FSM to its unresolved 
state on the next rising edge of the T signal. Any delay could be placed in 
the R-to-CK connection resulting only in a slower performance of the D- 
FLOP. 

An EAIC system of n total D-FLOPs must be operated by using a REN- 
DEZVOUS MODULE (RMOD) having at least n inputs. The K-map, min- 
imum cover, and logic circuit for an n-bit RMOD are presented in Fig. 6- 
66. This design is shown with ACTIVE HIGH and LOW outputs which 
provide the CLOCK signals for the EAIC system. If fewer than n inputs are 
needed for EAIC system operation, the unused inputs can be connected to 
those in use without affecting the operation of the RMOD. 


y(H) = CK(H) 
Y 


(b) 
Fig. 6-66. Design of the n-bit RENDEZVOUS MODULE of Figure 6-64(b). 
(a) K-map and minimum cover. (b) Logic circuit showing ACTIVE HIGH and 
ACTIVE LOW MODULE outputs. 


A Simple Example of an EAIC System. The application of the EAIC system 
approach to a simple sequence recognizer is given in Fig. 6-67. The logic 
circuit, shown in Fig. 6-67(a), consists of two input D-FLOP MODULEs 
(the input register), two MEMORY D-FLOP MODULEs (the MEMORY or 
output register), NEXT STATE and output forming logic, and a four-input 
RMOD. The LPD model design of this sequence recognizer is featured in 
Problem 6.21 at the end of this chapter. 

The timing diagrams for the operation of the EAIC system in Fig. 6-67(a) 
are taken from a computer simulation and are presented in Figs. 6-67(b) and 
(c). The frequency of the CK(H) signal in Fig. 6-67(b) is too high to be 
resolved. The timing diagram in Fig. 6-67(c) is a blow-up of the dashed box 
region in Fig. 6-67(b). It reveals the details of the EAIC system operation 
just before and just after a SEQACK(H) transition. Notice how the four R 
signal transitions must be “‘bundled’’ to produce a CLOCK signal transition. 
Thus, a given CLOCK transition can occur only after all inputs to the RMOD 
have previously undergone the same transition. 

One alternative is to design the output FSM of the D-FLOP by using the 


CK(H) 


SEQACK(H) 


(a) 


Fig. 6-67. Application of the EAIC system to a simple sequence recognizer. 
(a) Logic circuit showing the input and MEMORY D-FLOPs, the NEXT STATE 
and output forming logic, and a four-input RENDEZVOUS MODULE. 
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(c) 
Fig. 6-67 (contd.). (b) Timing diagram for the sequence recognizer of (a) showing 
an output SEQACK any time in the sequence... 10—11—01 .. . occurs in the X, 
Y input signals. (c) Blow-up of the dashed box region in (b) showing details of 
system operation inclusive of the delays through the NEXT STATE and output 
forming logic. 


LPD model in lieu of the NESTED CELL model used in Fig. 6-65. This 
alternative design should not alter the performance of the D-FLOP but will 


alter the character of the mixed-rail outputs O(H) and Q(L). 


Scope of EAIC System Application. Application of the EAIC system appears 
to be nearly unlimited since it can replace any of the synchronous system 
architecture described in Sect. 5-11. A D-FLOP MODULE can be converted 
to any X-FLOP MODULE (e.g., a JK-FLOP or T-FLOP MODULE) by 
using the conversion logic discussed in Sect. 5.6.6, and any D-FLOP register 
or counter can be designed for use in an EAIC system by following the 


procedures outlined in Sect. 5.10. 
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ANNOTATED REFERENCES 


The book by Unger is a classic in the field of asynchronous sequential 
machines. Both fundamental mode and PULSE mode asynchronous ma- 
chines are discussed. Chapter 4 provides an excellent coverage of CRITI- 
CAL RACES, combinational HAZARDs and essential HAZARDs. How- 
ever, the treatment is theorem/lemma oriented and may not be easy reading 
for the beginner. Chapter 6 discusses asynchronous sequential circuits that 
return ‘‘done’’ signals. Original works by Muller, Unger, Huffman, Mc- 
Cluskey, and others are cited. 


Unger, S. H., Asynchronous Sequential Switching Circuits, Wiley-Interscience, 
New York, 1969. 


Asynchronous sequential machines designed to operate in the funda- 
mental mode are discussed in the text by Fletcher. The notation used closely 
parallels that used by the present authors. Chapter 10 includes adequate 
treatment of asynchronous FSM design and analysis and includes discus- 
sions of timing defects such as ENDLESS CYCLEs, CRITICAL RACEs, 
and HAZARDs. Some useful examples are given and a bibliography is pro- 
vided. 


Fletcher, W. I., An Engineering Approach to Digital Design, Prentice Hall, Engle- 
wood Cliffs, N.J., 1980. 


A condensed, relatively advanced, but readable treatment of asynchro- 
nous FSMs is given in Chapters 12 and 13 of Dietmeyer’s book. The subjects 
of HAZARDs and state assignment techniques, among others, are covered. 
Important earlier works are cited. 


Dietmeyer, D. L., Logic Design of Digital Systems, Allyn & Bacon, Boston, 1978. 


A book by Nagle et al. and another by McCluskey cover the subjects of 
both fundamental mode and PULSE mode asynchronous sequential ma- 
chines. The book by McCluskey emphasizes testable circuit design and ad- 
heres rigidly to the ANSI/IEEE Standard for logic symbols. Chapters 7, 8, 
and 9 of McCluskey’s book provide adequate coverage of fundamental mode 
and PULSE mode asynchronous machines. Chapter 3 considers the subject 
of combinational HAZARDs in considerable detail. Chapter 8 of Nagle et 
al. covers the subjects of fundamental and PULSE mode finite state ma- 
chines in a traditional manner. Bibliographies are included in both texts. 


Nagle, H. T., Jr., B. D. Carroll, and J. D. Irwin, An Introduction to Computer Logic, 
Prentice Hall, Englewood Cliffs, N.J., 1975. 

McCluskey, E. J., Logic Design Principles with Emphasis on Testable Semicustom 
Circuits, Prentice Hall, Englewood Cliffs, N.J., 1986. 


The unpublished work of Sproull and Sutherland provides an excellent 
treatment of the MOS design of asynchronous FSM modules. A knowledge 
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of petri nets is recommended. Volume II of their work has been of significant 
value to the present author in matters pertaining to asynchronous modules, 
and in particular the ARBITER MODULE. An extensive bibliography of 
the pertinent subject areas is provided. 


Sproull, R. F., and I. E. Sutherland, Asynchronous Systems, Vols. I, II and III, 
Sutherland, Sproull and Associates, Inc., Pittsburgh, Penn., (unpublished man- 
uscript, 1986). 


An excellent article by Rosenberger et al. describes the CMOS design 
and analysis of Q-modules which are used in externally asynchronous, in- 
ternally CLOCKed systems. A good bibliography provides the background 
for this work. 


Rosenberger, F. U., C. E. Molnar, T. J. Chaney, and T. P. Fang, ‘‘Q-Modules: 
Internally Clocked Delay-Insensitive Modules,” IEEE Trans. Compt., Vol. 37, 
(Sept. 1988), pp. 1005—1018. 


An article by Chaney and Molnar provides some interesting experimental 
observations on the metastable state in BASIC CELLs. 


Chaney, T. J., and C. E. Molnar, ‘‘ Anomalous Behavior of Synchronizer and Arbiter 
Circuits,” IEEE Trans. Compt., Vol. C-22 (Apr. 1973), pp. 421-422. 


The software tools required to simulate FSMs are briefly reviewed in 
Chapter 7 of the more recent text by Unger. Useful references are given at 
the end of that chapter. 


Unger, S. H., The Essence of Logic Circuits, Prentice-Hall, Englewood Cliffs, N.J., 
1989. 


References for software tools used to minimize Boolean function are 
provided in the Annotated References at the end of Chapter 3. 

A partial listing of data manuals and handbooks for semicustom TTL and 
CMOS MSI and LSI logic design is provided in the Annotated References 
at the end of Chapter 4. 


PROBLEMS 


-6.1 The logic circuit in Fig. P6-1 is that of a special A(L) 


MEMORY cell. 


Q(H) 


(a) Determine its state diagram by following a pro- 
cedure similar to that for the SET-dominant 


basic cell in Sect. 6.4.2. 


(b) Analyze this FSM for any problems or potential 


problems it may have. 


(c) Construct the state transition table and opera- 
tion table for this special MEMORY cell. 
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BL) 
Fig. P6-1. 
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6.2 An asynchronous FSM is to be designed which has 
two inputs, A, and B, and one output, Z. It is the 
function of this machine to issue an output signal Z 
any time a change occurs in A or B such that their 
logic levels are not the same. 


(a) Construct the Moore and Mealy forms of the 
state diagram for this machine. 


(b) Use the LPD model and either form of the state 
diagram to design this FSM. End with a suitable 
logic circuit. 

(c) What conclusion can be drawn from this exer- 
cise regarding combinational logic in general? 

6.3 The state diagram of Fig. 6-6(a) is MINTERM code 
based as are all state diagrams and K-maps pre- 
sented in this text. We know that a MINTERM code 
based state diagram must satisfy the requirements 
of Eqs. (6-4) and (6-5), unless, of course, certain 
restrictions are placed on the input sources. 

(a) Convert the state diagram of Fig. 6-6(a) to one 
that is MAXTERM code based and verify that 
the dual of each equation, Eq. (6-4) and (6-5), 
is satisfied. Thus, from these results, write the 
generalized dual forms for Eqs. (6-4) and (6-5). 
(Hint: To convert a state diagram from MIN- 
TERM code to MAXTERM code form, or vice 
versa, complement all branching conditions.) 

(b) Plot the NEXT STATE and output EV K-maps 
from the MAXTERM code based state diagram 
by using the LPD model, and loop out minimum 
POS cover. Compare these results with those of 
Fig. 6-6. 

6.4 A two-input (A, B) and single output (Z) asynchro- 
nous FSM operates in the following manner: 
Whenever B = 1, then Z = 0. But if B = 0 and 
Z = 0, a change in A causes Z to be Z = 1. The 
output Z cannot change to Z = 0 until B changes to 
B= 1. 

: Use the LPD model and optimum NOR logic to 
design this FSM for glitch-free operation and as- 
sume that the inputs arrive such as to meet the setup 
and hold-time requirements for each state. Assume 
that the inputs arrive from positive logic sources 
and that the output is ACTIVE LOW. (Hint: The 
state diagram should be one of three states.) 


6.5 Two SET-dominant GATED (CLOCKED) BASIC 
CELLs were used in Fig. 5-34(a) to configure the 
MS JK-FF. By using the LPD model, design the 
SET-dominant GATED BASIC CELL. Begin with 
its state diagram and first-order EV K-map, and end 
with the logic circuit. Assume that the inputs S, R, 
and G (for GATE), arrive from positive logic 
sources and that the output y = Q is ACTIVE 
HIGH. 

Problems 


6.6 Follow the same procedure as in Problem 6.5 to de- 
sign the RESET-dominant form of the GATED 
BASIC CELL. Assume that the inputs S, R and G 
and the output Q are all ACTIVE HIGH. (Hint: 
Loop out the entered variables of the first-order K- 
map in MAXTERM code.) 

6.7 The state diagram in Fig. P6-2, has been coded in 
one-hot code (see Fig. 4-42). The design of such an 
asynchronous FSM is said to be by the ‘‘one-hot’’ 
method. 

(a) Are there any oscillations or CRITICAL 
RACEs associated with the FSM in Fig. P6-2? 
Explain. 

(b) Are output race glitches possible in the FSM of 
Fig. P6-2? If so, under what conditions can they 
be avoided? Give a detailed answer by using 
state diagram segments as in Fig. 5-59. 


Fig. P6-2. 


6.8 (a) Use the LPD model to find the optimum cover 
for the FSM in Fig. P6-2 of Problem 6.7. The 
design must be free of STATIC HAZARDs and 
output race glitches. 

(b) What conclusion is reached regarding STATIC 
HAZARD production in this FSM? 

(c) Are E-HAZARDs and d-trios possible in this 
FSM? Explain your answer. | 


(d) What are the advantages and disadvantages of 
the one-hot method applied to asynchronous 
FSM design? 
6.9 (a) With the help of the information in Fig. 6-47(a), 
construct a fully documented state diagram for 
the rising edge triggered D data lockout FLIP- 


FLOP. 
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6.10 


6.11 


(b) Discuss how this data lockout FLIP-FLOP is 
similar to yet different from the D master slave 
FLIP-FLOP of Fig. 5-32(a). 

Refer to Problem 6.9. Use the LPD model to carry 
out the necessary steps to obtain an optimal design 
(logic circuit) for the D data lockout FLIP-FLOP 
free of STATIC HAZARDs. 
Refer to Problem 6.9. Identify four E-HAZARD 
paths that, if active, will cause the FSM to mal- 
function. Give the race gate and the initiating 
branching condition for each E-HAZARD. Also, 
identify two d-trio paths and explain why they do 
not have the potential to cause the FSM to mal- 
function. 


6.12 The state diagram in Fig. 5-23(b) represents a pos- 


6.13 


6.14 
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itive pulse triggered (PPT) D FLIP-FLOP or 
TRANSPARENT D-LATCH. It can also be called 
a TRANS-HI MODULE. In Sect. 5.6.3 this FLIP- 
FLOP was designed by using the NESTED CELL 
model, though no mention of this was made at that 
time. 


(a) Find an optimum design for the PPT D-FF of 
Fig. 5-23(b) by using the LPD model. Check for 
STATIC HAZARDs, and end with an appro- 
priate LPD logic circuit. Verify that the gate/ 
input tally (excluding INVERTERs) is 4/9 with 
HAZARD cover included. 


(b) Construct a timing diagram for this FSM and 
verify that the TRANSPARENT D-LATCH 
will break into oscillation if STATIC HAZARD 
cover is not included. Demonstrate with the tim- 
ing diagram that inclusion of the STATIC HAZ- 
ARD cover removes the HAZARD. 

The STATE DIAGRAM in Fig. 5-29(b) represents 
a positive pulse-triggered (PPT) JK FLIP-FLOP. In 
Sect. 5.6.3 this FLIP-FLOP was designed by using 
the NESTED CELL model of Fig. 6-43(c). Design 
the PPT JK-FF of Fig. 5-29(b) by using the LPD 
model. Check for STATIC HAZARDs and end with 
an optimum LPD circuit having mixed-rail outputs 
and PR(L) and CL(L) overrides. Compare this cir- 
cuit with that of Fig. 5-30(b). Which if either is the 
preferred design? Explain. 

The FSM of Fig. 6-16(a) has the potential to mal- 

function by the action of a single E-HAZARD. 

(a) Identify the E-HAZARD path, the branching 
condition under which it is initiated, and the 
race gate. 

(b) In terms of Fig. 6-21, classify this E-HAZARD 
as to its type. 

(c) Does a d-trio path exist? If so, give the path and 
identify the race gate and the initiating branch- 
ing conditions. 


6.15 Refer to Problem 6.14. 


(a) Use the logic circuit of Fig. 6-17(a) in conjunc- 
tion with the results of Problem 6.14 and follow 
the procedure in Sect. 6.5.4 to determine the 
minimum path delay required to produce the E- 
HAZARD. To facilitate this analysis assign a 
unit path delay t, to each gate and to each IN- 
VERTER. Which gate is the race gate? 

(b) Verify the results of (a) by using a timing dia- 

~ gram of the type shown in Fig. 6-26(b). Place a 
counteracting delay in the appropriate feedback 
path and demonstrate removal of the E-HAZ- 
ARD. 


6.16 The state diagram is provided in Fig. P6-3 for a three 


state asynchronous FSM. 


(a) Analyze this FSM for possible ENDLESS CY- 
CLEs, CRITICAL RACEs, STATIC HAZ- 
ARDs and output race glitches. Base the 
STATIC HAZARD analysis on SOP cover ob- 
tained by using the LPD model. Use a timing 
diagram to demonstrate the existence of any 
STATIC HAZARD or output race glitch that 
may exist. 

(b) Analyze this FSM for possible POS STATIC 
HAZARDs. If present, use timing diagrams to 
demonstrate their existence and removal with 
the appropriate HAZARD cover. 


(c) Analyze this FSM for possible ESSENTIAL 
HAZARDs and d-trios. If any exist, determine 
the paths, race gates, branching conditions, and 
minimum delay requirements for their produc- 
tion. Assume that each gate and INVERTER 
has a unit path delay 7,. Use a timing diagram 
to demonstrate the formation and removal of 
any E-HAZARD or d-trio that can be produced. 


Fig. P6-3. 
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6.18 


6.19 


6.20 


The FSM in Fig. 6-18(a) appears to have the po- 
tential to malfunction along either one of two E- 
HAZARD paths. 

(a) Use the logic circuit, derived from the NEXT 
STATE expressions in Fig. 6-18(b), and the 
STATE DIAGRAM in Fig. 6-18(a) together with 
timing diagrams to explain why this FSM can or 
cannot be caused to malfunction by E-HAZ- 
ARD action. 


(b) Are any d-trio paths present? Explain. 
The state diagram for the DATA CHECK MOD- 
ULE is given in Fig. P5-4 at the end of chapter 5. 


(a) Use the LPD model to design the DATA 
CHECK MODULE as an asynchronous FSM. 
Assume that the inputs and output are all AC- 
TIVE HIGH. 


(b) Repeat part (a) by using the NESTED CELL 
model for the design. 

(c) Demonstrate the operation of the DATA 
CHECK MODULE with a MIXED LOGIC tim- 
ing diagram for the design in part (b). Neglect 
propagation path delays. 

The requirements for E-HAZARD and d-trio for- 

mation in SOP logic circuits is presented in Sect. 

6.5.4. 


(a) Summarize the requirements for E-HAZARD 
and d-trio formation applicable to POS logic cir- 
cuits. Include race gate requirements in your an- 
swer. 


(b) Use timing diagrams to test the validity of the 
requirements given in (a) on the POS logic cir- 
cuit that results from Fig. 6-16. 


A sequence recognizer is to be designed that re- 
ceives two inputs, X and Y, and issues a glitch-free 
output SEQVALID any time the nonoverlapping 
pattern of input changes is... XYXYYXYY.... 
The FSM is to monitor this sequence of changes 
beginning when both X and Y become INACTIVE 
following initialization, or following completion of 
the correct sequence, or following any incorrect se- 
quence. | 
(a) Construct a state diagram for this FSM that is 
suitable for the LPD model and that is free of 
oscillations, CRITICAL RACEs, and output 
race glitches. 


(b) Implement this asynchronous FSM by using the 
NESTED CELL model and a PLA-type device. 
Hence, construct a p-term table by using the 
state diagram from (a) and the appropriate K- 
map cover which must be HAZARD-free. As- 
sume that the inputs arrive from positive logic 
sources which are never permitted to change at 
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6.22 


6.23 


the same time, and hence are never in violation 
of the setup- and hold-time requirements for any 
given state. Also, assume that the output 
SEQVALID is issued ACTIVE HIGH. 


(c) Construct the abridged symbolic representation 
for the programmed PLA. Initialize by means 
of an asynchronous CLEAR override in 
RESET-dominant BASIC CELLs. 


(d) Make a table showing all potential second order 
E-HAZARD and d-trio paths associated with 
this FSM. Include the branching conditions re- 
quired to initiate each defect. 


A sequence recognizer is to be designed which has 
two inputs, A and B, and a single output SEQACK. 
It is required that the output SEQACK go ACTIVE 
any time the sequence .. . 10-11-01 .. . is recog- 
nized. 


(a) Construct a four state state diagram for this 
FSM that is suitable for the LPD model and that 
is free of CRITICAL RACEs and oscillations. 


(b) Assume that the inputs arrive from positive 
logic sources which are never permitted to 
change at the same time, and hence are never 
in violation of the setup- and hold-time require- 
ments for any given state. Assume also that the 
output is issued ACTIVE LOW. Use the LPD 
model and discrete logic for a defect-free, op- 
timum design of this FSM. Compare the NEXT 
STATE logic of this design with that of Fig. 6- 
67(a). 

Identify any potential E-HAZARD, d-trio, or 
special delay HAZARD paths that may exist. 
Give the race gate and minimum path delay re- 
quirements for each. Verify the existence of 
each potential defect in a MIXED LOGIC tim- 
ing diagram. 

An LPD logic circuit yields the following expres- 
sions for the NEXT STATE logic: 


(c) 


Yı = yi oA + yoAB + yıB + yiyo 
Yo = y,AB + yoB + yiyoA + yivoA 
Z = YıyoÁ 


(a) Construct the state diagram and NEXT STATE 
map for this FSM. (Hint: See Sect. 6.6.3.) 


(b) Analyze this machine for any possible defects 
or potential problems it may have. 


A badly designed (nonsense) asynchronous FSM is 
designed by using the NESTED CELL model dis- 
cussed in Sect. 6.7. When this circuit is read, the 
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following logic expressions are obtained: 


Sa = BY +.BXY S= AX 
R, = BX + BY Ro AYAY 
Z = AB 


(a) Obtain the state diagram for this machine. (Hint: 
It may be helpfiil to transform the second-order 
K-maps to LPD form by using the transforma- 
tion equation Y = yS + yR.) 

(b) Analyze this FSM for any defects it may have. 

6.24 The circuit in Fig. P6-4 is represented by the dis- 
tributed path delay model for which a path delay, 

NEXT STATE variable and PRESENT STATE 

variable exist for each gate. 

(a) Analyze this circuit by following the procedure 
outlined in Sect. 6.6.3, and verify that a four 
state state diagram results. 

(b) Merge the appropriate states to form the two 
state state diagram that would be valid for the 
LPD model of the same FSM. 


6.25 A special duty rising edge triggered N FLIP-FLOP 
is defined by the following operation table: 


BASIC CELL of the special FET ST-FF in Fig. 
6-36(c). (Hint: The SET and RESET branching 
conditions must include Q and Q, respectively, 
so as to accommodate the TOGGLE character 
of this FLIP-FLOP.) 


(b) Verify with a timing diagram based on the 
STATE DIAGRAM in (a) that this ST-FF is 
semi-transparent and that it does not satisfy all 
the requirements of a true edge triggered FLIP- 
FLOP. 


6.27 (a) Design the RET D-FF by using the NESTED 
CELL model applied to the controller for the 
BASIC CELL shown in Fig. 6-44(a). Compare 
the results with those of Fig. 6-44(c). 


(b) The logic circuit in part (a) appears to have the 
potential to malfunction as a result of d-trio for- 
mation along either one of two paths. Use this 
logic circuit together with the state diagram in 
Fig. 6-44(a) to explain why d-trio formation is 
not possible by either path. (Hint: Consider the 
indirect path requirement for d-trio formation.) 

(c) Verify the results of part b by using timing dia- 
grams. Simplify the analysis by assigning a unit 
path delay, t,, to each gate and INVERTER. 


Fig. P6-4. 


The N FLIP-FLOP is to be designed by 
using exclusively the NESTED CELL model of 
Fig. 6-43(c). Construct the three-state state dia- 
gram for the controller of the BASIC CELL and 
apply the NESTED CELL model to the design 
of this controller. Assume that N and CLOCK 
both arrive from positive logic sources. 


6.26 (a) Construct a three-state state diagram repre- 
senting the SET/RESET controller for the 


6.28 The fundamental mode logic circuit in Fig. P6-5 is 
called the TOGGLE MODULE. The TOGGLE 
MODULE is composed of two SET-dominant 
GATED BASIC CELLS (see Problem 6.5) and an 
INVERTER. It is the function of the TOGGLE 
MODULE to accept transitions on the T input and 
send them alternately to its X and Y outputs starting 
with the X output following a CLEAR (or RESET) 
override signal. 

(a) Obtain the state diagram for the TOGGLE 
MODULE. 

(b) Identify any possible E-HAZARD paths this 
FSM may have relative to delays placed at 
points A and B, and find the minimum path delay 
requirements for each. For simplicity, assign a 
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T(H) 


unit path delay t, to each gate and to the IN- 
VERTER. 


(c) Show the connections required to equip the 
logic circuit in Fig. P6-5 with an asynchronous 
CLEAR override. 

6.29 Replace the input circuit between nodes A and B in 
Fig. P6-5 with the new input circuit shown in Fig. 
P6-6. Construct a timing diagram for this new input 
circuit and determine the new minimum path delay 
requirements for EEHAZARD formation in terms of 
the delay At. Compare these results with those ob- 
tained in part (b) of Problem 6.28. Again assign the 
unit path delay t, to each gate. 


Fig. P6-6. 


6.30 The state diagram in Fig. P6-7 represents the SE- 
LECTOR MODULE. It is the function of this mod- 
ule to steer transition input signals, c, to either the 


Problems 


Y(H) 


H or L output, depending on whether the input d is 
ACTIVE or INACTIVE as shown. 


(a) Use the LPD model to design an optimal logic 
circuit for the SELECTOR MODULE that is 
free of STATIC HAZARDs. Assume that the 
inputs, c and d, arrive from positive logic 
sources and that the outputs, H and L, are AC- 
TIVE HIGH. 
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(b) Discuss whether or not E-HAZARDs or d-trios 
can cause this FSM to malfunction. 

(c) Construct the NEXT STATE map for the SE- 
LECTOR MODULE by following the proce- 
dure given in Sect. 6.3. 


Shown in Fig. 6-66 is the design of an n-input REN- 
DEZVOUS MODULE (RMOD) that is based on the 
LPD model. 


(a) Use Fig. 6-64(b) and the NESTED cell approach 
(see Sect. 6.7.1) to design a four-input RMOD. 

(b) Comment on the advantages and disadvantages 
of this design over that of Fig. 6-66(b). Direct 
your comments mainly to the operation of the 
BASIC CELL and any timing problems that 
may occur. 


Design a special MEMORY cell that will accept 

either of two SET signals, S; or So, or either of two 

RESET signals, R; or Ro, and that will not permit 

any GS, R) = (1, 1) condition to cause a transition. 

Use the NESTED CELL model and minimum 

NAND logic to do this, and assume that the special 

MEMORY cell operates with ACTIVE LOW in- 

puts. Equip this MEMORY cell with ACTIVE 

LOW asynchronous PRESET and CLEAR over- 

rides and sketch its circuit (block) symbol. 

(a) Analyze the logic circuit in Fig. P6-8 by con- 
structing its state diagram. (Suggestion: Use the 
expression Y = yS + yR to convert the S and 
R K-maps to LPD K-maps; then construct the 
PS/NS table.) 

(b) Are E-HAZARDs and d-trios possible in this 
FSM? Explain. 


X(H) 


Y(H) 


Fig. P6-8. 


Shown in Fig. P6-9 is the state diagram for an FSM 
that has some inherent problems which will cause 
it to malfunction. 


(a) Identify these problems and indicate how they 
would cause malfunction of this machine. 


x 
Fig. P6-9. 


(b) Construct the NEXT STATE map from the 
state diagram following the example in Fig. 6-6 
and indicate in this map the problems identified 
in part (a). 

(c) Suggest a workable algorithm for this machine 
and then make the appropriate changes in the 
state diagram and NEXT STATE map. 


6.35 A PULSE mode digital combination lock (DCL) is 


to be designed for a vault. It is the function of the 
DCL to issue the signal OPNVAULT coincidentally 
with the last Y pulse in the positive PULSE se- 
quence ... X-X-Y-X-Y..., and then return im- 
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mediately to the initialization state and reissue a 
LOCK signal. Note that this sequence cannot be 
overlapping. 

(a) Use FET JK-FFs as the MEMORY to design 
the DCL. Assume that the inputs arrive as non- 
overlapping, at least minimally separated pulses 
from negative logic sources, and that the out- 
puts are issued ACTIVE HIGH. 


(b) Use MEMORY elements of the type shown in 
Fig. 6-52(d) to design the DCL. Assume that the 
nonoverlapping inputs and the outputs are all 
ACTIVE HIGH. 


A fundamental mode circuit is to be designed that 
will detect the direction of rotation of a circular 
shaft as shown in Fig. P6-10. Two light beams are 
caused to fall incident on the end surface of the shaft 
half of which is reflecting and half nonreflecting. 
Two photocells, A and B, are located at the proper 
angle of reflection relative to the two beams so that 
whenever a beam strikes a reflecting surface the 
photocell receiving the reflected beam will generate 
a voltage signal. For the shaft position shown in Fig. 
P6-10, the logic input to the FSM is AB = 01. 

It is the requirement of this asynchronous FSM 
that the output CCW be ACTIVE any time the shaft 
is rotating counterclockwise and INACTIVE any 
time it is rotating clockwise (CW). The output re- 
sponse to rotational direction must be as fast as pos- 
sible. 


Nonreflecting 


6.37 


Use the LPD model to design an optimum logic 
circuit for this FSM that is free of ENDLESS CY- 
CLEs, CRITICAL RACEs, output race glitches, 
and STATIC HAZARDs. Discuss whether or not 
E-HAZARDs and d-trios are possible in this FSM. 
If they are possible, give the path and race gate re- 
quirements for each of these potential defects. Also, 
discuss the limitations of this design with respect to 
the sensitivity to shaft oscillations. 


Design a dual-mode edge-triggered FLIP-FLOP 
that will operate as an RET D FLIP-FLOP if P = 
1 or as an FET T FLIP-FLOP if P = 0. Use the 
NESTED CELL approach to design the three-state 
controller (for the BASIC CELL) similar to that of 
Fig. 6-44(a). Design for a minimum gate count as- 
suming that all inputs arrive from positive logic 
sources. 


6.38 The timing diagram shown in Fig. P6-11 represents 


Light beams 


the operation of a TRANS-LO MODULE. It is the 

function of this module to steer the transition input 

T to the output Z only when the data input D is 

ACTIVE LOW. 

(a) Construct the state diagram for the TRANS-LO 
MODULE from its timing diagram. 

(b) Use the LPD model and the results of (a) to 
design a HAZARD-free logic circuit for this 
module. 


(c) Discuss any timing problems this FSM may 


Asynchronous 
CCW(A) 


pubiace Photo Cells 
Reflecting 
surface 

Fig. P6-10. 

T(H) 

D (H) ‘ 3 

Z(H) 
Fig. P6-11. 
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have. Assume that the gate delays may not be 
the same. Use timing diagrams to support your 
answers. 


6.39 Shown in Fig. P6-12 is the logic circuit for the 


PULSE SYNCHRONIZER MODULE. It is the 
function of this module to issue one or a series of 
pulses synchronized with control inputs. 


(a) Construct the state diagram for this module and 
describe its operation. Use a timing diagram to 
demonstrate the operation of this module. 


(b) Discuss any inherent problems, or lack of them, 
that this module may have. 


(c) If the potential exists for E-HAZARD and d-trio 
formation, give the initiating branching condi- 
tion, race gate, and minimum path delay re- 
quirements for each. 


CALL MODULE will steer that access request 

(either REQX or REQY) to its respective output, 

X or Y, provided that the ‘‘other’’ request line is 

INACTIVE at the time ACK is received. Thus, 

REQX — X if ris sent to and ACK is received from 

the system when REQY is INACTIVE. Similarly, 

REQY — Yif ris sent to and ACK is received from 

the system when REQX is INACTIVE. A second 

request can be granted access if ACK is ACTIVE 
when the first request is withdrawn. 

(a) Construct the two state diagrams for this mod- 
ule. [Hint: One version of the CALL MODULE 
consists of two RENDEZVOUS MODULEsS, of 
the type shown in Fig. 6-56(b), together with the 
appropriate NEXT STATE logic.] 


(b) Construct the logic circuit for the CALL MOD- 


Fig. P6-12. 


6.40 Shown in Fig. P6-13 is the block diagram illustrating 


the handshake between a CALL MODULE and a 
digital system. It is the function of the CALL MOD- 
ULE to first issue a signal, r, to the system indi- 
cating that an access request signal has been made 
on one of two lines, REQX or REQY, but not on 
both. Then, if the system acknowledges receipt of 
the request by sending back a signal ACK to the 
CALL MODULE while the request is ACTIVE, the 


MODULE 
(subsystem) 


Fig. P6-13. 


ULE by using two RENDEZVOUS MOD- 
ULEs, an XOR gate and two NOR gates. As- 
sume that the request signals, REQX and 
REQY, arrive ACTIVE HIGH, and that the 
ACK input is ACTIVE LOW. Also, let all out- 
puts be issued ACTIVE HIGH. 


Design the entire CALL MODULE as a single 
two-state FSM. Try both the LPD model and 
the NESTED CELL approaches. Explain in 
what way this design is functionally different 
from that of parts a and b. 


(c 


Neo” 


6.41 Design the ARBICALL MODULE by combining 


the ARBITER MODULE with the CALL MOD- 
ULE of Problem 6.40. Discuss how it might be ap- 
plied to a protected system. 


6.42 Use four FET JK FLIP-FLOPs and the necessary 


external logic to design a PULSE mode, up/down 
binary counter that has asynchronous parallel load 


6 / Asynchronous Sequential Machines 


6.43 


6.44 


capability. This counter is described in Sect. 5.12 
and has the block symbol shown in Fig. 5-138. It is 
the function of this counter to count up or down on 
the falling edge of either the UP or DN input pulse 
(never both at the same time). When the LD com- 
mand becomes ACTIVE, the counter must parallel 
load immediately via its FLIP-FLOPs’ asynchro- 
nous PRESET and CLEAR overrides, and then 
count up or down from that loaded value. The coun- 
ter must be equipped with ACTIVE LOW CAR- 
RYOUT (CO) and BORROWOUT (BO) outputs for 
cascading purposes and must have an ACTIVE 
LOW asynchronous CLEAR. [Hint: The external 
logic required for the asynchronous overrides is 
best obtained from a truth table with inputs PR, CL, 
LD, and PL (for parallel load).] 

Use the fundamental mode model to design an op- 
timum or near optimum asynchronous controller for 
the multipulse generator described in Problem 5.69 
of Chapter 5. The controller FSM must be free of 
all STATIC HAZARDs, output race glitches, and 
CRITICAL RACEs and must be initialized into an 
appropriate state. Use OSC as the name for the 
CLOCK input to the controller. Note that the out- 
put, LOAD, must be issued over a full OSC cycle 
and that outputs, PULSE and CNT, may be issued 
simultaneously. Try both the LPD model and 
NESTED CELL approach and compare the two re- 
sults. 


A PULSE mode asynchronous FSM is to be de- 
signed that functions as a controller for a security 
area where proprietary (or classified) documents 
are stored. It is required that when occupied the 
security area must be occupied by no more and no 
fewer than two people. Access to the security area 
is through an outer door (D1), along a narrow cor- 
ridor and through an inner door (D2), as shown in 
Fig. P6-14. The corridor is equipped with two nar- 
row (planar) light beams, X and Y, which are spaced 
16 inches apart. The light beams cover the cross- 
sectional area of the corridor and fall incident on 
vertical photodetector cells. The inner door (nor- 


Access 
corridor 


D1 


—>| 16" |«— 


Light beams 


Fig. P6-14. 
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mally locked) is unlocked and the outer door (nor- 
mally unlocked) is locked when the second person 
passes the Y beam. The system permits one or both 
of the people in the access corridor to change their 
minds at any time and exit the corridor. However, 
any attempt by a third person to pass through the 
check beams, X and Y, will set off an alarm and 
lock both doors until the authorities arrive to reset 
the system. 

The light beams (X and Y) are designed such that 
they will detect only body mass one at a time. Any 
attempt by two persons to pass as one in either di- 
rection will set off the alarm. (Note: This design 
may discriminate against unusually stout people.) 

A red occupancy light is monitored on a remote 
control panel. The light is turned on when the sec- 
ond person passes the Y check beam on entering 
and is turned off when the second person passes the 
X check beam on exiting the corridor. 

Construct a minimum-state state diagram for 
this FSM, and design for a HAZARD-free output 
forming logic. Plan to implement the NEXT STATE 
and output forming logic by using a PLA. Thus, 
construct a p-term table and block diagram for this 
FSM. Assume that a single pulse is sufficient to un- 
lock (or lock) a door or turn on a light and maintain 
that condition until another pulse causes the reverse 
action. Also, assume that the FSM is initialized (or 
reset) into a STATE for which door D1 is unlocked 
and door D2 is locked. 


6.45 Design the rotation detector of Problem 6.36 by 


using the EAIC system approach described in Sect. 
6.9.2. Implement the NEXT STATE and output 
forming logic with discrete logic. Use an edge-trig- 
gered D-FF to filter out any logic noise that is pro- 
duced by the output forming logic. 


6.46 Design the digital combination lock in Fig. 5-91 by 


using the EAIC system described in Sect. 6.9.2. Im- 
plement the NEXT STATE and output forming 
logic by using a PLA and use an output holding reg- 
ister to filter any logic noise that may appear in the 
output signals. Thus, construct the p-term table for 


Mnemonics 


UD1 Unlock door D1 
LD1 Lock door D1 
UD2 Unlock door D2 
LD2 Lock door D2 
LTON Light ON 
LTOFF Light OFF 
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the NEXT STATE and output forming logic, and 
construct a block diagram for the system. Note that 
the input signals need only be debounced since syn- 
chronization of the inputs is an inherent feature of 
the EAIC system. Make certain that the EAIC sys- 
tem is properly initialized. 


6.47 Configure the fundamental mode sequence recog- 


nizer, described in Problem 6.20, with an input con- 
ditioning circuit that will permit it to be operated 
with asynchronous inputs, X and Y. Discuss any 
assumptions that are made and any limitations that 
this system may have. 


6.48 Configure the PULSE-mode digital combination 


lock of Problem 6.35 with an input conditioning cir- 
cuit that will permit it to be operated with asyn- 
chronous (possibly overlapping) inputs X and Y. 
Discuss any assumptions that are made and any lim- 
itations that this system may have. 


6.49 The input restrictions for fundamental mode and 
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PULSE mode FSMs are specific. Fundamental 
mode machines must receive well developed, tran- 
sition controlled inputs that never change simul- 
taneously; and the inputs to PULSE mode FSMs 
must be nonoverlapping pulses. Thus, special input 
conditioning circuits must be used if these machines 
are to be operated by asynchronous inputs as sug- 
gested by Problems 6.47 and 6.48. 


(a) Design an ARBITER unit for a four-input fun- 
damental mode FSM that will ensure that no 
two, three or four inputs will change at the same 
time and that will protect the FSM from runt 
pulses. Make certain that the input signal 
changes are presented to the FSM in the order 
that they arrive at the conditioning circuit. Si- 
multaneous input changes must be arbitrated by 
the input conditioning circuit on the basis of 
competing pairs of signals and some imbalance 
i- the circuit, and must be presented to the FSM 
nonsimultaneously. Note that precise timing 
constraints need not be considered since this is 
a hypothetical problem. Verify the results with 
a timing diagram. (Hint: Use a combination of 
six two-input ARBITERs and four three-input 
RENDEZVOUS MODULEs.) 

(b) Alter the circuit of part (a) so that the input con- 
ditioning circuit is suitable for driving a four- 
input PULSE mode FSM when the inputs are 
all asynchronous. To do this, the four asyn- 
chronous inputs must be converted to nonov- 
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erlapping pulses which are at least minimally 
separated. Verify the results with a timing dia-. 
gram. (Hint: See Fig. 6-62(a).) - 

Carry out a system-level design of the PULSE mode 
candy bar vending machine of Fig. 6-58. To do this, 
follow the example given in Sect. 5.12. That is, con- 
struct a complete FUNCTIONAL PARTITION for 
the control system and plan to include the following 
data-path devices: a 4-bit adder, a PIPO (accumu- 
lator) register, a 4-bit down-counter with asyn- 
chronous parallel load, and a 4-bit comparator. 
Also, include box symbols for the coin changer 
(CC), the electromechanical candy bar dispenser 
(CBD), the electronically sensing coin receiver 
(CR), and a price change strapping unit (PCSU) to 
alter the price of the candy bars. Assume that the 
vending machine receives only nickels, dimes, and 
quarters which are encoded according to the num- 
ber of nickels: 5 cents = 0001, 10 cents = 0010, 
and 25 cents = 0101. 

The adder maintains a current account of all the 
change received, encoded as the number of nickels, 
and stores the result in the accumulator register. 
The register then presents that data to the counter 
where it is loaded to the comparator on the CCR 
(coin clear of receiver) command. The comparator 
evaluates < 40 cents, > 40 cents, or = 40 cents and 
sends the result to the controller. The action then 
is: wait for more change if < 40 cents, return a 
nickel (RN) if > 40 cents and decrement the ac- 
cumulator/counter (DA) if the changer is ready 
(CR), or dispense a candy bar (DC) if = 40 cents 
and clear the accumulator register (CA) if the candy 
drop dispenser is ready (CDR). Note that the PCSU 
input to the comparator is set at 40 cents encoded 
as 1000. 

Plan to implement the CONTROLLER of Fig. 
6-58 by using FET JK-FFs (as PULSE mode MEM- 
ORY elements) and suitable external logic. Remem- 
ber to initialize the FSM into the proper state. 


Complete the system-level design of the asynchro- 
nous multipulse generator described in Problems 
6.43 and 5.69. Thus, construct the functional par- 
tition for this system and include the results of Prob- 
lem 6.43. Plan to use counters of the type described 
in Problem 6.42 rather than those required in Prob- 
lem 5.69. Demonstrate the operation of the asyn- 
chronous multipulse generator system with a 
MIXED LOGIC timing diagram for 12 pulses. 
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APPENDIX 6.1 


Proof of the Mutual Exclusive 
Branching Requirement Given by 


Eq. (6-5) 


The requirements of Eq. (6-4) in Sect. 6.3 must be satisfied if all possible 
outgoing (as opposed to incoming) branching conditions are to be accounted 
for. However, meeting these requirements does not guarantee that all pos- 
sible outgoing branching conditions from a given state are mutually exclusive 
of each other as required by Eq. (6.5). If a set of outbranching conditions 
(including the holding condition) from a given state are not mutually exclu- 
sive, then it is possible for the FSM to transit along two or more different 
branching paths under the same set of input conditions leaving the outcome 
uncertain. Clearly, this is unacceptable unless, of course, the mutually 
shared branching conditions never occur. 

In this appendix we will prove that all possible outgoing branching con- 
ditions (BCs) from any n-way branching j STATE of an SOP state diagram 
are mutually exclusive iff 


n—1 = 
(BOs = © (BOs i=0,1,...,n-1 (6-5) 
k=0 


k¥1 


In words, Eq. (6-5) states that the branching condition from the j™ STATE 
to the i" STATE is the complement of the Boolean SUM (union) of all 
remaining branching conditions from that j} STATE for n-way branching 
and that this requirement applies to each of the n outbranching conditions 
in turn. 

For the general case, consider that there are N variables on which branch- 
ing depends for the j“* STATE of an FSM. Let there be 2% STATEs to which 
the j STATE can transit and, therefore, 2% uniquely defined branching 
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conditions controlling these transitions. For this general case Eq. (3-13) ap- 
plies in the form 


2N—1 


> (BC) ie; = 1 


i=0 


which is Eq. (6-4), where (BC); now refers specifically to the i" MINTERM 
branching condition. Next, let us partition this expression in the form 


A 2N —1 
>» (BC) i; + (BC),.; = 1 
k=r 


i=0 = 
ki 


which we are permitted to do in 2% unique ways. Then by applying to this 
expression the OR law 


fit+ fi =1 


which is applicable to any Boolean function, we arrive at the result 


r 2N—1 
> (B C)icj = > (B C esa 
i=0 k=r 

k*i 


Finally, by taking r = 0, Eq. (6-5) results and the proof is complete. 

A brief inspection of the branching conditions for the state diagram in 
Fig. 6-6(a) indicates that the requirements of Eq. (6-5) are satisfied. For 
example, by applying Eq. (6-5) to State) we obtain 


foe = foot Tea 
meaning 
AB=A@®B+ AB 
= (A © B) (AB) 
= (AB + AB) (A + B) 
= AB 
Likewise, we see that fec = fep and fap = faa, both of which are true by 
inspection. Thus, all possible branching conditions for this state diagram are 
uniquely defined. There are no undefined or overlapping branching condi- 
tions. 
Now let us apply Eq. (6-5) to the state diagram segment of Fig. A6-1. 


Here, we can see that the requirements of Eq. (6-5) are not satisfied for 
STATE@) since 


fpem # fee + fen 
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Fig. A6-1. STATE DIAGRAM segment showing branching conditions from 
STATE P which satisfy the requirements of Eq. (6-4) but do not satisfy Eq. (6-5). 


that is, 
X#XY+Y=XY 
Similarly, 


fen ~ fee + fem 


However, the requirements of Eq. (6-4) are satisfied for STATE @: 


fee + fem + fen = 1 


that is, 
XY¥Y+X+Y=1 


These results mean that all possible branching conditions from STATE 
@) are accounted for but are not mutually exclusive. The branching condition 
XY is shared by fpem = X and fpx = Y. If XY should occur while in STATE 
(P), the branching path for the FSM would be uncertain. As the reader will 
note, the branching conditions of Fig. A6-1 are proper for this state diagram 
segment if the input condition XY is never permitted to occur while the FSM 
is in STATE @.. 

The point to be made here is that Eqs. (6-4) and (6-5) are tests that the 
designer should use to determine whether or not all possible branching con- 
ditions from any given state are accounted for and, if they are, whether or 
not each branching condition is mutually exclusive of all others from that 
state. The requirements of these equations must be met for each state if all 
possible branching conditions can occur. If there exist branching conditions 
which can never occur, the requirements of these equations need not be 
enforced. 
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Accumulator: a register used to store the results of an 
arithmetic operation. 


ACTIVATE: to make ACTIVE. 


ACTIVATION level: the physical state, HV or LV, des- 
ignated to be the ACTIVE state for a signal. 


ACTIVATION LEVEL INDICATOR: a symbol [(H) or 
(L)] that is attached to a signal name that establishes 
the physical state, HV or LV, that is to be the AC- 
TIVE state for the signal. 


ACTIVE: a descriptor that denotes an action condition 
and that implies logic 1. 


Active device: any device that provides current (or volt- 
age) gain. 


ACTIVE HIGH: indicates a positive logic source. 
ACTIVE LOW: indicates a negative logic source. 


Active mode: the physical state of a BJT in which it can 
be used to amplify a signal. 


ACTIVE state: the logic 1 state of a logic device. 


ACTIVE transition point: the point in a voltage wave- 
form where a digital device passes from the IN- 
ACTIVE state to the ACTIVE state. 


Addend: an operand to which the augend is added. 


ADDER: a digital device that adds two binary numbers 
to give a SUM and a CARRY. 


ADDER/SUBTRACTOR: a combinational logic device 
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that can perform either the addition or subraction 
(by sign-compliment arithmetic) operations. 

Adjacency laws: expressions that, when applied, lead to 
collapsed truth tables from which minimum func- 
tions can be read. 


Adjacent cell: a: K-map cell whose coordinates differ 
from that of another cell by only one bit. 


Adjacent pattern: an XOR pattern involving a comple- 
mented function in one cell of a K-map and the un- 
complemented form of the same function in an ad- 
jacent cell. 


Algorithm: a step-by-step procedure for accomplishing 
a specific task. 


Alternative race path: one of two or more transit paths 
an FSM can take during a race condition. 


ALU: arithmetic and logic unit. 


AND: an operator requiring that all inputs to an AND 
gate be ACTIVE before the output is ACTIVE. 


AND function: the function that derives from the defi- 
nition of AND. 


AND gate: a physical device that performs the electrical 
analog of the AND function. 


AND laws: a set of Boolean identities based on the AND 
function. 


AND-OR-INVERT gate: a physical device that performs 


the electrical analog of SOP with an ACTIVE LOW 
output or POS with an ACTIVE HIGH output. 


AND plane: the ANDing stage of a PLD such as a ROM 
or PLA. 


ARBICALL MODULE: a module that combines the 
ARBITER MODULE with the CALL MODULE to 
control access to a protected system. 

ARBITER MODULE: a device that is designed to con- 
trol access to a protected system by arbitration of 
contending signals. 

Arithmetic and logic unit: a physical device that is ca- 
pable of performing either arithmetic or logic oper- 
ations. 


Arithmetic SHIFTER: a SHIFTER that is capable of 
generating and preserving a sign bit. 


Array logic: any of a variety of logic devices, such as 
ROMs or PLAs, that are composed of an AND array 
and/or an OR array. 


Assert: ACTIVATE 


Associative law: a law of Boolean algebra that states that 
the location of parentheses in a p-term or s-term does 
not matter. 

Associative pattern: an XOR pattern in a K-map which 
allows a term of an XOR or EQV function to be 
looped out with the same term in an adjacent cell 
provided that the XOR or EQV connective is pre- 
served in the process. 


Asynchronous: clock independent—having no fixed 
time relationship. 


Asynchronous input: an input that can change at any 
time, particularly during the sampling interval. 


Asynchronous override: an input such as PRESET or 
CLEAR that, when ACTIVATED, interrupts the 
normal operation of a FLIP-FLOP. 


Augend: an operand that is added to the addend in ad- 
dition. 


B: BORROW. 
Base: radix. Also, one of three regions in a BJT. 


BASIC CELL: a basic MEMORY cell usually com- 
posed of either cross-coupled NAND gates or cross- 
coupled NOR gates. 


BCD: binary coded decimal. 
BI: BORROWIN. 
Bias: voltage “‘influence’’ on a circuit segment. 


Bidirectional counter: a counter that can count up or 
down. 


Binary: a number system of radix two; having two val- 
ues or states. 


Binary code: a combination of bits that represent al- 
phanumeric or arithmetic information. 

Binary coded decimal: any of several methods of rep- 
resenting decimal digits as binary numbers. 


Binary WORD: a linear array of juxtaposed bits that 
represents a number or that conveys an item of in- 
formation. 

Bipolar junction transistor: An npn or pnp transistor. 

Bit: a binary digit. 

Bit-slice: partitioned into identical parts such that each 
part operates on one bit in a multibit word. 

BJT: Bipolar junction transistor. 

BO: BORROWOUT. 

Boolean algebra: the mathematics of logic attributed to 
the mathematician George Boole (1815—1864). 

Boolean product: AND or intersection operation. 

Boolean sum: OR or union operation. 

BORROWin: the borrow input to a subtractor. 

BORROWout: the borrow output from a subtractor. 

Boundary: the separation of logic domains in a K-map. 

Branching condition: the input requirements necessary 
to cause a state-to-state transition in an FSM. 

Branching path: a state-to-state transition path in a state 
diagram. 

BUFFER: a DRIVER. 

Bus: a collection of signal lines which operate together 
to transmit a group of related signals. 

Byte: a group of 8 bits. 

C: CARRY. Also, the collector terminal in a BJT. 

CALL MODULE: a module designed to control access 
to a protected system by issuing a request for access 
to the system and then granting access after receiv- 


ing acknowledgement of the request from the sys- 
tem. 


CANONICAL: made up of terms that are either all 
MINTERMs or all MAXTERMsS. 


CANONICAL truth table: a truth table made up of 1’s 
and Q’s. 


Capacitance, C: the constant of proportionality be- 
tween total charge on a capacitor and the voltage 
across it, Q = CV, where C is given in farads [F]. 


Capacitor: a two terminal energy storing element for 
which the current through it is determined by the 
time-rate of change of voltage across it. 
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CARRY GENERATE: a function that is used in an LAC 
ADDER. 


CARRYin: the carry input to a binary adder. 
CARRY-LOOK-AHEAD: (see LOOK-AHEAD-CARRY) 
CARRYout: the carry output from an ADDER. 


CARRY PROPAGAGE: a function that is used in an 
LAC adder. 


CARRY SAVE: a fast addition method for three or more 
binary numbers where the carries are saved and 
added to the final sum. 


Cascade: to combine identical devices in series such 
that any one device drives another; to bit-slice. 


Catching cell: A BASIC CELL that is used to intercept 
and stretch an input signal. 


Cell: the intersection of all possible domains of a K- 
map. 


Central processing unit: a processor that contains the 
necessary logic hardware to fetch and exequte in- 
structions. 


CI: CARRYIN. 


Circuit: a combination of elements (e.g., logic devices) 
that are connected together to perform a specific op- 
eration. 


CK: CLOCK 


CLEAR: an asynchronous input used in FLIP-FLOPs, 
registers, counters and other sequential devices, 
that, when activated, forces the internal state of the 
device to logic 0. 


CLOCK: a regular source of pulses which control the 
timing operations of a synchronous sequential ma- 
chine. 


CLOCK SKEW: a phenomenon that is generally asso- 
ciated with high frequency CLOCK distribution 
problems in synchronous sequential systems. 


CMOS: complementary configured MOSFET in which 
both NMOS and PMOS are used. 


CO: CARRYOUT. 


Code: a system of binary words used to represent dec- 
imal or alphanumeric information. 


CODE CONVERTER: a device designed to convert one 
binary code to another. 


Collapsed truth table: a truth table containing irrelevant 
inputs. 


Collector: one of three regions in a BJT. 
Combinational HAZARD: a HAZARD that is produced 
within a combinational logic circuit. 
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Combinational logic: a configuration of logic devices in 
which the outputs occur in direct, immediate re- 
sponse to the inputs without feedback. 


Commutative law: the Boolean law that states that the 
order in which variables are represented in a p-term 
or s-term does not matter. 


COMPARATOR: a combinational logic device that 
compares the values of two binary numbers and is- 
sues one of three outputs indicating their relative 
magnitudes. 


Compatibility: a term used in this text to indicate agree- 
ment between the LOGIC LEVEL of an input signal 
to a logic symbol (e.g., a gate) and the input LOGIC 
LEVEL indicated for that symbol. 


Complement: the value obtained by logically inverting 
the state of a binary digit; the relationship between 
numbers that allows numerical subtraction to be per- 
formed by an addition operation. 


Complementary metal oxide semiconductor: a form of 
MOS that uses both p- and n-channel transistors (in 
pairs) to form logic gates. 


Complementation: a condition that results from logic in- 
compatibility; the MIXED LOGIC equivalent of the 
NOT operation. 


Computer: a digital device that can be programmed to 
perform a variety of tasks (e.g., computations) at 
extremely high speed. 


Conditional branching: state-to-state transitions that 
depend on the input status of the FSM. 

Conditional output: an output that depends on one or 
more. external inputs. 


Conjugate gate forms: a pair of logic circuit symbols that 
derive from the same physical gate and that satisfy 
the DeMorgan relations. 


Connective: a Boolean operator symbol (e.g., AND or 
XOR). 

CONTROLLER: that part of a digital system that con- 
trols the data path. 

Conventional K-map: a K-map whose entries are exclu- 
sively 1’s and 0’s. 

Counter: a sequential logic circuit designed to count 
through a particular sequence of states. 

Counteracting delay: a delay placed on an external feed- 
back path to eliminate an E-HAZARD or d-trio. 

Count sequence: a repeating sequence of binary num- 
bers that appears on the outputs of a counter. 


Coupled term: one of two terms containing only one 
coupled variable. 


Coupled variable: a variable that appears comple- 
mented in one term of an expression (SOP or POS) 
and that also appears uncomplemented in another 
term of the same expression. 

Cover: a reduced form of a function extracted from a 
K-map by the loop-out process. 


CPU: central processing unit. 


CRITICAL RACE: a race condition that can result in a 
transition to an erroneous state. 


Current, I: the flow or transfer of charged matter (e.g., 
electrons) given in amperes [A]. 

Cutoff mode: the physical state of a BJT in which no 
significant collector current is permitted to flow. ` 

Cycle: successive and uninterrupted state transitions in 
an asynchronous sequential machine. 

Data bus: a parallel set of conductors which are capable 
of transmitting or receiving data between two parts 
of a system. 

Data lockout: the property of a FLIP-FLOP that permits 
the data inputs to change immediately following a 
RESET or SET operation without affecting the 
FLIP-FLOP output. 

Data lockout FLIP-FLOP: a one-bit memory device 
which has the combined properties of a master/slave 
FLIP-FLOP and an edge triggered FLIP-FLOP. 


Data path: the part of a digital system that is controlled 
by the CONTROLLER. 


DATA SELECTOR: a MULTIPLEXER. 
DCL: digital combination lock. 
DEACTIVATE: to make INACTIVE. 


Debounce: to remove the noise that is produced by a 
mechanical switch. 


Debouncing circuit: a circuit that is used to debounce a 
switch. 


Decade: a quantity of 10. 


DECODER: a combinational logic device that will AC- 
TIVATE a particular MINTERM code output line 
determined by the binary input. 


Decrement: reduction of a value by some amount (usu- 
ally by 1). 

Delay: the time elapsing between related events in pro- 
cess. 


Delay circuit: a circuit whose purpose it is to delay a 
signal for a specified period of time. 


DeMorgan relations: mixed logic expressions of De- 
Morgan’s laws. 


DeMorgan’s laws: a property that states that the com- 
plement of the Boolean product of terms is equal to 
the Boolean sum of their complements; or that states 
that the complement of the Boolean sum of terms is 
the Boolean product of their complements. 


DEMULTIPLEXER: a combinational logic device (usu- 
ally a DECODER) in which a single input is selec- 
tively steered to one of a number of output lines. 


Depletion mode: a normally ON NMOS that has a con- 
ducting n-type drain-to-source channel in the ab- 
sence of a gate voltage but that looses its conducting 
state when the gate voltage reaches some negative 
value. 


D FLIP-FLOP: a one-bit memory device whose output 
value is set to the D input value on the triggering 
edge of the clock signal. 

D-FLOP MODULE: a MEMORY element that is used 
in an EAIC system and that has characteristics sim- 
ilar to that of a D FLIP-FLOP. 


Diad: a grouping of two logically adjacent MINTERMs 
or MAXTERMs. 


Diagonal pattern: an XOR pattern formed by identical 
EV subfunctions in any two diagonally located cells 
of a K-map whose coordinates differ by two bits. 

Difference: the result of a subtraction operation. 

Digit: a single symbol in a number system. 

Digital: related to discrete quantities. 

Digital combination lock: a sequence recognizer that can 
be used to unlock something. 

Digital engineering design: the design and analysis of 
digital devices. 

Digital signal: a logic waveform composed of discrete 
logic levels (e.g., a binary digital signal). 


Diode: a two-terminal passive device consisting of a pn 
junction that permits significant current to flow only 
in one direction. 


Diode-transistor logic: logic circuits consisting mainly of 
diodes and BJTs. 


Direct address approach: an alternative approach to 
FSM design where PS feedback is direct to the NS 
logic (e.g., MUXs or PLDs). 

Distributed path delays: a notation in which a path delay 
is assigned to each gate or INVERTER of a logic 
circuit. 


Distributive law: The dual of the factoring law. 


Divide-by-N counter: a binary counter of N states whose 
MSB output divides the CLOCK input frequency by 
N. 


Glossary 665 


Dividend: the quantity that is being divided in a division 
operation. 

DIVIDER: a combinational logic device that performs 
the binary division operation. 

Divisor: the quantity that is divided into the dividend. 

DMUX: DEMULTIPLEXER. 

Domain: a range of logic influence or control. 

Domain boundary: the vertical or horizontal line or edge 
of a K-map. 


Don’t care: a non-essential MINTERM or MAXTERM 
(denoted by the symbol ) which can take either a 
logic 1 or logic 0 value without affecting the overall 
function to which it applies. 


DPU: data processing unit. 

Drain: one of three terminals of a MOSFET. 

Driver: a one-input device whose output can drive sub- 
stantially more inputs than a standard gate. 

DTL: diode-transistor logic. 

D-trio: a type of ESSENTIAL HAZARD that causes a 


fundamental mode machine to transit to the correct 
state via an unauthorized path. 

Duality: a property of Boolean algebra that results when 
the AND and OR operators (or XOR and EQV op- 
erators) are interchanged simultaneously with the in- 
terchange of 1’s and 0’s. 

Dual relations: two Boolean expressions that can be de- 
rived one from the other by duality. 

Duty cycle: in a periodic waveform, the percentage of 
time the waveform is ACTIVE. 

DYNAMIC HAZARD: a multiple-glitch HAZARD that 
results when multiple input-to-output paths are 
present in a combinational logic circuit. 

EAIC system: externally 
clocked system. 


asynchronous/internally 


ECL: emitter-coupled logic. 


Edge-triggered FLIP-FLOP: a FLIP-FLOP that is trig- 
gered on either the rising edge or falling edge of the 
CLOCK waveform and that exhibits the data-lock- 
out feature. 


E-HAZARD: ESSENTIAL HAZARD. 


Electron: the majority carrier in an n-type conducting 
semiconductor. 


Electronic switch: a voltage or current controlled 
switching device. 


Emitter: one of three terminals of a BJT. 
Emitter-coupled logic: a high-speed nonsaturating logic 
family. 
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EN: ENABLE. 

Enable: a condition that permits a logic device to op- 
erate normally. 

ENABLE: an input that is used to enable (or disable) a 
logic device. 

ENCODER: a digital device that converts digital signals 
into coded form. 

ENDLESS CYCLE: an oscillation that occurs in asyn- 
chronous FSMs. 

Enhancement mode: a normally OFF NMOS that de- 
velops an n-channel drain-to-source conducting path 
(i.e., turns ON) with application of a gate voltage. 

Entered variable: a variable entered in a K-map. 

EPI: ESSENTIAL PRIME IMPLICANT. 

EPROM: erasable programmable read-only memory. 

EQUIVALENCE: the output of a two-input logic gate 
that is ACTIVE if, and only if, its inputs are logically 
equivalent (1.e., both ACTIVE or both INACTIVE). 

EQV: EQUIVALENCE 

EQV function: the function that derives from the defi- 
nition of EQUIVALENCE. 

EQV gate: a physical device that performs the electrical 
analog of the EQV function. 

EQV laws: a set of Boolean identities based on the EQV 
function. 

Erasable programmable read-only memory: a ROM that 
can be user programmed many times. 

Error catching: a problem in a JK master/slave FLIP- 
FLOP where a 1 or 0 is caught in the master cell 
when CLOCK is ACTIVE and is issued to the output 
by the slave cell when CLOCK goes INACTIVE. 

ESSENTIAL HAZARD: a sequential HAZARD that can 
occur as a result of an explicitly located delay in an 
asynchronous FSM that has at least three states and 
that is operated in the fundamental mode. 

ESSENTIAL PRIME IMPLICANT: a PRIME IMPLI- 
CANT that must be used to achieve minimum cover. 

EV: entered variable. 

EV K-map: a K-map that contains EVs. 

EV truth table: a truth table containing EVs. 

Even parity: an even number of 1’s (or 0’s) depending 
on how even parity is defined. 

EVM: entered variable K-map. 

Excitation table: state transition table. 

EXCLUSIVE OR: a two-variable function that is 


ACTIVE if only one of the two variables is 
ACTIVE. 


Expansion of states: opposite of merging of states. 


Extender: a circuit or gate that is designed to be con- 
nected to a digital device to increase its fan-in ca- 
pability—also called an expander. 


Factoring law: the Boolean law that permits a variable 
to be factored out of two or more p-terms that con- 
tain the variable in an sop expression. 


Fall time: the period of time it takes a voltage (or cur- 
rent) signal to change from 90% to 10% of its high 
value. 


Falling edge-triggered: activation of a device on the fall- 
ing edge of the triggering (sampling) variable. 


False data rejection: the feature of a code converter that 
indicates when unauthorized data has been issued to 
the converter. 


Fan-in: the maximum number of inputs a gate may 
have. 


Fan-out: the maximum number of equivalent gate in- 
puts that a logic gate output can drive. 


FDR: false data rejection. 


Feedback path: a signal path from output to input of the 
same logic device. 


FET: falling edge-triggered. Also, field effect transistor. 


Field programmable logic array: one-time user program- 
mable PLA. 


FILL Bit: the bit of a combinational SHIFTER that re- 
ceives the fill logic value in a shifting operation. 


Finite state machine: a sequential machine that has a 
finite number of states into which it can reside stably. 


FLIP-FLOP: a one-bit MEMORY element that exhibits 
sequential behavior controlled exclusively by a 
CLOCK input. 


Flow chart: a chart that is made up of an interconnection 
of action and decision symbols for the purpose of 
representing the sequential nature of something. 


Fly state: a state (in a state diagram) whose only purpose 
is to remove a race condition. 


Forward bias: a voltage applied to a p-n junction diode 
in a direction as to cause the diode to conduct or 
turn ON. 


FPLA: field programmable logic array. 


Frequency, f: the number of waveform cycles per unit 
time in Hz or [s~']. 


Frequency division: the reduction of frequency by a fac- 
tor of f/n usually by means of a binary counter, 
where n is the number of states in the counter. 


FSM: finite state machine, either synchronous or asyn- 
chronous. 


FULL ADDER: a combinational logic device that adds 
two binary bits to a CARRYin bit and issues a SUM 
bit and a CARRYout bit. 


FULL SUBTRACTOR: a combinational logic device 
that subtracts a subtrahend bit and a BORROWin bit 
from a minuend bit, and issues a DIFFERENCE bit 
and a BORROWout bit. 


Fully documented state diagram: a state diagram that 
specifies all input branching conditions and output 
conditions, that satisfies the sum rule and mutually 
exclusive requirement, and that has been given a 
proper state code assignment. 


Function: a Boolean expression representing a specific 
binary operation. 


Functional partition: a diagram that gives the division 
of device responsibility in a digital system. 


FUNCTION GENERATOR: a combinational logic de- 
vice that generates logic functions usually by use of 
a MUX. 


FUNCTION HAZARD: a hazard that is produced when 
two or more coupled variables change in near prox- 
imity to each other. 


Fundamental mode: the operational condition for an 
asynchronous FSM in which no input change is per- 
mitted to occur until the FSM has stabilized follow- 
ing any previous input change. 


Fusible link: an element in a PLD that can be ‘‘blown’’ 
to store a logic | or logic 0 depending on how the 
PLD is designed. 


Gate: a physical device (circuit) that performs the elec- 
trical analog of a logic function. Also, one of three 
terminals of a MOSFET. 

GATED BASIC CELL: a BASIC CELL that responds 
to its S and R input commands only on the triggering 
edge of a GATE or CLOCK signal. 

Gate/input tally: the gate and input count associated 
with a given logic expression. The tally may or may 
not include INVERTERs. 

Gate-minimum logic: logic requiring a minimum number 
of gates, and may include XOR and EQV gates in 
addition to two-level logic. 

Gate path delay: the interval of time required for a gate 
output response to an input signal. 

Glitch: a momentary unauthorized excursion in an 
otherwise steady state signal. 

GO/NO-GO configuration: a solitary, conditional, out- 
branching path in a state diagram. 
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Gray code: a reflective unit distance code. 


Ground: a reference voltage level usually taken to be 
zero volts. 


HALF ADDER: a combinational logic device that adds 
two binary bits and issues a SUM bit and a CAR- 
RY out bit. 


HALF SUBTRACTOR: a combinational logic device 
that subtracts one binary bit from another and issues 
a DIFFERENCE bit and a BORROWout bit. 


Handshake in*e_‘2ce: a configuration between two de- 
vices whereby the outputs of one device are the in- 
puts to the other and vice versa. 


Hang state: an isolated state into which an FSM can 
reside (on power up) but which is not part of the 
authorized routine. 


HAZARD: a glitch cr unauthorized transition that is 
caused by an asymmetric path delay in an IN- 
VERTER, gate or lead during a logic operation. 


HAZARD cover: the redundant cover that removes a 
STATIC HAZARD. 


Heuristic: by empirical means or by discovery. 


HOLD condition: branching from a given state back into 
itself, or the input requirements necessary to effect 
such branching action. 


Holding register: a PIPO register that is used to filter 
output signals. 

Hold time: the interval of time immediately following 
the transition point during which the data inputs 
must remain logically stable to ensure that the in- 
tended transition of the FSM will be successfully 
completed. 

Hole: the absence of a valence electron—the majority 
carrier in a p-type conducting semiconductor. 


HV: high voltage. 


Hybrid function: a function containing both SOP and 
POS terms. 


IC: integrated circuit. 


IMPLICANT: a term in a reduced or minimized expres- 
sion. 

INACTIVE: not ACTIVE and implying logic 0. 

INACTIVE transition point: the point in a voltage wave- 


form where a digital device passes from the ACTIVE 
state to the INACTIVE state. 


Incompatibility: a condition where the input to a logic 
device and the input requirement of that device are 
of opposite ACTIVATION levels. 


Incompletely specified function: a function which con- 
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tains nonessential MINTERMs or MAXTERMs 
(don’t cares). 

Increment: increase usually by one. 

Indirect address approach: an alternative approach to 
FSM design where PS feedback to the NS logic is 


by way of a converter for the purpose of reducing 
MUX or PLD size. 


Inertial delay element: a delay circuit based mainly on 
an RC component. 


Initialize: to drive a logic circuit into a beginning state. 


Input: a signal or line into a logic device that controls 
the operation of that device. 


Integrated circuit: an electronic circuit that is usually 
constructed entirely on a single small semiconductor 
chip called a monolith. 


Intersection: AND operation. 


“Into” rule: one of two guidelines used to reduce the 
complexity of the NEXT STATE logic functions for 
an FSM. 


Inversion: the inverting of a signal from HV to LV or 
vice versa. 


INVERTER: a physical device that performs inversion. 


Involution: double COMPLEMENTATION of a vari- 
able or function. 


I/O: input/output 


Irrelevant input: an input whose presence in a function 
is nonessential. 


Island: a K-map entry that must be looped out of a sin- 
gle cell. 


JK FLIP-FLOP: atype of FLIP-FLOP that can perform 
the SET, RESET, HOLD and TOGGLE operations. 


Juxtapose: to place side by side. 


Karnaugh map: a graphical representation of a logic 
function named after M. Karnaugh (1953). 


Kirchhoff’s current law: the algebraic sum of all cur- 
rents into a circuit element or circuit section must 
be zero. 


Kirchhoff’s voltage law: the algebraic sum of all voltages 
around a closed loop must be zero. 


K-map: Karnaugh map. 


LAC: LOOK-AHEAD-CARRY 
Large-scale integrated circuits: IC chips that contain 100 
to 1,000 gates. 


Latch: an alternative name fora BASIC CELL or FLIP- 
FLOP. 


Least significant bit: the bit (usually at the extreme 


right) of a binary WORD that has the lowest posi- 
tional weight. 

LED: light-emitting diode. 

Logic: the computational capability of a digital device 
that is interpreted as either a logic 1 or logic 0. 


Logic adjacency: two logic states whose state variables 
differ from each other by only one bit. 


Logic circuit: a digital circuit that performs the electrical 
analog of some logic function or process. 

Logic diagram: a digital circuit schematic consisting of 
an interconnection of logic symbols. 

Logic family: a particular technology such as TTL or 
CMOS that is used in the production of ICs. 

Logic instability: the inability of a logic circuit to main- 
tain a stable logic condition. Also, an oscillatory con- 
diton in an asynchronous FSM. 

LOGIC LEVEL: logic status, that is, either positive 
logic or negative logic. 

LOGIC LEVEL CONVERSION: the act of converting 
from positive logic to negative logic or vice versa. 

Logic map: any of a variety of graphical representations 
of a logic function. 

Logic noise: undesirable signal fluctuations produced 
within a logic circuit as a result of input changes. 


Logic waveform: a rectangular waveform between AC- 
TIVE and INACTIVE states. 


LOOK-AHEAD-CARRY: the feature of a ‘‘fast’’ 
ADDER that anticipates the need for a carry and 
then generates and propagates it more directly than 
does a PARALLEL ADDER. 


Loop-out: the action that identifies a prime implicant in 
a K-map. 

Loop-out protocol: a minimization procedure whereby 
the largest 2” group of logically adjacent MIN- 
TERMs or MAXTERMs are looped out in the order 
of increasing n (n = 0, 1, 2, 3,.. .). 

LPD: lumped path delay. 

LSB: least significant bit. 

LSD: least significant digit. 

LSI: large scale integration. 

Lumped path delay model: a model, applicable to FSMs 
that operate in the fundamental mode, that is char- 


acterized by a lumped MEMORY element for each 
state variable/feedback path. 


LV: low voltage. 
MAGNITUDE COMPARATOR: COMPARATOR. 
Majority function: a function that becomes ACTIVE 


only when a majority of the inputs become ACTIVE, 
and becomes INACTIVE only when a majority of 
the inputs become INACTIVE. 

Majority gate: a logic gate that yields a majority func- 
tion. 


Map: usually a Karnaugh map. 
Map compression: a reduction in the order of a K-map. 


MAP heading variable: the variable for which a con- 
ventional fourth-order K-map is constructed in min- 
imizing a function of five or more variables. 


MAP KEY: the order of K-map compression, hence 
2N—" where N is the number of variables in the func- 
tion to be mapped and nv is the order of the K-map 
to be used. 


Master/slave FLIP-FLOP: a FLIP-FLOP characterized 
by a master (input) stage and a slave (output) stage 
that are triggered by CLOCK antiphase to each 
other. 


MAXTERM: a POS term that contains all the variables 
of the function. 

MAXTERM code: a code in which complemented vari- 
ables are assigned logic 1 and uncomplemented vari- 
ables are assigned logic 0—the opposite of MIN- 
TERM code. 

Mealy machine: an FSM that conforms to the Mealy 
model. 

Mealy model: the general model for a sequential ma- 
chine where the OUTPUT STATE depends on the 
INPUT STATE as well as the PRESENT STATE. 

Mealy output: a conditional output. 


Medium-scale integrated circuits: IC chips that contain 
say 13 to 99 gates according to one convention. 


MEMORY: the ability of a digital device to store and 
retrieve binary WORDs on command. 


MEMORY element: a device for storing and retrieving 
one bit of information on command. In asynchronous 
FSM terminology, a fictitious lumped path delay. 


Merge: the concatenation of buses to form a larger bus. 


Merging of states: in a state diagram, the act of com- 
bining states to produce a state diagram of fewer 
states. 


Metal-oxide-semiconductor: the material constitution of 
an important logic family (MOS) used in IC con- 
struction. 


Metastability: an unresolved state of an FSM which is 
neither a SET nor RESET or which is logically un- 
stable. 


Metastable exit time: the statistical time interval be- 
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tween entrance into and exit from the metastable 
state. 


MEV: Map entered variable. 


Minimization: the process of reducing a logic function 
to its simplest form. 


Minimum cover: the optimally reduced representation 
of a logic expression. 


MINTERM: aterm in an SOP expression where all vari- 
ables of the expression are represented in either 
complemented or uncomplemented form. 


MINTERM code: a logic variable code in which com- 
plemented variables are assigned logic 0 while un- 
complemented variables are assigned logic 1—the 
opposite of MAXTERM code. 


Minuend: the operand from which the subtrahend is 
subtracted in a subtraction operation. 


MIXED LOGIC: the combined use of the positive and 
negative logic systems. 


Mixed-rail output: dual, logically equal outputs of a de- 
vice (e.g., a FLIP-FLOP) where one output is issued 
ACTIVE HIGH while the other is issued ACTIVE 
LOW, but which are not issued simultaneously. 


Mnemonic: a short single group of symbols (usually let- 
ters) that are used to convey a meaning. 


Model: the means by which the major components and 
their interconnections are represented for a digital 
machine or system. 


Module: a device that performs a specific function and 
that can be added to or removed from a system to 
alter the system’s capability. A common example is 
a FULL ADDER. 


Modulus-N counter: (see divide-by-N counter). 


Monad: a MINTERM (or MAXTERM) that is not log- 
ically adjacent to any other MINTERM (or MAX- 
TERM). 


Moore machine: a sequential machine that conforms to 
the Moore model. 


Moore model: a degenerate form of the Mealy (general) 
model in which the OUTPUT STATE depends only 
on the PRESENT STATE. 


Moore output: an unconditonal output. 
MOS: metal-oxide-semiconductor. 


MOSFET: metal-oxide-semiconductor field effect tran- 
sistor. 


Most significant bit: the bit (usually the extreme left) of 
a binary WORD that has the highest positional 
weight. 
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MSB: most significant bit. 

MSD: most significant digit. 

MSI: medium scale integration. 

MULLER C MODULE: a RENDEZVOUS MODULE 


Multilevel logic minimization: minimization involving 
XOR-type patterns. 


Multiple-output minimization: optimization of more 
than one output expression from the same logic de- 
vice. 


Multiplex: to select or gate (on a time-shared basis) data 
from two or more sources onto a single line or trans- 
mission path. 


MULTIPLEXER: a device that multiplexes data. 


Multiplicand: the number being multiplied by the mul- 
tiplier. 

Multiplier: the number being used to multiply the mul- 
tiplicand. 


MULTIPLIER: a combinational logic device that will 
multiply two binary numbers. 


Mutually exclusive requirement: a requirement in state 
diagram construction that forbids overlapping 
branching conditions—that is, it forbids the use of 
a possible branching condition for more than one 
branching path. 


MUX: MULTIPLEXER. 


NAND-centered BASIC CELL: cross-coupled NAND 
gates forming a BASIC CELL. 


NAND gate: a physical device that performs the elec- 
trical analog of the NOT AND function. 


Natural binary code: a code for which the bits are po- 
sitioned in a binary WORD according to their po- 
sitional weight in polynomial notation. 


Natural binary coded decimal: a four-bit, ten-WORD 
code that is weighted 8, 4, 2, 1 and that is used to 
represent decimal numbers. 

NBCD: natural binary-coded-decimal. 


n-channel: an n-type conducting region in a p-type sub- 
strate. 


Negative logic: a logic system in which high voltage 
(HV) corresponds to logic 0 and low voltage (LV) 
corresponds to logic 1. The opposite of positive 
logic. 

Negative pulse: a 1-0-1 pulse. 

NESTED CELL: a BASIC CELL that is used as the 
MEMORY in an asynchronous FSM design. 


Nested machine: any asynchronous machine that serves 
as the MEMORY in the design of a larger sequential 
machine. 


NEXT STATE: a STATE that follows the PRESENT 
STATE in a sequence of states. 


NEXT STATE forming logic: the logic hardware in a se- 
quential machine whose purpose it is to generate the 
NEXT STATE function input to the MEMORY. 


NEXT STATE function: the logic function that defines 
the NEXT STATE of an FSM given the PRESENT 
STATE. 


NEXT STATE MAP: a composite K-map where the en- 
tries for each cell are the NEXT STATE functions 
for the PRESENT STATE represented by the co- 
ordinates of that cell. 


NEXT STATE variable: the variable representing the 
NEXT STATE function. 


NMOS: an n-channel MOSFET. 


Noise immunity: the ability of a logic circuit to reject 
unwanted signals. 


Noise margin: the maximum voltage fluctuation that can 
be tolerated in a digital signal without crossing the 
switching threshold of the switching device. 


Non-restoring logic: logic that consists of passive 
switching devices such as diodes or pass transistors 
that cannot amplify but that can only dissipate 
power. 


NOR-centered BASIC CELL: cross-coupled NOR gates 
forming a BASIC CELL. 


NOR gate: a physical device that performs the electrical 
analog of the NOT OR function. 


NOT function: an operation that is the logic equivalent 
of COMPLEMENTATION. 


NOT laws: a set of Boolean identities based on the NOT 
function. 


npn: refers to a BJT having a p-type semiconductor 
base and an n-type semiconductor collector and 
emitter. 

NPT: negative pulse-triggered. 

NS: NEXT STATE. 


Octad: a grouping of eight logically adjacent MIN- 
TERMs or MAXTERMsS. 


Odd parity: an odd number of 1’s or 0’s depending on 
how odd parity is defined. 


Offset pattern: an XOR pattern in a K-map in which 
identical subfunctions are located in two non-diag- 
onal cells that differ in cell coordinates by two bits. 

Ohm/’s law: voltage is linearly proportional to current, 


V = RI, where R is the constant of proportionality 
called the resistance (in ohms). 


One-hot code: a non-weighted code in which there ex- 
ists only one 1 in each WORD of the code. 


One’s complement: a system of binary arithmetic in 
which a negative number is represented by comple- 
menting each bit of its positive equivalent. 


Operand: a number or quantity that is to be operated 
on. 

Operation table: a table that defines the functionality of 
a FLIP-FLOP or some other device. 

OPI: OPTIONAL PRIME IMPLEMENT. 

OPTIONAL PRIME IMPLICANT: a PRIME IMPLI- 


CANT whose presence in a minimum function pro- 
duces alternative minimum cover. 


OR: an operator requiring that the output of an OR gate 
be ACTIVE if one or more of its inputs are ACTIVE. 

Order: refers to the number of variables on the axes of 
a K-map. 

OR function: a function that derives from the definition 
of OR. 


OR gate: a physical device that performs the electrical 
analog of the OR function. 


OR laws: a set of Boolean identities based on the OR 
function. 


OR plane: the ORing stage of a PLD. 
Outbranching: branching from a state exclusive of the 
HOLD branching condition. 


“Out of” rule: one of two guidelines used to reduce the 
complexity of the NEXT STATE logic functions for 
an FSM. 


Output: a concluding signal issued by a digital device. 
Output forming logic: the logic hardware in a sequential 


machine whose purpose it is to generate the output 
signals. 


Output holding register: a register, consisting of D 
FLIP-FLOPs, that is used to filter out output logic 
noise. 

Output race glitch: a FUNCTION HAZARD that is pro- 
duced by a race condition in a sequential machine. 

Overflow error: a false magnitude or sign that results 
from a left shift in a SHIFTER when there are in- 
sufficient WORD bit positions at the SPILL end. 

Packing density: the practical limit to which switches of 
the same logic family can be packed in an IC chip. 

PAL: programmable array logic. 

PALU: programmable arithmetic and logic unit. 

PARALLEL ADDER: a cascaded array of FULL AD- 
DERs where the CARRYout of a given FULL 
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ADDER is the CARRYin to the next most significant 
stage FULL ADDER. 

Parallel Load: the simultaneous loading of data inputs 
to devices such as registers and counters. 

Parity bit: a bit appended to a binary WORD to create 
or remove even or odd parity. i 

PARITY DETECTOR: a combinational logic device 
that will detect an even (or odd) number of 1’s (or 
0’s) in a binary WORD. 

PARITY GENERATOR: a combinational logic device 
that will append a logic 1 (or logic 0) to a binary 
WORD so as to generate an even (or odd) number 
of 1’s (or 0’s). 

Passive device: any device that is incapable of producing 
voltage or current gain and, thus, only dissipates 
power. 

Pass transistor switch: a MOS transistor switch that 
functions as a nonrestoring switching device and that 
does not invert a voltage signal. 


p-channel: a p-type conducting region in an n-type sub- 
strate. 

PDP: power-delay product. 

Period: the time in seconds [s] between repeating por- 


A j è 
tions of a waveform, hence, the inverse of the fre- 
quency. 


Physical truth table: an I/O specification table based on 
a physically measurable quantity such as voltage. 
PI: PRIME IMPLICANT. 


Pipeline: a processing scheme where each task is allo- 
cated to specific hardware (joined in a line) and to 
a specific time slot. 


PIPO: parallel-in/parallel-out operation mode of a reg- 
ister. 


PISO: parallel-in/serial-out operaton mode of a register. 

PLA: programmable logic array. 

Planar format: a two-dimensional array of conventional 
fourth-order K-maps used to minimize functions of 
more than four variables. 

PLD: programmable logic device. 

PMOS: a p-channel MOSFET. 

p-n junction diode: (see diode) 


pnp: refers to a BJT having an n-type semiconductor 
base and a p-type semiconductor emitter and col- 
lector. 


POLARIZED MNEMONIC: a contracted signal name 
onto which is attached an ACTIVATION LEVEL 
INDICATOR. 
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POS: product-of-sums. 

POS HAZARD: a STATIC HAZARD that is produced 
by a 0-to-1 input change in POS logic. 

Positional weighting: a system in which the weight of a 
bit in a binary WORD is determined by its polynom- 
ial representation. 

Positive logic: the logic system in which HV corre- 
sponds to logic 1 and LV corresponds to logic 0. 

Positive pulse: a 0-1-0 pulse. 

Power, P: the product of voltage, V, and current, I, and 
is given in units of watts [W]. 

Power-delay product: the product of the average power 
dissipated by a logic device and its propagation delay 
time. 

PPT: positive pulse-triggered. 

PR or PRE: PRESET. 


PRESENT STATE: the logic STATE of an FSM at a 
given instant. 

PRESENT STATE/NEXT STATE table: a table that is 
produced from the NEXT STATE K-maps and that 
is used to construct a fully documented state diagram 
in an FSM analysis. 


PRESET: an asynchronous input that is used in FLIP- 
FLOPS to set them to a logic 1 condition. 


PRIME IMPLICANT: a group of 2” adjacent MIN- 
TERMs or MAXTERMS which are sufficiently large 
that they cannot be combined with other 2” groups 
in any way to produce terms of fewer variables. 


PRIORITY ENCODER: a logic device that generates a 
coded output based on a set of prioritized data in- 
puts. 


Product-of-sums: in a Boolean expression, the ANDing 
of ORed terms. : 


Programmable array logic: any PLD that can be pro- 
grammed only in the AND plane. 


Programmable logic array: any PLD that can be pro- 
grammed in both the AND and OR planes. 


Programmable logic device, PLD: any two-level, com- 
binational array logic device from the families of 
ROMs, PLAs, or PALs. 


Programmable read-only memory: a once-only user pro- 
grammable ROM. 


PROM: programmable read-only memory. 


Propagation delay: in a logic device, the time interval 
of an output response to an input signal. 


PS: PRESENT STATE. 
PS/NS: PRESENT STATE/NEXT STATE. 


PT: pulse triggered. 


P-term: a Boolean product term—one consisting only 
of ANDed variables. 


P-term table: a table that consists of p-terms, inputs and 
outputs and that is used to program PLA type de- 
vices. 


Pull-down resistor: a resistor that causes a signal on a 
line to remain at low voltage. 


Pull-up resistor: a resistor that causes a signal on a line 
to remain at high voltage. 

Pulse: an abrupt change from one level to another fol- 
lowed by an opposite abrupt change. 

Pulse mode: an operational condition for an asynchron- 
ous FSM where the inputs are required to be non- 
overlapping pulse signals. 

Pulse-triggered: a triggering mechanism requiring a 
CLOCK pulse, often a very narrow CLOCK pulse. 

Pulse width: the ACTIVE duration of a positive pulse 
or the INACTIVE duration of a negative pulse. 


Quad: a grouping of four logically adjacent MIN- 
TERMs or MAXTERMsS. 


Quotient: the result of a division operation. 
R: RESET. 
Race condition: a condition in sequential circuits where 


a transition from one state to another involves two 
or more alternative paths. 


Race gate: the gate to which an external input signal and 
a feedback variable are in race contention to deter- 
mine whether or not an E-HAZARD or d-trio will 
be produced. 

Radix: the number of unique symbols in a number sys- 
tem—same as the base of a number system. 


RAM: random access memory. 


Random access memory: a read/write memory system in 
which all memory locations can be accessed directly 
independent of other memory locations. 

RC: resistance/capacitance or resistor/capacitor. 


Read only memory: a PLD that can be programmed only 
in the OR plane. 

Redundant cover: nonessential and nonoptional cover 
in a function representation. 

REDUNDANT PRIME IMPLICANT: a PRIME IMPLI- 
CANT that yields redundant cover. 

Reference matrix: a K-map that contains multiple-out- 
put entries. Also called a composite output K-map. 


Reflective code: a code that has a reflection (mirror) 
plane midway through the code. 


REGISTER: a digital device, configured with FLIP- 
FLOPs and other logic, that is capable of storing and 
shifting data on command. 


Remainder: in division, the dividend minus the product 
of the divisor and the quotient. 


RENDEZVOUS MODULE: a majority gate device 
whose output becomes ACTIVE when all external 
inputs become ACTIVE and becomes INACTIVE 
when all external inputs become INACTIVE. 

RESET: a logic 0 condition or an input to a logic device 
that sets it to a logic 0 condition. 

Residue: the part of term that remains when the coupled 
variable is removed. 

Resistance, R: the voltage drop across a conducting ele- 
ment divided by current through the element, given 
in ohms. 


Resistor-transistor logic: a logic family that consists of 
BJTs and resistors. 

Restoring logic: logic consisting of switching devices 
such as BJTs and MOSFETs that can amplify. 

Reverse bias: a voltage applied to a p-n junction diode 
in a direction as to minimize conduction across the 
junction. 

Reverse saturation current: the current through a p-n 
junction diode under reverse bias. 

Ripple carry: the process by which a PARALLEL. 
ADDER transfers the carry from one FULL 
ADDER to another. 

Ripple counter: a counter whose FLIP-FLOPs are each 
triggered by the output of the next LSB FLIP-FLOP. 

Rise time: the period of time it takes a voltage (or cur- 
rent) signal to change from 10% to 90% of its high 
value. 

Rising edge-triggered: activation of a logic device on the 
rising edge of the triggering (sampling) variable. 


ROM: read-only memory. 


Round-off error: the amount by which a magnitude is 
diminished due to an underflow or SPILL-OFF in a 
SHIFTER undergoing a right shift. 


RPI: REDUNDANT PRIME IMPLICANT. 
RTL: resistor-transistor logic. 
S: SET. Also, the source terminal of a MOSFET. 


Sampling interval: the interval that is the sum of the set- 
up and hold times. 


Sampling variable: the last variable to change in initi- 
ating a state-to-state transition in a sequential ma- 
chine. 
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SANITY circuit: an resistor/capacitor (RC) type circuit 
that is used to initialize an FSM into a particular 
state. 


Saturation mode: the physical state of a BJT in which 
collector current is permitted to flow. 


Schmitt trigger: an electronic gate with hysteresis and 
high noise immunity that is used to “‘square up” 
pulses. 

SELECTOR MODULE: a device whose function it is to 
steer one of two input signals to either one of two 


outputs depending on whether a specific input is AC- 
TIVE or INACTIVE. 


Self-correcting counter: a counter for which all states 
lead into the main sequence or routine. 

Sequence detector (recognizer): a sequential machine 
that is designed to recognize a particular sequence 
of input signals. 

Sequential machine: any digital machine with feedback 
paths whose operation is a function of both its past 
history and present input data. 


SET: a logic 1 condition or an input to a logic device 
that sets it to a logic 1 condition. 


Set-up time: the interval of time prior to the transition 
point during which all data inputs must remain stable 
at their proper logic level to ensure that the intended 
transition will be initiated. 


SHIFT REGISTER: a register that is capable of shifting 
operations. 


Shift: the movement of binary WORDS to the left or 
right in a shifter or shift register. 


SHIFTER: a combinational logic device that will shift 
or rotate data asynchronously upon presentation. 


Sign bit: a bit appended to a binary number (usually in 
the MSB position) for the purpose of indicating its 
sign. 


Sign-complement arithmetic: 1’s or 2’s complement 
arithmetic. 


Sign-magnitude representation: a means of identifying 
positive and negative binary numbers by a sign and 
magnitude. 


SIPO: serial-in/parallel-out operation mode of a regis- 
ter. 


SISO: serial-in/serial-out operation mode of a register. 


Slice: that part of a circuit or device that can be cas- 
caded to produce a larger circuit or device. 


Small-scale integration: IC chips that, by one conven- 
tion, contain up to 12 gates. 


SOP: sum-of-products. 
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SOP HAZARD: a STATIC HAZARD that is produced 
by a 1-to-0 input change in SOP logic. 

Source: one of three terminals of a MOSFET. The origin 
of a digital signal. 


SPILL bit: the bit in a SHIFTER that is spilled off (lost) 
in a shifting operation. 


Square wave: a rectangular waveform. 
SSI: small scale integration. 


Stability criteria: the requirements that determine if an 
asynchronous FSM, operated in the fundamental 
mode, is stable or unstable in a given state. 


Stable state: any logic state of an asynchronous FSM 
that satisfies the stability criteria. 


Stack format: a three-dimensional array of conventional 
fourth-order K-maps used for function minimization 
of more than four variables. 


State: a unique set of logic values that characterize the 
logic status of a machine at some point in time. 


State code assignment: unique code WORDs that are as- 
signed to each state to identify that state for mapping 
purposes. 


State diagram: the diagram or chart of an FSM that 
shows the state sequence, branching conditions, and 
output information necessary to describe its sequen- 
tial behavior. 


State transition table: a table, descriptive of the oper- 
ation of a FLIP-FLOP, that is used to characterize 


that FLIP-FLOP as the MEMORY in an FSM de- 
sign. Also, called an excitation table. 


State variable: any variable whose logic value contrib- 
utes to the logic status of a machine at any point in 
time. Any bit in the state code assignment of a state 
diagram. 

STATIC HAZARD: an unwanted glitch in an otherwise 
steady state signal that is produced by an asymmetric 
path delay through an INVERTER or other gate. 


Static RAM: a nonvolatile form of RAM—does not 
need periodic refreshing to hold its information. 


Steering logic: logic based primarily on pass transistor 
switches. 


S-term: a Boolean sum term—one containing only 
ORed variables. 

Stretching stage: an input conditioning stage that 
catches a short input signal and stretches it. 


Substrate: the supporting or foundation material in and 
on which a semiconductor device is constructed. 


SUBTRACTOR: a digital device that subtracts one bi- 


nary WORD from another to give a DIFFERENCE 


and BORROW. 


Subtrahend: the operand being subtracted from the 
minuend in a subtraction operation. 


Sum-of-products: in a Boolean expression, the ORing 
of ANDed terms. 


Sum rule: a rule in state diagram construction that re- 
quires that all possible branching conditions be ac- 
counted for. 


Switching speed: a device parameter that is related to 
its propagation delay time. 
Synchronizer circuit: a logic circuit (usually a D FLIP- 


FLOP) that is used to synchronize an input signal 
with respect to CLOCK. 


Synchronous machine: a sequential machine that is 
CLOCK driven. 


System level design: a design that includes CONTROL- 
LER and data path sections. 


Tabular minimization: a minimization procedure that 
uses tables exclusively. 


T FLIP-FLOP: a FLIP-FLOP that operates in either the 
TOGGLE or HOLD mode. 


Time constant: the product of resistance and capaci- 
tance given in units of seconds [s]—a measure of the 
recovery time of an R-C circuit. 


Timing diagram: a set of logic waveforms showing the 
time relationships between two or more logic signals. 


Toggle: repeated but controlled transitions between any 
two states, for example, between the SET and 
RESET states. 


Transfer characteristic: for a transistor switch, a plot of 
Vout versus Vin- 

TRANS-HI MODULE: PPT TRANSPARENT D 
LATCH. 

TRANS-LO MODULE: NPT TRANSPARENT D 
LATCH. 

Transistor: a three-terminal switching device that ex- 
hibits current or voltage gain. 

Transistor-transistor logic: a logic family in which bi- 
polar junction transistors provide both logic decision 
and current gain. 


Transition: in a digital machine, a change of one state 
or level to another. 


Transmission gate: a pass transistor switch. 


TRANSPARENT D LATCH: a two state D FLIP-FLOP 
in which the output, Q, tracks the input, D, when 
CLOCK is ACTIVE if TRANS-HI or INACTIVE if 
TRANS-LO. A PT D FLIP-FLOP. 


Triggering threshold: the point beyond which a transi- 
tion is said to take place. 


Triggering variable: sampling variable. 


Tristate bus: as used in this text, the wire-ORed output 
lines from a multiplexed scheme of PLDs having tri- 
state ENABLEs. 


TRISTATE DRIVER: an active logic device that op- 
erates in either a disconnect mode or an inverting 
(or noninverting) mode. 


Truth table: a table that provides an output value for 
each possible input condition to a combinational 
logic device. 


TTL: transistor-transistor (BJT) logic. 


Two-level logic: logic consisting of only one ANDing 
and one ORing stage. 


Two-phase CLOCKing: two synchronized CLOCK sig- 
nals that have nonoverlapping ACTIVE or nonov- 
erlapping INACTIVE waveforms. 


Two’s complement: one’s complement plus one. 


Unconditional branching: state-to-state transitions that 
can take place independent of the input status of the 
FSM. 


Unconditional output: an output of an FSM that does 
not depend on an input signal. 


Union: OR operation. 


Unit distance code: a code in which only one bit is per- 
mitted to change between any two of its adjacent 
states. 


Universal FLIP-FLOP: a JK FLIP-FLOP. 
Universal gate: a NAND or NOR gate. 


UNIVERSAL SHIFT REGISTER: a shift register ca- 
pable of performing PIPO, PISO, SIPO, and SISO 
operations in addition to being capable of performing 
the HOLD condition. 


Unstable state: any logic state in an asynchronous FSM 
that does not satisfy the stability criteria. 


Unweighted code: a code that cannot be constructed by 
any mathematical weighting procedure. 


VEM: variable entered map 


Venn diagram: shaded circular diagrams that are used 
to represent the AND and OR operations between 
variables. 


Very-large scale integrated circuits: IC chips that con- 
tain more than 1,000 gates. 


Vietch diagram: a type of Karnaugh map. 
VLSI: very-large-scale integrated circuits. 
Voltage, V: the potential difference between two points, 


Glossary 675 


in units of volts [V]. Also, the work required to move 
a positive unit test charge against an electric field. 


Voltage waveform: a physical waveform of voltage as a 
function of time in which rise and fall times exist. 


Weighted code: a binary code in which the bit positions 
are weighted with different mathematically deter- 
mined values. 


Wired logic: an arrangement of logic circuits in which 


the outputs are physically connected to form an ‘‘im- 
plied’’ AND or OR function. 


WORD: (see binary WORD) 
XNOR: (see EQUIVALENCE) 
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XOR: EXCLUSIVE OR. 


XOR function: the function that derives from the defi- 
nition of EXCLUSIVE OR. 

XOR gate: a physical device that performs the electrical 
analog of the XOR function. 

XOR laws: a set of Boolean identities that are based on 
the XOR function. 


XOR pattern: any of four possible K-map patterns that 
result in XOR type functions. 


XS3 code: NBCD code plus three. 


Zero banking: a feature of an NBCD-to-seven-segment 
conversion that blanks out the seven-segment dis- 
play if all inputs are zero. 
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Absorptive laws, 66, 71 
Accumulator register, 625 
ACTIVATION LEVEL INDICATOR, 29 
ACTIVE, 28, 193 
Active device, 14 
ACTIVE HIGH, 29 
ACTIVE LOW, 29 
Active mode, 7 
ACTIVE state, 29 
ACTIVE transition point, 365, 570 
ADDERs 
CARRY-SAVE, 204 
FULL, 196 
HALF, 195 
LOOK-AHEAD-CARRY, 200 
NBCD, 308 
PARALLEL, 198 
ADDER/SUBTRACTORS 
binary, 207 
NBCD, 308 
Parallel-to-serial, 515 
XS3, 308 
Addition algorithm, 244 
Adjacency laws, 109 
Adjacent XOR pattern, 156, 157 
Alternative architectures for Synchronous FSM design, 454 
array logic approach, 465 
centered on a STATE DECODER, 458 
conventional approach, 455 
counters and REGISTERS as MEMORY elements, 468 
MUX approach, 459 
programmable, 477 
Alternative race paths, 379 
ALUs, 268 


AND circuit symbol, 35 
AND gate, 44 
circuit symbols, 35, 45, 46, 49 
CMOS, 45 
logic interpretations, 45 
physical truth table, 45 
AND laws, 64, 69 
AND operator, 34 
AND-OR-INVERT gate, 316 
AND plane, 283 
ANSI/IEEE Standard gate symbols, 98 
ARBICALL MODULE, 656 
ARBITER MODULE, 631 
Arbitration, 635 
Arithmetic and logic units, 268 
MUX approach, 275 
PARALLEL, 273 
programmable, 315 
standard design of, 269 
with LAC capability, 273 
Arithmetic SHIFTERs, 265 
Arithmetic circuits, 194 
ADDERs, 195-204 
ADDERs/SUBTRACTORs, 207-10 
COMPARATORS, 218-21 
DIVIDERs, 214-18 
MULTIPLIERs, 210-14 
PARITY GENERATORs and error detection, 221-24 
SUBTRACTORs, 204-07 
Array logic, 278 
abridged symbolic representation, 281, 285 
application to combinational design, 286 
MIXED LOGIC inputs and outputs, 288 
multiple PLD schemes, 289—94 
PLAs, 282-86 
ROMs, 278-82 
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Associative laws, 65, 69, 71 
Associative patterns, 158, 159, 160 
Asynchronous inputs, 392, 570 
metastability and synchronizer circuits, 399 
rules associated with, 393, 398, 575 
stretching and synchronizing, 396 
synchronizing, 395 
Asynchronous overrides, 348, 602 
Asynchronous parallel load counter, 493, 656 
Asynchronous sequential machines 
analysis procedure, 594 
design considerations, 539 
design examples, 581, 599, 616 
design procedure, 580, 582, 615 
features of, 521, 614 
fundamental mode, 523 
metastability and arbitration, 635 
models for, see Models, 522, 598, 611 
modular elements and handshake interfacing, 630 
need for, 522 
NESTED machine approach to design, 598 
pulse mode, 611 
stability criteria, 524 


B 


BASIC CELL, 330 
circuit symbols, 337 
heuristic development of, 330 
mixed-rail outputs, 335 
RESET-dominant, 334, 538 
SET-dominant, 331, 332, 535 
special, 636 
state transition table, 335 
BCD codes, 234 
Bias, voltage, 2 
Biased-weighted BCD codes, 235 
Bidirectional binary/Gray code counter, 510 
Bidirectional Gray code counter, 439 
Binary ADDER/SUBTRACTORs, 207 
Binary coded decimal codes, 234 
Binary codes, 192, 234 
BCD, 234 
biased-weighted BCD, 235 
error detection, 237 
Gray, 238 
NBCD, 234, 235 
one-hot, 237 
reflective, 238 
unit distance, 238 
unweighted, 234 
weighted, 234 
XS3, 235 
Binary/Gray code counter, 371 
Binary state terminology, 27 
Binary up-counter, 370, 511 
Binary WORDs, 191 
nomenclature, 192 
physical realization, 193 
Bit, 192 
BJT switch, 5 
ideal models, 8 
modes of operation, 8 
Boolean algebra, 63-72 
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absorptive laws, 66, 71 
AND laws, 64 
associative laws, 65, 71 
commutative laws, 65, 70, 71 
corollaries, 73 
DeMorgan’s laws, 67, 70, 71 
distributive laws, 66, 70, 71 
duality, 64 
EQV laws, 70 
factoring law, 66, 70, 71 
NOT laws, 63 
OR laws, 64 
summary of laws, 69 
XOR laws, 70 
Boolean product, 102 
Boolean sum, 102 
BORROWin, 205 
BORROWout, 205 
Branching conditions, 327, 526 
Branching paths, 327, 526 
BUFFER, 289 
Byte, 192 


C 


CALL MODULE, 656 
Candy bar vending machine controller, 625 
CANONICAL forms, 103, 106 
CANONICAL I/O program table, 280, 281 
CANONICAL truth tables, 109, 162 
Capacitance, C, 405 
Capacitor, 404 
CARRY GENERATE, 201 
CARRYin, 196 
CARRY-LOOK-AHEAD ADDER, 200 
CARRYout, 196 
CARRY PROPAGATE, 201 
CARRY SAVE ADDER, 204 
Cascadable NBCD counter, 439 
Catching cell, 396 
CLEAR, 348, 349 
CLOCK, 338 
CLOCK SKEW, 400 
CLOCK-triggering mechanisms, 338 
CMOS, 9, 13, 23 
Codes, see Binary codes 
CODE CONVERTERS, 238 
binary-to-NBCD, 307 
Gray-to-Binary, 239 
NBCD-to-binary, 244, 307 
NBCD-to-seven-segment, 248 
Serial NBCD-to-XS$3, 507 
XS3 Gray-to-Decimal, 242 
XS3-to-NBCD, 241 
Collapsed truth tables, 109, 225, 232 
Combinational logic 
building blocks, 190 
classification of IC chips, 193 
design procedure, 194 
Combinational logic circuits, 190 
Commutative laws, 65, 70, 71 
COMPARATORSs, 218 
Compatibility, 51, 55 


Complementary metal oxide semiconductor, 9 


Complementary MOSFET, 9 
Complementation, 50 
Conditional output, 327 
Conjugate gate forms, 52—53 
Connective, 34 
Controlled LOGIC LEVEL CONVERSION, 62 
Controlled system, 489 
Controller, 489 
Conventional K-map, 137 
Counteracting delay, 554, 560, 565 
Counters, 438 
bidirectional Gray code, 439 
binary/Gray code, 371 
binary up-counter, 370, 511 
cascadable NBCD, 439 
modulus-N or divide-by-N, 439 
parallel loadable bidirectional, 444 
pseudo-random sequence generator, 448 
ripple (asynchronous), 516 
self-correcting, 454 
seven-segment display, 511 
with asynchronous parallel load, 493, 511, 656 
Coupled term, 300, 388, 547 
Coupled variable, 300, 388, 547 
CRITICAL RACEs, 544 
Current, I, 2 
Cutoff mode, 7 
Cycles, 539 


D 


Data bus, 222, 223, 254 
DATA CHECK MODULE, 651 
Data lockout feature, 355 
Data lockout FLIP-FLOPs, 359, 606 
Data path, 489 
DATA SELECTORs, 250 
Debouncing circuits, 406 
DECODERs, 224 
combinational logic design with, 226 
MIXED LOGIC inputs to, 228 
stacked, 226 
Delay circuits, 621 
DeMorgan relations, 52 
DeMorgan’s laws, 67, 70, 71 
DEMULTIPLEXERs, 252 
Depletion mode, 10 
D FLIP-FLOPs, 341, 350, 354, 581, 599 
D-FLOP MODULE, 640-42 
Diad, 124, 125 
Diagonal XOR pattern, 157, 158 
Digital, 1 
Digital combination lock, 418, 590, 622, 654 
Digital engineering design, 1 
Diode, 2 
ideal, 3 
real, 3 
Diode-transistor logic, 33 
Distributed path delay model, 525, 652 
Distributed path delay notation, 296, 561 
Distributive laws, 66, 70, 71 
DIVIDERs, 214 
DMUX, 251 
Domain, 68 


Domain boundary, 121 
Don’t cares, 129 
DPU, 489 
DTL, 33 
D-trio HAZARDs, 558 
patterns, 557 
elimination of, 554, 555, 569 
requirements for formation, 558 
summary of SOP race-gate requirements, 568 
Duality, 64 
Dual-model edge-triggered FLIP-FLOP, 655 
Dual relations, 52 
Duty cycle, 25 
DYNAMIC HAZARDs, 546 


E 


EAIC, see Externally asynchronous/internally clocked 


ECL, 23 
Edge-triggered FLIP-FLOPs, 353 
D, 354, 581, 599 
JK, 357, 603, 606 
T, 361 
unusual, 363, 584 
E-HAZARD, see ESSENTIAL HAZARDs 
Electronic Switches, 2 
BJT switch, 5 
CMOS switch, 13 
diode switch, 2 
NMOS switch, 12 
pass transistor switch, 14 
performance characteristics, 17 
tri-state driver switch, 16 
Emitter-coupled logic, 23 
ENABLE, 224, 225 
ENCODERs, 229 
PRIORITY ENCODERs, 229-33 
ENDLESS CYCLEs, 539 
Enhancement mode, 10 
Entered variable (EV) mapping, 137-61 
EPI, 127 
EPROMs, 279, 280 
EQUIVALENCE, 57 
EQV function, 57, 59, 61 
EQV gate, 60 
circuit symbols, 61 
MOS, 60 
logic interpretations, 61 
physical truth table, 60 


EQV laws, 70 


Erasable programmable read-only memory, 279 
Error catching, 352 
Error detection circuits, 221 
Error detection codes, 237 
ESSENTIAL HAZARDs, 553 
patterns, 557, 558 
d-trios, 558 
elimination of, 554, 555, 569 
requirements for formation, 554, 558 
summary of race gate requirements, 568 
ESSENTIAL PRIME IMPLICANTSs, 127 
EV, 137 
EV K-maps, 137 
EV truth tables, 138, 170, 173 


Index 


679 


Excitation table, see State transition table NOR, 39—42 


EXCLUSIVE OR, 57 OR, 46-48 

Extenders, 22 XOR, 58—60 

Externally asynchronous/internally clocked systems, 638-46 GATED BASIC CELL, 501 
D-FLOP design, 640—42 Gate/input tally, 132 
features, 638, 639, 645 Gate-minimum cover, 181 
simple example, 645 Gate path delay, 547 
scope of, 646 Glitch, 295, 379 


GO/NO-GO configuration, 397, 572 
Gray code, 238 


F 
Factoring law, 66, 70, 71 H 
Fall time, 18 
Falling edge-triggered, 339 HALF ADDER, 195 
False data rejection, 239, 241, 242, 243, 244 HALF SUBTRACTOR, 205 
Fan-in, 22 Handshake interface, 489, 630 
Fan-out, 21, 23 HAZARD cover, 296-302, 388, 547 
FDR, 242 HAZARDs 
FET, 339 d-trio, 558 
Field programmable logic array, 283 DYNAMIC, 546 
FILL Bit, 261 ESSENTIAL, 553 
Filtering logic noise, 383 FUNCTION, 302, 379 
Finite state machines, 323 POS, 296, 386 
FLIP-FLOP conversion, 359 SOP, 296, 386 
T-FFs from JK-FFs, 360 special STATIC, 563 
JK-FFs from D-FFs, 361 STATIC, 295, 386, 546 
unusual FFLIP-FLOPs from JK-FFs, 363 HOLD condition, 332, 341 
FLIP-FLOPS, 338 Holding (storage) REGISTERs, 431 
conversion, 359 Hold time, 365, 570 
data lockout, 359 Hybrid function, 149, 150 


D FLIP-FLOPS, 341, 350, 354, 581, 599 
edge triggered, 353 


master/slave, 349 | 

pulse triggered, 340 

JK data-lockout, 359, 606 IEEE standards, 98—100 

JK FLIP-FLOPs, 347, 352, 357, 359, 603 INACTIVE, 28 

setup- and hold-time requirements, 364 INACTIVE transition point, 365, 570 


T FLIP-FLOPs, 344, 612 


i : : Incompatibility, 50 
triggering mechanisms, 338 


Incompletely specified functions (don’t cares), 129 


unusual FLIP-FLOPs, 363, 501, 584, 655 Inertial delay element, 621 
Flow charts, 328 Initialization and reset of FSMs, 403, 579 
Fly state, 382 SANITY circuits, 403 


Forward bias, 2 Integrated circuit classification, 190 


FPLA, 283 a Intersection, 68 
Frequency division, 439, 516 “Into” rule, 376 

FSM, see Finite state machines Inversion, 63 

FULL ADDER, 196 INVERTERs, 32 

FULL SUBTRACTOR, 204 circuit symbols, 33, 49 
Fully documented state diagram, 326, 526 CMOS, 33 

Functional partition, 490 DTL, 34 

FUNCTION GENERATORs, 257, 271, 313 logic interpretations, 33 
FUNCTION HAZARDs, 302, 379 NMOS, 74 
Fundamental mode, 523 physical truth table, 33 
Fusible link, 279 TTL, 33 


with NAND and NOR gates, 42 
. Involution, 63 
G Irrelevant input, 110, 225 
Island loop, 150 


Gate, 35 
AND, 44—46 
AND-OR-INVERT (A-O-]), 316 J 
EQV, 60-62 l 
NAND, 35-39 JK FLIP-FLOPs, 347, 352, 357, 359, 603, 606 
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K 


Karnaugh maps, 111 
composite, 459 
conversion, 374 
entered variable (compressed), 137-61 
first-order, 112 
fourth-order, 121 
MAP KEY, 144 
order, 112 
planar format, 175, 179 
second-order, 112 
stack format, 175, 179 
submaps, 138, 139, 140, 141, 148, 173 
third-order, 116 
Kirchhoff’s laws, 5 
K-map, see Karnaugh maps 


L 


LAC ADDER, 201 
Large-scale integrated circuits, 190 
Least significant bit, 117, 192 
Logic adjacency laws, 109 
Logic circuits, 53 

reading and constructing, 53-56 
Logic circuit symbols (summary), 48, 49 
Logic compatibility, 51, 55 
Logic family, 23 
Logic function graphics, 111 
Logic incompatibility, 50 
Logic instability, 635 
LOGIC LEVEL, 32 
LOGIC LEVEL CONVERSION, 32, 42, 51 
Logic map, 68, 69, 73 
Logic noise, 383 
Logic waveform, 39, 74, 77 
LOOK-AHEAD-CARRY ADDER, 200 
Loop-out protocol, 125, 143 
LPD, 523 
LPD circuit diagram, 532, 534 
LSB, 192 
LSD, 245 
LSI circuits, 190, 191 
Lumped path delay models, 522 

state transition table, 526 


M 


MAGNITUDE COMPARATORs, 218 
Majority function, 622 
Majority gate, 622 
Map compression, 139 
Map heading variable, 147, 175 
MAP KEY, 144 
Master/slave FLIP-FLOPs, 349 
MAXTERMs 
definition, 105 
improper grouping of, 126 
proper grouping of, 125 
MAXTERM code, 105 
Mealy machine, 326 


Mealy’s model, 326 

Mealy output, 327 

Medium-scale integrated circuits, 190, 191 
MEMORY, 324 

MEMORY elements, 338, 523, 598, 612 
Merge, 222 

Merging of states, 368 


Metal-oxide-semiconductor field effect transistor switches, 4 


Metastability, 399, 635 
Metastable exit time, 636 
MEV, 137 
Minimization, logic function 
absolute, 105 
by factoring, 155 


by logic function graphics (K-maps), 124-61 


by using XOR patterns, 156 
multiple-output, 132 
tabular, 109, 164 
Minimum cover, 125, 126, 127 
MINTERMs 
definition, 103 
improper grouping of, 126 
proper grouping of, 125 
MINTERM code, 103 
MIXED LOGIC notation, 32-62 
Mixed-rail outputs, 335 
Mnemonic, 31 
Models for FSMs 
asynchronous, 522, 598, 611 
fundamental mode, 522, 598 
general, 323 
Huffman’s, 416 
lumped path delay (LPD), 522 
Mealy (general), 326, 523, 598, 600, 611 
Moore, 325, 523 
NESTED CELL, 600 
NESTED machine, 598 
PULSE mode, 611 
Modes of BJT operation, 7, 8 
active mode, 7 
cut-off mode, 7 
saturation mode, 8 
Module and bit-slice devices, 429 
Modular elements, 630 
Modules, asynchronous 
ARBICALL, 656 
ARBITER, 631 
CALL, 656 
DATA CHECK, 651 
D-FLOP, 639, 640—43 
MULLER C, 622 
PULSE SYNCHRONIZER, 656 
RENDEZVOUS, 622, 639, 640, 654 
SELECTOR, 653 
TOGGLE, 652 
TRANS-HI, 650 
TRANS-LO, 655 
Monad, 125 
Moore machine, 325, 523 
Moore/Mealy conversions, 578 
Moore’s model, 325 
Moore output, see Unconditional output 
MOSFET circuit symbols, 11 
ideal models, 11 
MOSFET switches, 9 
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MOSFET switches (cont.) 
CMOS, 9, 13 
NMOS, 10, 12 
PMOS, 10 
terminology, 9-11 
Most significant bit (MSB), 117, 192 
MSD, 245 
MSI circuits, 190, 191 
MULLER C MODULE, 622 
Multilevel logic minimization, 155 
by factoring, 155 
by using XOR patterns, 156 
why, 161 
Multiple-output minimization, 132 
MAXTERM ORing rules, 133, 135 
MINTERM ANDing rules, 133, 135 
MULTIPLEXERS, 250 
priority, 309 
stacked, 252 
use in combinational design, 254, 256-59 
use with DEMULTIPLEXERS, 254 
with MIXED LOGIC inputs, 255, 259 
MULTIPLIERs 
binary, 210 
NBCD, 308, 309 
Multipulse generator, 515, 657 
Mutually exclusive requirement, 328, 528, 659 
MUX, 250 


N 


NAND-centered BASIC CELL, 331, 336 
NAND gate, 35- 
circuit symbols, 37, 38, 49 
CMOS, 36 
DTL, 39 
INVERTER, 42, 43 
logic interpretations, 37 
NMOS, 39 
physical truth table, 37 
TTL, 39 
Natural binary code, 192 


Natural binary coded decimal code, see NBCD code 


NBCD ADDER, 308 
NBCD arithmetic, 308 
NBCD code, 233, 234, 235 
NBCD MULTIPLIERs, 308, 309 
n-channel MOSFET, 9 
Negative logic, 29, 30 
Negative pulse-triggering, 339 
NESTED CELL model, 598 
NESTED machine models, 598 
NEXT STATE, 323, 324, 330 
NEXT STATE forming logic, 324, 325 
NEXT STATE function, 324 
NEXT STATE MAP, 529 
NMOS, 9, 10, 11 
Noise immunity, 20, 23 
Noise margin, 20, 21, 30 
Non-restoring device, see Passive device 
NOR-centered BASIC CELL, 333 
NOR gate, 39 

circuit symbols, 40, 41, 49 

CMOS, 40 
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DTL, 42 
INVERTER, 42, 43 
logic interpretations, 40 
NMOS, 42 
physical truth table, 40 
TTL, 42 

NOT function, 63 

NOT laws, 63 

NS, 325 


O 


Octad, 125 

Offset pattern, 158, 160 

Ohm’s law, 7 

One-hot code, 234, 649 

One’s complement, 207 
arithmetic, 208 

One- to three-pulse generator, 411, 586, 607 

Operation table, 331 

OPTIONAL PRIME IMPLICANTSs (OPIs), 128 

OR gate, 46 
circuit symbols, 35, 47, 48, 49 
CMOS, 47 
logic interpretations, 47 
physical truth table, 47 

OR operator, 34 

OR laws, 64 

“Out of” rule, 376 

Output activation skew, 381 

Output forming logic, 325 

Output holding register, 458 

Output race glitches, 379 
elimination of, 381 

Overflow error, 266 


P 


Packing density, 23 
PALs, 283 
PALU, 315 
PARALLEL ADDERs, 198 
Parallel loadable bidirectional counter, 444 
Parallel-to-serial ADDER/SUBTRACTOR, 515 
Parity bit, 221 
PARITY DETECTORs, 222 
PARITY GENERATORs, 221 
Passive device, 14 
Pass transistor switches, 14 
circuit symbols, 15 
p-channel MOSFET, 10 
Period, 25 
Physical truth table, 36 
PIPO, 431 
PISO, 431 
PLAs, 282 
PLDs, 289 
PMOS, 10 
p-n junction diode, 2 
I-V characteristics, 3 
ideal models, 3, 4 
POLARIZED MNEMONICS, 31 


POS, 105 
adjacency law, 109 
POS HAZARDs, 296, 386 
elimination, 298, 391 
Positional weight, 192 
Positive logic, 29, 30 
Positive pulse-triggering, 339 
Power-delay product, 19 
Power dissipation, 19, 23 
PR, 348 
PRESENT STATE, 322, 323, 325, 330 
PRESENT STATE/NEXT STATE table, 425 
PRESET, 348 
PRIME IMPLICANTs (PIs), 127 
ESSENTIAL (EPD, 127 
OPTIONAL (OPI), 128, 165, 166, 167, 181 
REDUNDANT (RPI), 128, 165 
PRIORITY ENCODERs, 229 
priority MULTIPLEXER, 309 
Product-of-sums (POS), 105 
Programmable array logic (PAL), 283 
Programmable logic arrays (PLAs) 
application to combinational design, 286 
dimensions, 282 
logic structure and types, 282 
MIXED LOGIC inputs and outputs, 288 
p-term table, 284, 287, 293 
Programmable logic device (PLD), 289 
Programmable read-one memory (PROM), 279 
Propagation time delay, 18, 294 
PS, 325 
Pseudo BASIC CELL, 534 
Pseudo-random sequence generator, 448 
PS/NS table, 425 
P-term, 102 
P-term table, 284 
Pull-down resistor, 46 
Pull-up resistor, 8 
Pulse mode approach 
analysis, 627 
ARBITER MODULE application to, 637 
characteristics, 614 
choice of MEMORY elements, 612 
design examples, 616 
design procedure, 615 
models, 611 
Pulse mode digital combination lock, 654 
Pulse narrowing circuits, 344 
PULSE SYNCHRONIZER MODULE, 656 
Pulse-triggered FLIP-FLOPs, 340 
D, 341 
JK, 344 
T, 347 
Pulse width, 18 
Pulse width adjuster, 384 


Q 


Quad, 124, 125 
Quine-McCluskey (Q—M) algorithm, 153 


R 
Race conditions, 379, 541 


Race gate requirements, 568 
Radix point, 192 
Radix complements, 236 
Random access memory, RAM, 502, 503 
Read only memory 
application to combinational design, 286 
dimensions and size, 278 
I/O program table, 281 
logic structure and types, 278 
MIXED LOGIC inputs and outputs, 288 
partitioned program table, 291 
Redundant cover, 125, 296 
REDUNDANT PRIME IMPLICANTs, 128 
Reference matrix, 242, 243 
Reflective code, 238 
REGISTERs, 430 
holding (PIPO), 431 
SHIFT, 431 
UNIVERSAL, 434 
RENDEZVOUS MODULE, 622 
RESET, 331 
RESET-dominant BASIC CELL, 333, 538 
Residue, 300, 547 
Resistance, R, 7 
Resistor-transistor logic, 6 
Restoring switch, 14 
Reverse bias, 2 
Reverse saturation current, 3 
Ripple carry, 198 
Ripple counters, 516 
Rise time, 18 
Rising edge-triggering, 339 
ROMs, 278 
Rotation direction detector, 655 
Round-off error, 267 
RPI, 128 
RTL, 6 


S 


Sampling interval, 365, 571, 573 
Sampling variable, 364, 570, 573 
SANITY circuits, 403 
Saturation mode, 8 
Schmitt trigger, 405 
Security area controller, 657 
SELECTOR MODULE, 653 
Self-correcting counters, 454 
Sequence detectors (recognizers), 367, 590, 616, 651 
Sequence of logic states, 321 
Sequential machines, 321 
Serial odd parity detector, 511 
SET, 331 
SET-dominant BASIC CELL, 332, 535 
Set-up Time, 364, 570 
Seven-segment display counter, 511 
Shift-left/add 3 algorithm, 247 
SHIFT REGISTERs, 431 
SHIFTERs, 259 

arithmetic, 265 

nonarithmetic, 261 
Shift-right/subtract 3 algorithm, 245 
Sign bit, 207, 208 
Sign-complement arithmetic, 207 
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Sign-magnitude representation, 208 

SIPO, 431 

SISO, 431 

Small-scale integrated circuits, 190, 191 

SOP, 102 
adjacency law, 109 

SOP HAZARDs, 296, 386 
elimination, 297, 389 

Special BASIC CELL, 636 

Special MEMORY cell, 654 

Special STATIC HAZARD, 563 

SPILL bit, 261 

SSI, 190, 191 

Stability criteria, 524 

Stable state, 525 

State, logic, 323 

State code assignment, 327 
rules, 376 

State diagram construction 
branching condition rule, 575 
branching dependency rule, 393 
conditional output rule, 394 
expansion and merge rules, 577 
features of, 326, 526 


mutually exclusive condition, 328, 528, 659 


output rules, 576 
state code assignment rule, 575 
Sum rule, 327, 528 
versus flowcharts, 328 
State transition tables 
BASIC CELLs, 335 
D FLIP-FLOPs, 341 
JK FLIP-FLOPs, 347 
LPD model, 526 
SR FLIP-FLOPs, 335 
T FLIP-FLOPs, 345 
State variable, 323, 327 
STATIC HAZARDs 
externally initiated, 548 
identification and elimination, 547 
in asynchronous FSMs, 546 
in exhaustive decoder devices, 553 
in nonsequential circuits, 295 
in synchronous FSMs, 386 
internally initiated, 548 
Static RAM cell, 502 
Stepping motor control system, 490 
S-term table, 285 
Stretching and synchronizing the input, 396 
Substrate, 10 
SUBTRACTORs 
FULL, 204 
HALF, 205 
Sum-of-products, 102 
Sum rule, 327, 528- 
Switch analog circuit, 75 
Switching speed, 18, 23 
Synchronizing the input, 395 
Synchronous sequential machines 
alternative FSM architectures, 454 
analysis procedure, 424 
design considerations, 375 
design examples, 366, 408 
design procedure, 408 
MEMORY elements, 338 
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models for, 323 

module and bit-slice devices, 429 
System level design, 488 

CONTROLLER and data path, 489 

functional partition, 490 


T 


Tabular minimization, 109, 164 
T FLIP-FLOP, 344, 360, 612 
Time constant, 405 
Timing diagram, 321 
Timing parameters, 570 
TOGGLE MODULE, 652 
Traffic light controller, 513, 515 
Transfer chracteristic, 25 
TRANS-HI MODULE, 650 
TRANS-LO MODULE, 655 
Transistor switches, 4 
BJT switch, 5 
classification, 5 
CMOS switch, 13 
NMOS switch, 12 
pass transistor switch, 14 
tristate driver switch, 16 
Transistor-transistor logic, 33 
Transmission gate, 14 
TRANSPARENT D LATCH, 342, 631 
Triggering variable, 570 
Tristate bus, 290 
TRISTATE DRIVERs, 16, 289 
modes of operation, 16, 17 
Truth tables 
CANONICAL, 109, 162 
collapsed, 109, 225, 232 
collapsed EV, 251, 263, 267 
conventional, 162 
EV (compressed), 138, 170, 173 
physical, 33, 36, 40, 45, 47, 58 
Two-phase CLOCKing, 340 
Two’s complement, 207 
arithmetic, 208 


U 


Unary operator, 63 

Unconditional branching, 370, 371 
Unconditional output, 327 

Union, 68 

Unit distance codes, 238 

Universal FLIP-FLOP, 347 

Universal gates, 48 

UNIVERSAL SHIFT REGISTER, 434 
Unstable state, 525 

Unusual FLIP-FLOPs, 363, 501, 584, 655 
Unweighted codes, 234 


V 


Very-large scale integrated circuits, 190, 191 
Vietch diagram, 114 


VLSI, 191 
Voltage, V, 2 
Voltage waveform, 18, 28, 30, 74 


W 


Weighted codes, 234 
Wired OR, 289, 290 
WORD, binary, 192 


X 


XNOR, see EQV 

XOR algebra, 70-73 
corollaries, 73, 182 
laws, 70 

XOR function, 57 
truth table, 70 


XOR gate, 58 
circuit symbols, 59, 60, 62 
CMOS, 58 
INVERTER, 62 
logic interpretations, 59 
MOS, 76 
physical truth table, 58 
XOR laws, 70 
XOR patterns, 156 
adjacent, 157, 158, 160 
associative, 159, 160 
diagonal, 157, 158, 160 
offset, 158, 160 
XS3 ADDER/SUBTRACTORs, 308 
XS3 arithmetic, 308 
XS3 code, 236 


Z 


Zero blanking feature, 248 
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